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1 Introduction

These are the notes for the lecture course on algebraic K—theory held at the Max
Planck Institute for Mathematics in Bonn in the summer term (April-July) of 2024.
The aim of the course is to define and present the fundamental theorems of algebraic
K—theory from the oco—categorical viewpoint, as well as to take stock of recent landmark
advances in the subject. The course begins from the premise that algebraic K—theory
is an interesting and deep subject in and of itself, and thus will not cover its myriad
relations to other parts of pure mathematics.

The prerequisites for this course are a good understanding of basic algebraic topol-
ogy, ring theory, and (ordinary) category theory. Familiarity with co—categories is not
assumed, although it is certainly very helpful. Most of the foundational materials on
this will be recounted in Chapter 2 albeit at a brisk pace.

1.1 K-theory as a universal homology theory

There is a procedure | — | which takes a finite set and outputs its cardinality, and
it is a well-known mathematical fact that, for finite subsets S,T" C U, we have the
inclusion—exclusion (or excision) principle for cardinalities

|[SUT| = |S|+I|T|—|SNT|.

Note that in light of this excision principle, the procedure | — | is totally determined
by the requirement that |[{*}| = 1. A large swath of the field of higher algebra may
arguably be said to study generalisations of such excisions to the homotopical context,
and the appropriate notion is that of a homology theory, i.e. a functor

H: { finite spaces } — { some “algebraic” category }

such that for all (homotopy) pushouts AUc B in finite spaces, H(AUcB) ~ H(A)Ug )
H(B). As in the case of the procedure | — |, since all finite spaces can be built as a
(homotopy) pushout from the point *, the homology theory H is totally determined
by the object H(*). From this philosophical excursion, we learn that, (very!) loosely
speaking, a homology theory is a counting or quantifying procedure satisfying some
form of excision, the specific form of which may be pinned down by some specified
requirements on what or how we are counting.

One way to summarise what K—theory is about is the following: it is a method of
quantifying interesting algebraic and geometric mathematical objects by going beyond



1 Introduction

plain numbers and counting with higher algebra. The payoff of using counting systems
more sophisticated than numbers is that they have better formal properties that can
be employed to deduce new calculations from old ones.

As we shall see in this course, a theorem of Barwick and Blumberg—Gepner—Tabuada
tells us that the algebraic K—theory functor K(—) is the universal homology theory on
stable categories associated to the moduli space functor

(—)7: Cat™ — An

where (—)~ takes a small stable category C and outputs the space of objects C~ in
C. It will be universal in the sense that it is the initial functor receiving a natural
transformation (—)~ = K(—) satisfying excision with respect to “exact sequences”
of stable categories. This theme, and many more, will be the subject of additivity
and localisation which we will cover in Chapter 4. Furthermore, there is also a new
K-theoretic excision discovered relatively recently by Land—Tamme which is of funda-
mental importance and this will be discussed in Chapter 6.

While the above-mentioned excision properties enjoyed by K(—) are highly desirable
in that provides the principle needed to glue known calculations together, it cannot
go as far by itself because we would need to have known some basic calculations to
begin with. Fortunately, there is a slew of theorems which guarantees that some of the
algebraic K—theory spectra are equivalently given by other K—theoretic variants which
are more computable from first principles. Stating these results and proving some
of them using Grothendieck’s important technique of dévissage will be the subject of
Chapter 5. One such variant will be the so—called group—completion K-theory that
will be studied in Chapter 3. The advantage of this variant is that their homology
groups are often “computable” in that the group—completion Theorem 3.1.14 allows us
to port results from the industry of group homologies and homological stability to help
compute their homologies. In fact, the first major calculation in algebraic K—theory
which was given by Quillen proceeded precisely in this manner, augmented by some
very clever ideas of his.



2 Recollections on co-engineering

We begin these notes by gathering some basics from the theory of higher categories.
As far as possible, our presentation will be done in a model-independent way. The
purpose of this section is merely to provide a convenient reference point for the reader
not so familiar with co—categories. As such, it will mostly be just a list of standard
results and informal definitions that we need in the main body of this document, with
precise references where possible, without it being woven into a cogent story.

As a matter of psychological reassurance, we would go so far as to claim that the
proper rules of engagement with oo—categories is more or less the same as those with
classical 1—categories, and so it might be helpful to read most of these recollections in
the psychologically more comforting setting of 1—categories. In some sense, the basic
philosophy of this course is that a purely axiomatic understanding of higher categories
- to the extent of having good symbolic intuition and being able to manipulate the
symbols correctly without having to resort to specific models of co—categories - is
sufficient (and often even desirable!) for the purposes of working in stable homotopy
theory. In short, these notes are meant to pave the way for the reader to become an
oo—engineer .

Finally, a word of warning: since these results are so embedded in the canon, it is a
bit difficult to make the correct attribution as to where the result first appeared. As
such, many of these references will be pointing to a place where it appeared without
the implicit claim about origins. Of course, the most biblically comprehensive sources
for all things co—categorical are Lurie’s pair of tomes [Lurl2; Lurl7], but some good
(and shorter) one-stop locations for many of the basic results are the excellent set of
lecture notes by Fabian Hebestreit, as expanded by Ferdinand Wagner [HW21], as well
as the survey by David Gepner [Gepl9].

2.1 Basic setup

The informal stage

Roughly speaking, oco—categories may be thought of as categories enriched in spaces
(whatever “spaces” mean), that is, they are certain category-like mathematical objects
for which there is a whole space’s worth of morphisms between two objects rather
than just a set’s worth of them. Unfortunately, there is always a chicken—and—egg

!We thank Vignesh Subramanian for coining the phrase co—engineer.
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problem in defining co—categories and spaces precisely if one wants to exposit model—
independently. Therefore, we will embrace the sins of ouroboros and just proceed to
describe these things in more detail very informally and circularly. This is neither a
self-contained, fully precise account of higher category theory, nor was it meant to be
S0.

Notation 2.1.1 (Anima). We write An for the oo—category of spaces/oo—
groupoids/anima/homotopy types. It is the co—category freely generated by the point
under small (co—)colimits (the precise meaning of which we shall explain explain be-
low). For the reader acquainted with the classical literature, this is the co—category
associated to Kan complexes/CW complexes/topological spaces under the appropriate
model structures. Informally, An should be thought of as the co—category generated by
the point under coproducts and (homotopy) pushouts. Indeed, it is the extra adjective
“homotopy” in homotopy pushouts that sets it apart from the category of sets. In this
sense, anima should be viewed as the appropriate homotopical analogue of sets which
allows one to move from the classical categorical setting to the higher categorical one.

Notation 2.1.2. We write Cat and Cat, interchangeably for the co—category of small
oo—categories. We also write Caty for the oco—category of 1-categories (i.e. ordinary,
classical, pre-grad—school categories). As we will summarise in Fact 2.1.4, Cat; may
naturally be viewed as a full subcategory of Cat consisting of those co—categories C with
the property that for any two objects z,y € C, the anima Map(z,y) is O—truncated,
i.e. for any f € mo Mape(z,y), we have m;( Mape(z,y), f) = 0 for i > 1.

Warning 2.1.3. There is a big difference between the co—category of 1-categories Cat;
and the 1-category of 1-categories Catgl). The morphism set in Catgl) consists of the
set of functors between 1-categories, whereas the morphism anima in Cat; consists
of the groupoid of functors between l1-categories and natural isomorphisms between
functors. In higher category theory, we will only consider Cat; since Catgl) belongs to
a collection of “evil” concepts.

Taking for granted for the moment the notion of adjunctions and (co)limits which
we shall explain soon below, all of these may be organised succinctly as follows:

Fact 2.1.4 (Cosmic adjunctions). By virtue of the so—called Grothendieck homotopy
hypothesis, any valid theory of higher categories should in particular admit the result
that spaces are equivalent to co—groupoids (ie. co—categories where all morphisms are
equivalences); moreover, 1—categories should be an instance of an oco—category. From
this, we have the adjunctions (where a left adjoint is written on top of its right adjoint)

Ho [—I
N TN
Catq — Catee «—— An

S

(=)=
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where Ho is taking the homotopy l-category of an oo—category (ie. taking the con-
nected components of mapping spaces in an co—category); N is viewing a 1—category as
an oco—category, where the notation N is supposed to remind the quasi—categorically—
minded reader of taking the nerve simplicial set of a 1—category; | — | is the functor
which inverts all morphisms in an co—category; the inclusion An < Cat., is viewing
spaces as oo—groupoids; and finally (—)~ is taking the so—called core groupoid of an
oo—category, i.e. remembering only the morphisms which are equivalences.

Importantly from these adjunctions, we see that the inclusion Cat; C Cato, preserves
limits, and the inclusion An C Caty, preserves both limits and colimits. In other words,
taking limits of 1—categories in Cato, still yields a 1-category; and taking (co)limits of
spaces in Cat, still yields a space.

Fact 2.1.5. In An, filtered colimits commute with finite limits. Moreover, geomet-
ric realisations (ie. colimits indexed by the l-category A°P), commute with finite
products.

As alluded to above, one of the many structures that an co—category encodes is that
of a mapping space/anima between two objects, which may be precisely extracted as
follows:

Construction 2.1.6 (Mapping anima). For objects x,y in an oco—category C, the
mapping space Map¢(z,y) € An is defined as the pullback

Mape(z,y) —— €&

J - J(s,w

x ——— > CxC
(=)
Fact 2.1.7. For X € An, there is a formula for the mapping space of Fun(X,C) given
by the following: for ¢, € Fun(X,C), we have

Mappun(x ¢) (0, %) = lim Mape(p(2), ¥(2))

Terminology 2.1.8. A functor F': C — D is said to be fully faithful (resp. faithful)
if for all x,y € C, the induced map

Mape(z,y) — Mapp(Fz, Fy)

is an equivalence (resp. inclusion of path components) of anima. Be warned that
unlike in the land of classical categories, in general no notion of a “full” functor is
well-behaved and so they will never show up. As another warning, note that an anima
is strictly less structure than a topological space, and so it will also not make sense to
speak of fully faithfulness as the inclusion of a subspace (e.g. a positive codimension
submanifold) in the sense of point—set topology.
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Fact 2.1.9. For C, D € Caty,, we may construct the co—category of functors Fun(C, D)
from C to D whose core groupoid is the mapping anima between C and D, i.e. we have
a canonical equivalence in An

Mapg, (C, D) ~ Fun(C, D)=

Adjunctions and (co)limits

Definition 2.1.10. Let L: C — D and R: D — C be functors. An adjunction datum
L - R between L and R consists of a natural equivalence of functors

MapC(_’R_) = MapD(L_a _): C? x D — An

Given such a datum, we will say that L is left adjoint to R (or conversely, R is right
adjoint to L).

Warning 2.1.11. It is just a property for a functor to admit a left or a right adjoint.
But an adjunction datum is a structure, i.e. for two fixed functors L and R, there can
be many inequivalent adjunction data witnessing that L is left adjoint to R!

Notation 2.1.12. In this document, we always write left adjoints on top of its right
adjoint. In other words, when we write L: C =D : R or

we mean that L is the left adjoint to R.

Definition 2.1.13. An adjunction L 4 R is a Bousfield localisation (resp. Bousfield
colocalisation) if the right adjoint R (resp. the left adjoint L) is fully faithful.

Observation 2.1.14. It is a straightforward exercise to see that the condition of being
a Bousfield localisation (resp. colocalisation) is equivalent to the condition that the
adjunction counit (resp. adjunction unit) is an equivalence.

Observation 2.1.15. It is sometimes useful to observe that a Bousfield localisation is
an equivalence if and only if the left adjoint L is conservative. Proving this is a simple
and instructive exercise.

Definition 2.1.16. Let p: I — * be the unique functor and C a category. If it exists,
the left adjoint p; (resp. right adjoint p.) to the functor p*: C — Fun(/,C) is called
the colimit colim; of I (resp. limit lim; of I) functor.

Fact 2.1.17. Let f: I — J be a functor and C an co—category with all small (co)limits.
The left adjoint f (resp. right adjoint f.) of the restriction functor f*: Fun(J,C) —
Fun(Z,C) are called the left Kan extension (resp. right Kan extension) along f. If f
is fully faithful, then f; and f, are fully faithful too.
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Definition 2.1.18 (Adjoint objects). Let G: D — C be a functor, z € C, y € D, and
n:x — G(y). We say that n witnesses y as a left adjoint object to x under G if

G *
Mapp (y, —) = Mape(Gy, G—) <= Mape(z, G—)
is an equivalence of functors D — An.

Proposition 2.1.19 (Omnibus adjunctions). Let L: C = D : R be an adjunction and
E,J be some other categories. Write p: C — * and q: D — * for the unique maps.

1. The adjunction L 4 R induces adjunctions
R*: Fun(D,€&) = Fun(C,€&) : L* L,: Fun(J,C) = Fun(J,D) : R,.

If L 4 R was a Bousfield localisation, then so are the adjunctions R* 4 L* and
L, 4 Ry,

2. (Special case of Quillen’s Theorem A): The functor L is coinitial and R is cofinal,
i.e. for 0 € Fun(J,C) and § € Fun(J, D), the canonical maps

¢ — pL” QR — p

are equivalences. That is, restriction along left adjoints (resp. right adjoints)
preserve limits (resp. colimits),

3. (Objectwise construction of adjoints): G : D — C admits a left adjoint F' : C — D
if and only if all objects in C admits a left adjoint object.

Proof. Point (1) is a straightforward exercise using that adjunctions may equivalently
be characterised in terms of the usual triangle identities. Point (2) is a bit messy to
prove in full detail since various canonical transformations need to be identified, but we
can at least (instructively) show that there are equivalences g. ~ p.L* and qR* ~ py.
For example, for the first case, note that pR ~ ¢ and that L* ~ R, by point (1).
Hence, we obtain

p«L* ~ pi Ry ~ (pR)s ~ g

as required. Finally, for part (3), the trick is to use the Yoneda lemma to help
us assemble the various left adjoint objects into a coherent functor. We consider
Mape(—,G—) : C°? x D — An as a functor H : C°® — Fun(D, An). Hence, by hypoth-
esis, the bottom left composition lands in the essential image of the Yoneda embedding
(c.f. Theorem 2.1.25) and so we obtain a lift L°P in the commuting square

pop -7 J
- Y

-

-

cor ~ 2, Fun(D, An)

10
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This gives a left adjoint since, by construction, y o L°? ~ H in Fun(C°P, Fun(D, An)),

and hence Mapp(L—, —) ~ Map(—,G—) in Fun(C°? x D, An). O

Terminology 2.1.20. Let a.: I — J be a functor. We say that it is colimit cofinal if
for all functors F': J — C, the canonical map

collim Foa— colJim F

is an equivalence.

Theorem 2.1.21 (Quillen’s Theorem A, [HW21, Thm. 1.43]). Let a: I — J be a
functor. Then « is colimit cofinal if and only if for all j € J, we have |j | af ~ .

Exercise 2.1.22. Let C be a cocomplete category and X € C. Show that:

(1) there is an adjunction X U —: C = Cyx, : fgt. In particular, limits in Cy, are
computed in C,

(2) for a diagram F': J — C/x, the colimit of J in Cx, is computed as the pushout

colim§ const; X —— colim§ fgt o F

o]

. C
X ——m— cohmJX/ F,

(3) the functor fgt: Cx, — C preserves contractible colimits, i.e. the colimits indexed
on those diagrams J such that |J| ~ x. Hint: use Theorem 2.1.21 and consider
the functor a: J — .

Yoneda and adjoining colimits

Notation 2.1.23. For C € Cat, we will write PSh(C) := Fun(C°P, An) for the presheaf
category.

Notation 2.1.24. For cocomplete categories D, €, we write Fun®(D, £) for the full
subcategory of Fun(D, &) consisting of functors that preserve small colimits.

Theorem 2.1.25 (Presheaf cocompletion). The functor y: C — Fun(C°?, An) =
PSh(C) which takes x € C to the functor Mapp(—,z): C° — An is fully faithful.
Moreover, for any cocomplete category &, the induced map y*: Fun®(PSh(C),€&) —
Fun(C, &) is an equivalence.

Remark 2.1.26. We may read Theorem 2.1.25 as saying that PSh(C) is the cocom-
plete category freely generated by C. In particular, setting C = *, we see that
An = Fun(x,An) is the cocomplete category freely generated by the point x, thus
providing a precise incarnation of the slogan in Notation 2.1.1.

11
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Definition 2.1.27. An object X € C is said to be compact if Mape(X,—): C — An
preserves filtered colimits. More generally, for a regular cardinal k, X is called k-
compact if Map. (X, —) preserves r-filtered colimits.

Definition 2.1.28. A set of objects S C C is said to be jointly conservative if any
morphism in C that gets sent to an equivalence under the functor

I Mape(x,-): ¢ — HAn

XeS

is already an equivalence in C.

Ezample 2.1.29. In An, the singleton set {*} is a jointly conservative set of w—compact
object. In Cat, the two element set {A? = % A'} is a jointly conservative set of
w—compact objects.

Exercise 2.1.30. Suppose we have an adjunction L: C = D : R.
(1) Show that if R preserves r—filtered colimits, then L preserves k—compact objects.

(2) Suppose furthermore that C has a set of jointly conservative k—compact objects.
Then show that if L preserves k—compact objects, then R preserves x—filtered
colimits.

The following is an important standard result due originally in l-categories to
[MP87, Lem. 1.7.i]. The oco—categorical version is well-known and is recorded for
example in [CDH-+].

Proposition 2.1.31. Let C be cocomplete and let S C C be a jointly conservative set of
k—compact objects. Then C is generated under k—small colimits by the full subcategory
spanned by S.

We give now another standard construction which allows us to “freely adjoint formal
k—filtered colimits” analogous to the presheaf construction above.

Theorem 2.1.32 (Ind-completion). Let C be small. Then for each regular cardinal k,
there exists a category Ind,C equipped with a fully faithful functor C — Ind,C satisfying
the following universal property: for every D admitting k—filtered colimits, the functor
C — Ind.C induces an equivalence

Fun”~1(Ind,.C, D) = Fun(C, D)
where Fun® M C Fun is the full subcategory of k—filtered colimit—preserving functors.

Proposition 2.1.33 (co-Makkai-Pitts). Let k be a regular cardinal and C a cocom-
plete category. Suppose there is a set S of k—compact objects in C which is jointly
conservative. Then C is k—compactly generated, i.e. the canonical map Ind,(C*) — C
is an equivalence.

12
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Localisations

Terminology 2.1.34. We recall the clarifying distinction between Dwyer-Kan local-
isations and Bousfield localisations due to [Hinl6]. By Dwyer—Kan localisations, we
will mean the following: let C be a category and S a collection of morphisms in C.
Suppose now that a category S~!C exists and is equipped with a map DK : C — S~!C
inducing the equivalence

DK* : Fun(5~'C, D) = Fun® ' (C, D)

for all categories D, where Fun” 71(C ,D) C Fun(C, D) is the -full subcategory of func-
tors sending morphisms in S to equivalences. If such a category exists, then it must
necessarily be unique, and this is then defined to be the —Dwyer—Kan localisation of
C with respect to S.

Recall from Definition 2.1.13 that by Bousfield localisations, we mean a adjunction
L : C & D : i where the right adjoint ¢ is fully faithful. Writing Z for the morphisms
in C that get sent to equivalences under L, we may then view D as precisely the full
subcategory of Z—local objects, i.e. those X € C such that for any morphism ¢: A - B
in Z, the induced map ¢*: Map(B, X) — Map(A4, X) is an equivalence.

Proposition 2.1.35 (Bousfield implies Dwyer-Kan). Let C, LC be categories and L :
C &2 LC : 1 be a Bousfield localisation. Let S be the collection of morphisms in C
that are sent to equivalences under L. Then the functor L induces an equivalence
L* : Fun(LC,D) = Funsfl(C,D) for any category D so that LC is a Dwyer-Kan
localisation against S.

Proof. Since L - i was a Bousfield localisation, we know that ¢* : Fun(LC,D) =

Fun(C, D) : L* is also a Bousfield localisation by Proposition 2.1.19, and so in particular
-1

L* is fully faithful. The image of L* also clearly lands in Fun® " (C, D), and so we are
left to show essential surjectivity. Let ¢ : C — D be a functor that inverts morphisms
in S. We aim to show that ¢ = poio L is an equivalence. Since L — ¢ was a Bousfield
localisation, the unit 7 : id = 7 o L gets sent to an equivalence under L, and so n € S.
Since ¢ inverts S by assumption, in particular it inverts 7. O

Proposition 2.1.36 ([Lurl2, Prop. 5.2.7.4]). Let C be a category and L: C — C a
functor with essential image LC C C. Suppose there is a natural transformation

a:id = L
of functors C — C such that for every X € C, the morphisms
OzLx,LOzxt LX — LLX

are equivalences. Then the functor L: C — LC participates in a Bousfield localisation

Cé,LC

13
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Straightening—unstraightening
As with many things, the following is a key idea due to Grothendieck.

Definition 2.1.37. Let p: £ — C be a functor and f: x — y a morphism in £. We say
that it is a p—cocartesian morphism if for any z € £ the canonical commuting square

Mapg(y, 2) —— Mape(py, p2)

f*l l(pf)*

Mapg(z, 2) —5— Mape(pz, p2)

is a pullback. Writing p—Cocart(£) C EA for the full subcategory of p—cocartesian
morphisms, we say that p: £ — C is a cocartesian fibration if the canonical commuting
square

p—Cocart(£) —2— CA'
P N
is a pullback square.

Remark 2.1.38. Concretely speaking, a cocartesian fibration is a functor with the
property that, for any € £ and any morphism ¢g: px — ¢ in C, there is a unique
p—cocartesian morphism ¢: x — ¢ in £ which maps to g: px — ¢ under the functor p.

Construction 2.1.39 (Straightening—unstraightening). For a functor F': I — Cate,
there is a construction producing an oco—category called the wunstraightening Un(F)
equipped with a map to [ satisfying the property of being a cocartesian fibration. The
point of this construction is that there is then an equivalence of co—categories

coCart(/) ~ Fun(/, Caty)

where the left hand side denotes the co—category of cocartesian fibrations over I. This
is a difficult theorem first proved by Lurie in the co—categorical setting in [Lurl2] with
subsequent easier proofs by many other people. Suffice to say, when the functor F' is
constant with value C € Caty,, Un(F') — I is given simply by the projection I xC — 1.

Among other things, we can use this construction to compute limits in Caty,. To
formulate this, we will need the following notations:

Notation 2.1.40. For a functor p: £ — C, we define the category of sections T'(p) as
the pullback

I'(p) —— Fun(C,¢)
| |

{id} —— Fun(C,C)

14
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We write Ieocart(p) € T'(p) for the full subcategory of those sections which take send
every morphism in C to a p—cocartesian morphism in &.

Theorem 2.1.41 (Lurie, [HW21, Prop 1.36]). Given a functor F: I — Cats,, we have
the following formulae for (co)limits:

CollimF ~ Un(F)[{cocart edges} ']  and li}nF ~ DCeocart (Un(F) — 1)
In particular, if F: I — An C Caty, then we have

collimF ~ |Un(F)| and li}rnF ~I'(Un(F) —I)

2.2 Presentability

A presentable co-category is, roughly, a cocomplete oo-category (thus, usually a large
oo-category) which is controlled by “small” objects, and thus describable with a set’s
worth of data. In more detail:

Definition 2.2.1. An oco-category C is presentable if it is cocomplete, and there is a
cardinal k¥ and a small set of k-compact objects S C C that generate C under colimits.

This is, in principle, a very strong restriction, but in practice, most “natural” co-
complete co-categories you will encounter are presentable?, so that it almost becomes
a mild assumption. Here are some other characterisations of presentability that might
be useful in different situations.

Theorem 2.2.2 (Simpson, Lurie, [Lurl2, Thm. 5.5.1.1]). Let C be a category. The
following are equivalent conditions:

(a) C is presentable,
(b) there exists a small category D participating in a Bousfield localisation

L
PSh(D) == C

(2

where the endofunctor iL: PSh(D) — PSh(D) preserves k—filtered colimits for
some reqular cardinal K,

(c) there exists a regular cardinal k and a small category D admitting k—small col-
imits such that there is an equivalence Ind,D =C.

Exercise 2.2.3 (Completeness of presentable categories). Use Proposition 2.1.35 to
show that in a Bousfield localisation L: C = D : i, the subcategory D is always closed
under limits that exist in C. Hence, deduce from Theorem 2.2.2 that presentable
categories admit small limits.

2With the caveat that the opposite of a presentable co-category is almost never presentable.
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2 Recollections on co-engineering

This type of size control affords many pleasant properties, among which the existence
of objects satisfying various universal properties. This is neatly encoded in the adjoint
functor theorem:

Theorem 2.2.4 (Adjoint Functor Theorem (AFT), [Lurl2, Cor. 5.5.2.9]). Let C be a
presentable co-category and D be a cocomplete co-category.

1. A functor f:C — D is a left adjoint if and only if it preserves colimits.

2. Suppose D is also presentable. In this case, a functor g : D — C is a right adjoint
if and only if it preserves limits and is accessible.

“Recall” that a functor is called accessible if it preserves k-filtered colimits for some
cardinal k. As for presentability, this is in principle rather restrictive, but in practice,
most functors you've encountered are accessible (it is in fact quite hard to come up
with a non-accessible functor).

Remark 2.2.5. Ttem 2 in the AFT, specialized to C = An is a corepresentability crite-
rion. Indeed, for D cocomplete, a functor g : D — An is corepresentable if and only if
it admits a left adjoint. Hence, by the AFT, when D is presentable, this is the case if
and only if it is accessible and preserves limits.

Item 1, specialized to D = An°P is a representability criterion®, in the same way.
Thus, for presentable C, a functor f : C°? — An is representable if and only if it

preserves limits.

Theorem 2.2.6 (Reflection theorem, [RS22, Thm. 1.1]). Let C be a presentable cat-
egory and let D C C be a full subcategory which is closed under limits and k—filtered
colimits for some reqular cardinal k. Then, D is itself presentable and in particular,
by Theorem 2.2./, the inclusion D C C admits a left adjoint and so participates in a
Bousfield localisation. presentable

Next comes a bridge between the “small” and the “big” worlds of stable co—
categories:

Theorem 2.2.7 ([Lurl2, Prop. 5.5.7.8]). The Ind—completion and compact objects

functor participate in the following equivalence of co—categories
Ind: Catggrf = Prpgiw: (—)°

where Catggrf denotes the oo—category of small idempotent—complete stable oco—
categories and Pry g ., denote the co—category of w—compactly generated presentable
stable co—categories and morphisms given by functors which preserve colimits and com-
pact objects.

3Here, it’s important that this part of the statement does not require D to be presentable, as An°P
is not presentable.
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In the “big world”, that is, when C has all small colimits, there is a better suited
notion of subcategory, namely:

Definition 2.2.8. Let C be a cocomplete stable co—category. A stable subcategory D
of C is called localizing if it is closed under all colimits.

In this situation, we have:

Proposition 2.2.9. Suppose C is a cocomplete stable co—category and D is a localizing
subcategory of C. In this case, C/D is also cocomplete, and p : C — C/D preserves
colimits.

IfC, D are furthermore presentable, then C/D is an accessible localization of C, i.e. it
is also presentable and p : C — C/D admits a fully faithful right adjoint with essential
image the ¢’s in C such that for all d € D, Mape(d,c) = 0, or equivalently, for all
d € D,mape(d,c) =0.

Observation 2.2.10 (Colimits in presentables). This is a very important standard cat-
egorical manoeuvre that people often use. Lurie showed that the nonfull inclusions

PrLCE\at PrRCG\at

creates limits, and so in principle we know how to compute limits in both Pr” and Pr’,
since limits in Cat are “easy” since we know how to compute pullbacks and arbitrary
products there.

To compute colimits in Pr’, we may leverage the equivalence (Pr’)°P ~ Prf (by
passing to right (resp. left) adjoints as follows: suppose we have a diagram D: J —
Pr’. Then we may consider the diagram

D: Jo* 25 (Prlyp ~ Prf  Cat

so that by
prl P _ Cat _
colimD ~lim D ~lim D,
J Jop Jop

we may compute the colimit of J in Pr” by passing to right adjoints to get a diagram
indexed over J°P in Cat and compute the limit there.

2.3 Semiadditivity and additivity

Construction 2.3.1. Let £ be a pointed category with finite (co)products. We sketch
the construction of a natural transformation of functors £ x &€ — C

=11

as follows: write 7: * U — x for the unique map. Then [[ ~ r and [] ~ 7., and so
by adjunction, constructing the desired transformation is equivalent to constructing a

17
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transformation id = r*r,. For (z,y) € £ x &, this is tantamount to constructing a
map

(z,y) — (z xy,2 X y)
for which we can use the zero object to get natural maps

(1,0) (0,1)
rT——=T XY y—>=>x Xy

yielding the desired map. This is not quite a fully honest co—construction since we
have only constructed the maps for fixed (x,y) without checking functoriality and so
on which is best handled by a standard result called smooth—proper basechange which
we will not cover in this cursory recollection.

Definition 2.3.2. Let £ be a pointed category with finite (co)products. We say that
it is semiadditive if the canonical transformation [[ = [] of functors &€ x € — &
constructed above is an equivalence.

Notation 2.3.3. Since in a semiadditive category, the finite coproducts and finite
products are canonically identified, we will the notations @, LI, and x interchangeably
for these finite biproducts in semiadditive categories.

Construction 2.3.4 (Shear maps). Let £ be a semiadditive category and z € £. We
may define a canonical “multiplication” map for x as the composition

adjunction counit

prrxrx~zrlx
We define the shear map for x to be the map
D aalat NV
where pr, is the projection onto the second component.

Definition 2.3.5. Let £ be semiadditive and x € £. We say that x is grouplike if
the shear map = X * — = X x is an equivalence. We will write £8P C & for the full
subcategory of grouplike objects.

Definition 2.3.6. A semiadditive category £ is said to be additive if the inclusion
£8P C £ is an equivalence, that is, all objects are grouplike.

Notation 2.3.7. Let £ be a semiadditive category admitting pullbacks and pushouts.
We write ,%: & — & for the functors

Q: X—0xx0 X: X—0UxO0

respectively. In particular, it is clear that we have an adjunction X: &€ 2 £ : Q.

18
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Construction 2.3.8 (E,,—monoids and E,,—groups). Write Fin, for the 1—category of
finite pointed sets and pointed maps. We shall denote by * € Fin, the singleton pointed
set and for any n € N, (n) € Fin, will denote the finite pointed set {1,2,...,n} LI * of
size n + 1.

Let C be a category admitting finite products (and in particular, the final object).
We define the category of Eco—monoids and of Eoo—groups in C, respectively, as

CMon(C) := Fun®**¢(Fin,,C) CGrp(C) := CMon(C)&P

where Fun®%(Fin,,C) C Fun(Fin,, C) is the full subcategory on functors F': Fin, — C
satisfying the Segal condition, i.e. F(x) = x¢ and for all n € N and 7 < n, the maps
pi: (n) — (1) given by sending i — 1 and j — * for j # ¢, the induced map in C

[17G): Pl — ] ()

is an equivalence.

Exercise 2.3.9 (Intuition for E.,—monoids). Another interesting map in Fin, is
V(2) — (1) given by sending both 1 and 2 in (2) to 1 in (1). Using this, we ob-
tain from the structure of M € CMon(C) a “multiplication map” on M((1)) € C
defined as the following composition

pi M((1)) x M({1)) «=— M((2)) 2,

M((1))
p1Xp2

Identify the commuting triangle in Fin, which encodes that this multiplication map is
“commutative”, and try to work out other diagrams in Fin, which encode “associativ-
ity” and “unitality” of the multiplication.

Notation 2.3.10. We write Catll ¢ Cat for the non—full subcategory of small cat-
egories with finite products and finite product preserving functors, and we write
Cat?d C (Cat2dd C Catll for the full subcategories of additive and semiadditive
categories, respectively.

Theorem 2.3.11 (Omnibus semiadditivisation and additivisation).

1. The inclusions Cat™4 C Catll and Cat?dd C Cat!l participate in the Bousfield
colocalisations

Catsdd —— (Catll Cat?dd —— Catll
CMon CGrp

where the adjunction counits CMon(C) — C are given by restriction along the
inclusion * — Fin, of the object (1) € Fin,,

2. The adjunction counits CMon(C) — C and CGrp(C) — C are conservative,
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3. In fact, this is also in some sense an (00, 2)—adjunction even for large categories.

tsadd

More precisely, for any € € Ca and C a category (which might be large) ad-

mitting finite products, the adjunction counit induces an equivalence of categories
Funll(&, CMon(C)) = Funll(€,C), and similarly in the additive case.

Proof. A proof of the Bousfield colocalisations may be found for example in [HW21,
Thm. I1.19]. Conservativity is an easy consequence of the Segal conditions. O

Remark 2.3.12. In particular, the Bousfield colocalisations in Theorem 2.3.11 says that,
for example, for £ € Cat®®44, the adjunction counit CMon(€) — £ is an equivalence.

Corollary 2.3.13 (Canonical (semi)additive enrichment). Let C be a semiadditive
category and A an additive category. Then we have canonical lifts of the mapping
anima functors

CMon(An) CGrp(An)
//’/? Jfgt ////) Jfgt
op op
C®P xC FYPe—— An AP x A Vapa(— An

using the commutative monoid/group structure of objects in the first variable (and a
sitmilar lifting also holds using the structure in the second variable). This says that
mapping anima in semiadditive (resp. additive) categories are canonically refined with
the structure of Eoo—monoids (resp. Eo—groups).

Proof. We only do the semiadditive case. For this, note that currying Map.(—, —)
gives the Yoneda embedding

Map.(—, —): C°® — Fun(C, An)

Since limits in functor categories are computed in the target, this map is finite product
preserving, and so by Theorem 2.3.11 this map lifts to a map

Map;(—, —): C®® — CMon Fun(C, An) ~ Fun(C, CMon(An))

where the commutation of CMon with Fun is yet again because limits in functor
categories are computed in the target. O

Remark 2.3.14. See for example [HW21, Cor. I1.17] to see an argument as to why the
liftings in Corollary 2.3.13 via the first and the second variables are equivalent.

Exercise 2.3.15. Using that an ordinary classical commutative monoid is an abelian
group if and only if the sheaf map is an isomorphism, show that M € CMon(An) is in
CGrp(An) if and only if moM is a group. Hint: equivalences in anima may be tested
by checking m.—isomorphism. Consequently, observe that there is a canonical lift of
the loop functor on pointed anima as follows:
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CMon(An) £, CMon(An)

\\\\ ngt

>

CGrp(An)

In other words, for any = € An,, the object Qx € An, attains a canonical grouplike

E—monoid structure.

Lemma 2.3.16 (Group—completion formula). Let £ be a semiadditive category admit-
ting pullbacks and pushouts.

1. For any object x € £, we have that both Qx and Xx are grouplike,

2. If the restriction of the suspension ¥: £8P — £8P (which makes sense by (1)) is
fully faithful, then endofunctor Q¥ : € — & lifts to a Bousfield localisation

Qx
E — gep

As such, we will also write (—)8P := QY for the group—completion functor.

Proof. For part (1), we prove the case of Xz, since the other is similar. Recall that being
grouplike is defined as the property of satisfying that the shear map puxpro: YxxXx —
Yx X Xx is an equivalence. By Yoneda, this condition may be checked by checking it
upon applying Mapg(—,y) for all y € £. But then we have the identifications

Mapg (Xx x Xz,y) ~ Mapg (Xx U Xz, y) ~ QMapg(z,y) x QMapg(z,y),

and unwinding Corollary 2.3.13 yields a commuting square

(uxpra)*

Mapg (Xz X Xz, y) Mapg (Xx x Bz, y)

- :

QMapg(z,y) x QMapg(x,y) BXPI QMapg(z,y) x QMapg(x,y)

But by Exercise 2.3.15, the bottom horizontal map is an equivalence. This completes
the proof of (1).
For part (2), we just need to show that for all z € £, the two maps

NOse, 221, QXxr — QX0

are equivalences. Since these two maps admit a common retraction Qex; by the triangle
identities, it suffices to argue that ngy; is an equivalence. This in turn is implied by
our hypothesis that ¥ was fully faithful, since this says that the restricted adjunction
3. &8P = £8P : () is a Bousfield colocalisation, and so the adjunction unit 7oy, is
indeed an equivalence by Observation 2.1.14, as required. O
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2.4 Stability

The condition of stability on a category has been well-recognised for a long time to
be a crucial idea in carrying out homological methods in generalised settings. As will
perhaps become clearer in the course of these lectures, stable categories may be said to
be the “universal location” in which to carry out Mayer—Vietories/excision arguments.
Traditionally, its manifestations include the notion of chain complexes, triangulated
categories, and spectra. One of the many key advantages of co—category theory over
1-categories is that this condition is most naturally a higher categorical notion, owing
to the fact that the shift functors Q and ¥ (or [1] and [—1] for chain complexes)
necessitate the notion of mapping spaces as opposed to just mapping sets.

In this subsection, we introduce the basics of the theory of stable co—categories and
the various key constructions we need for the main body of these notes.

Notation 2.4.1. Let C be a pointed co—category, ie. it has a zero object. Let X € C.
When they exist, we write QX (resp. 3X) for the pullback (resp. pushout)

QX — 0 X —0
_l

L | -

0 —— X 0 — XX

Definition 2.4.2 ([Lurl7, Def. 1.1.1.9, Prop. 1.4.2.27]). Let C be a pointed oo—
category. We say that it is stable if the following equivalent conditions are satisfied:

1. pullbacks and pushouts exist, and a commuting square is a pullback if and only
if it is a pushout;

2. finite colimits exist, and the functor X: C — C is an equivalence;
3. finite limits exist, and the functor Q: C — C is an equivalence.

Fact 2.4.3. 1t is a non—immediate fact that a stable co-category is in particular additive.

Remark 2.4.4 (Commuting squares, pullbacks, pushouts). Let us make precise what it
means for squares to commute and what it means for them to be pullbacks/pushouts.
Unlike in 1—category theory where a commuting square is just property for two different
compositions of morphisms to agree, in higher category theory, commuting squares are
extra structures, that is, when we write a commuting square as in the left square in

ALB ALB
p lq p| =, lq

we are implicitly including a choice of a witnessing homotopy o as made explicit in the
square on the right. Thus, when we say a “commuting square”, we do not just mean
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the data of morphisms f, g, p, ¢, but also the datum o of an equivalence o: go f ~ gop
between the two compositions.

In light of this, when we speak of pullback/squares, we mean that the data
(f,9,p,q,0) has the property of being a pullback/pushout. It could very well hap-
pen that another commuting data (f,g,p,q,7) for a different choice of homotopy
T:qo f >~ gop may no longer be a pullback even though the collection of mor-
phisms are still the same. Unwinding, for instance, the universal property of being a
pullback, which is articulated succinctly as the induced map on mapping anima

FX(qfgp)P
Mape(X, A) % Mape (X, B) XMap, (x,0) Mape (X, C) (2.1)

being an equivalence for X € C, this says concretely speaking that given a commuting
square data (k,l,q,g,7) on the left in

k
X -+, B
zl =, |q =, g
C—— D —— D

there is a contractible space (in particular, it is also nonempty!) of tuples

(¢, B: fop=k, yipop=Il w: (o fB,7) ~T)

where (o, 3,7) is the commuting datum for the outer square in the diagram on the
right obtained by gluing the homotopies o, 5, and v, and w is a homotopy witnessing
that the outer square on the right is equivalent to the square on the left.

As is perhaps clear from these explanations, the meanings of the symbols in higher
category theory can be off-puttingly complicated and nuanced, but one of the aims of
the course is to convince you that when manipulated judiciously (as for example by
expressing and manipulating the universal property of pullbacks given by (2.1)), one
can get quite far in life (though of course not always, especially in specific computa-
tional situations!) without being bogged down by all these homotopies. Put simply,
handled correctly (read: like an oo—engineer), the syntaz of higher categories is often
as difficult /easy as 1—categories, even though its semantics may be hard/rich/subtle.

Terminology 2.4.5 ((Co)fibre sequences). Let C be a pointed category. A fibre
sequence (resp. cofibre sequence), which we will often cavalierly write as the data
x-Ly 2z

of morphisms in C, is more precisely the data of a commuting square
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Sy

l(

N

Q

which has the property of being a pullback square (resp. pushout square). In such
cases, we will write X = fib(g) (resp. Z = cofib(f)). To emphasise that in fibre
sequences are equivalent to cofibre sequences, we will sometimes say bifibre sequence
to mean a fibre sequences.

Exercise 2.4.6 (“5 A Day”). The following exercises are very instructive in the way
of getting used to manipulating bifibre sequences in stable categories.

1. (Self-duality): Show that C is stable if and only if C°P is stable,

2. (Morphisms-to-objects principle): Show that a morphism f: x — y is an equiv-
alence if and only if fib(f) ~ 0 if and only if cofib(f) ~ 0,

3. (Squares—to—morphisms principle): Show that a commuting square
f

r —

p

N
Q

—_—
w g

is a pullback (and thus equivalently a pushout) if and only if any one of
the induced maps fib(f) — fib(g),fib(p) — fib(q),cofib(f) — cofib(g), and
cofib(p) — cofib(q) is an equivalence. Hint: show for example that fib(x —
w %, y) = fib (fib(f) — fib(g)),

4. (Bifibre rotations): Show that for every bifibre sequence z — y — z, there are
canonical bifibre sequences 2z — x — y and y — z — Xz,

5. (Fibres of compositions): Let f: z — y and ¢g: y — z be maps in a stable
category. Compute fib(g o f) in terms of fib(f) and fib(g).

Proposition 2.4.7. A functor between stable co—categories preserves finite colimits if
and only if it preserves finite limits.

Notation 2.4.8. Let ¢: C — D be a functor between categories. We say that it is
left exact (resp. right exact) if it preserves finite limits (resp. finite colimits). We
write Cat'®*, Cat™ C Cat for the non-full subcategories of Cat consisting of small
categories admitting finite limits (resp. colimits) and left exact (resp. right exact)
functors. Since a functor of stable categories preserve finite limits if and only if it
preserve finite colimits, we will say that it is an exact functor if it satisfies either one
(and so both) of the equivalent conditions. We shall write Cat®™ for the full subcategory
of either Cat™ or Cat'®* consisting of the stable categories and exact functors between
them.
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Fact 2.4.9. The inclusion Cat'®* C Cat creates limits, i.e. limits of diagrams in Cat!'®
are computed in Cat.

Construction 2.4.10 (Stabilisations, [Lurl7, Cor. 1.4.2.23]). Let D € Cat'®* and
write D, := D/, for the category of pointed objects. It is a straightforward check that
this is now a pointed category. We then define the category of spectral objects in D as

Sp(D) = lim(- - - -5 D, <5 D)
Note by virtue of Fact 2.4.9, this limit may be taken in Cat. There is a canonical
functor Q°°: Sp(D) — D given by the composition

projection to the lowest term fgt

— D

Q°°: Sp(D) D.

As for Theorem 2.3.11 and Corollary 2.3.13, we have the following pair of results for
stabilisations:

Theorem 2.4.11 (Omnibus stabilisation).

1. The inclusion Cat®™ C Cat'®® participates in the Bousfield colocalisation

Catex T Catlex

whose adjunction counit is given by the map Q°°: Sp(D) — D,

2. In fact, this is also in some sense an (00, 2)-adjunction even for large categories.
and C a category (which might be large) ad-
mitting finite limits, the adjunction counit induces an equivalence of categories
Fun'®*(£,Sp(C)) = Fun'**(&,0).

tex

More precisely, for any € € Ca

Corollary 2.4.12 (Canonical spectral enrichment). Let A be a stable category. Then
we have canonical lifts of the mapping anima functor

Sp(An)
op
A XAMapA(—,—)An

using the stability in the first variable (and a similar lifting also holds using the sta-
bility in the second variable). This says that mapping anima in stable categories are
canonically refined with the structure of a spectrum.

Definition 2.4.13. A stable subcategory of a stable co—category C is a full subcategory
D C C which is stable under finite limits and colimits.

It is called thick if it is furthermore closed under retracts in C (and a “thick subcat-
egory” is implicitly assumed to be a stable subcategory). If C is idempotent-complete,
this latter condition is equivalent to D being idempotent-complete.
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One of the reasons to consider thick subcategories is that they are precisely the ker-
nels of exact functors. One direction (that kernels of exact functors are thick subcat-
egories) is an easy observation, and the other direction comes from Verdier quotients,
which we describe in the following omnibus theorem (good sources for which include
[NS18, Thm. 1.3.3] and [CDH+20, § A.2]):

Theorem 2.4.14 (Omnibus Verdier quotients). Given a thick subcategory D of a
stable co—category C, there is a stable oco—category C/D, called the Verdier quotient of
C by D, with a projection functor p:C — C/D and the following properties:

1. C/D is the cofiber of the inclusion D — C in Catls and as such induces, for every
stable co—category &, a fully faithful functor Fun®(C/D, ) z, Fun®™(C, &) with
essential tmage those exact functors C — &£ that vanish on D.

2. The kernel of p is exactly D.

3. p:C — C/D witnesses the latter as the localization of C at “mod-D equivalences”,
i.e. maps f :x — y whose cofiber (or equivalently, fiber) is in D. In particular
p 1s essentially surjective.

4. For any pair of objects x,y € C, the  canonical map
colimep, Mape(z, cofib(f)) — Mape,p(p(z),p(y)) is an  equiva-
lence, and D,, 1is a filtered oo-category. Dually, the canonical map

colimgep,, Mape (fib(g), y) — Mape,p(p(), p(y)) is an equivalence.

Finally, if D is only a stable subcategory, then the theorem remains true except for

Item 2 which is replaced by “the kernel of p is exactly the closure of D under retracts
in C”.

Exercise 2.4.15.
1. Work out exactly what “the canonical map” is in Item 4.

2. Deduce that the formula for mapping spaces in Item 4 also holds for mapping
spectra.

2.5 General multiplicative matters

Symmetric monoidal structures in the co—categorical setting are much more intricate
than their 1-categorical counterparts, the reason being that we have to specify a lot
more coherence structures. While this can be done very neatly by a key insight of
Graeme Segal in [Seg74], we will nevertheless forego most of the precise discussions
of these matters in the interest of brevity. As such, we will content ourselves mostly
with informal “definitions” in this subsection, and refer the reader to [Lurl7, §2.1] for
more details on the basic precise notions. In particular, we will not cover the notion
of operads in these notes.
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Definition 2.5.1. A symmetric monoidal category (resp. symmetric monoidal func-
tor) is an object (resp. morphism) in CMon(Cat).

Idea 2.5.2. A symmetric monoidal co—category C® is roughly speaking an oco—category
equipped with symmetric monoidal structures which include a tensor map
- ®—:CxC—C

which is coherently associative and commutative, as well as a unit object 1 € C such
that 1 ® (—) ~ id¢. Given this, we will often also denote C® with (C,®,1).

A symmetric monoidal functor f®: C® — D® between symmetric monoidal oco—
categories is an underlying functor f: C — D together with structures witnessing
the compatibility of f with ®¢ and ®p. For example, it includes the datum of an
equivalence

1p = f(1¢)

and it will also include the data of equivalences
F(X)®p f(Y) = f(X ®cY)
for every X,Y € C etc.

“Definition” 2.5.3. A laz symmetric monoidal functor f€:C® — D® has the same
structures as a symmetric monoidal functor, except that the maps

1p — f(1e) fX)@p f(Y) = f(X®cY)
are no longer required to be equivalences.

Warning 2.5.4. Unlike in 1—categories, a (lax) symmetric monoidal functor is not the
same as a (lax) monoidal functor satisfying some properties in the higher setting!
The “symmetric” in a “(lax) symmetric monoidal functor” F: C® — D® encodes, for
example, also the data of commutations

F(z) @p F(y) =2 F(z ®cy)
TFgc,FylZ = FTz,ylz
F(y) ®p F(z) 2% F(y ®c x)

The point is that in 1-categories, it is just a property for this square to commute,
whereas in higher categories, it is a structure that witnesses that this square commutes.

“Definition” 2.5.5. In a symmetric monoidal co—category C®, one may speak of an
E.—algebra object (we will often just call these commutative algebra objects). Writing
CAlg(C®) for the co—category of commutative algebra objects, roughly speaking with
some justifiable abuse of notations, an object A € CAlg(C®) is the datum of an object
A € C equipped with “multiplication maps”

p:A®ec A — A
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2 Recollections on co-engineering

which is coherently associative and commutative, as well as a “unit map” 1: 1 — A
together with the datum of a homotopy to the identity id 4 for the composite

A~ A1 A4t A
The category CAlg(C®) comes equipped with a natural forgetful functor
fgt: CAlg(C®) — C which just remembers the underlying object A.

Fact 2.5.6. Lax symmetric monoidal functors preserve commutative algebra objects,
ie. any lax symmetric monoidal functor f©: C® — D® induces a functor

£: CAlg(C®) —s CAlg(D®)

Morally, this is because if we started with an A € CAlg(C®), then the lax maps provide
us with enough structure to define a multiplication map

F(A) @p F(A) 25 f(Aee A) I f(A)

and so on.

Note that it is very important that we specify which symmetric monoidal structure
we are using when extracting the category of E,—algebras. In particular, the symbol
CAlg(C) technically does not make sense and we must write CAlg(C®), although we
will often abuse this and write something like CAlg(Sp) since the symmetric monoidal
structure will always be understood. The following proposition and the ensuing exam-
ple should drive home this point.

Proposition 2.5.7. Let C be a category admitting finite products and C* the cartesian
symmetric monoidal structure. Then there is an equivalence CAlg(C*) ~ CMon(C).

FEzrample 2.5.8. We have equivalences of categories
CAlg(Ab*) ~ CMon(Ab) ~ Ab CAlg(Ab®) ~ CRing

where we have used Theorem 2.3.11 and that the category of abelian groups Ab is
already semiadditive.

The following pair of results are bread—and-butter “coherence machines” that al-
low us to build new symmetric monoidal categories and functors from old ones. A
convenient source for a very general discussion of the first result is [HHL+21].

Proposition 2.5.9. Let L®: C® — D® be a symmetric monoidal functor whose un-
derlying functor L: C — D has a right adjoint R: D — C. In this case, the right
adjoint can canonically be refined with the structure of a lax symmetric monoidal func-
tor R®: D® — C®. Moreover, these adjunctions participate in a square of adjunctions

CAlg(C®) # CAlg(D®)

fgtl lfgt

C——1D
R
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2 Recollections on co-engineering

that is, the adjunction (co)units of the top adjunction are preserved by the forgetful
functors.

Proposition 2.5.10 ([Lurl7, Prop. 2.2.1.9]). Suppose C® € CMon(Cat) and L: C —
D a Bousfield localisation. Suppose furthermore that for every morphism x — y in
C that gets sent to an equivalence in D under L, the morphisms * ® z — y ® z also
get sent to equivalences in D under L for all z € C. Then there exists a symmetric
monoidal structure D® on D and an enhancement of the functor L to a symmetric
monoidal one.

Fact 2.5.11 (The Lurie tensor product and presentably symmetric monoidal
oo—categories). There is a symmetric monoidal structure on Pry, which is usually called
the Lurie tensor product, whose tensor unit is the co—category of spaces An. This ten-
sor product is defined by the following universal property: writing Fun™%(C x D, &) for
the full subcategory of bicocontinuous functors (ie. those which preserve small colimits
in each variable), the Lurie tensor product C ® D is equipped with a bicocontinuous
functor C x D — C ® D which induces an equivalence

Fun’(C ® D, &) = Fun*(C x D, )

Under this symmetric monoidal structure, the non—full inclusion Pry — Cat naturally
enhances to a lax symmetric monoidal functor Plr%<> < Cat .

As a consequence of the universal property of the Lurie tensor product, a commu-
tative algebra object C® € CAlg(Pr%) is a presentable oco—category equipped with a
tensor product

—®—:CxC—C®C-5C

which is bicocontinuous. To distinguish this important extra criterion, we will call
an object in CAIg(Pr%) presentably symmetric monoidal co—categories. Crucially, by
the adjoint functor theorem, presentably symmetric monoidal co—categories are always
closed symmetric monoidal in that for any X € C, — ® X has a right adjoint that we
denote by Home (X, —) called the internal hom object. Furthermore, the symmetric
monoidal structure Pr% is itself a closed one since the right adjoint of — ® C is given
by Fun(C, —).

To end this subsection on multiplicative structures, we will explain one blockbuster
application of the magical Lurie tensor product, namely the long elusive model—
independent construction of the symmetric monoidal structure on spectra. For this,
we shall need to recall the technology of idempotent objects.

Terminology 2.5.12. Let C® be a symmetric monoidal category. An idempotent
object is a morphism 1¢ i) I in C with the property that the two morphisms

1% 1o JRNy Y
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2 Recollections on co-engineering

are equivalences. An algebra A € CAlg(C?®) is said to be idempotent if the unit map
1 % A is an idempotent object. We write IdemObj(C®) and IdemAlg(C®) for the
categories of idempotent objects and idempotent algebras in C®, respectively.

The following is the key “coherence machine” in this setting in that it allows us
to very easily construct the unique E.,—algebra structure (which seems like a lot to
construct) in the special setting of idempotent objects.

Proposition 2.5.13 (Idempotent algebra machine and localisation). The forgetful
functor IdemAlg(C®) — IdemObj(C®) is an equivalence. Furthermore, for an idem-
potent algebra A, the basechange functor — @ A: C — Mod 4(C) naturally upgrades to
a symmetric monoidal Bousfield localisation — @ A: C® — Mod4(C)®.

The point here is that it is often quite easy to check that an object (equipped with a
morphism from the tensor unit) is an idempotent object, and is certainly much easier
than to construct E.,—algebras in general.

For the final theorem of this subsection, we will also need the following notations:

Notation 2.5.14. Write Pry, ., Prr, sadd, Prr add, Prr st be the full subcategories of Pry,
consisting of the pointed, semiadditive, additive, and stable categories respectively.

The following key theorem was proved by Lurie for the pointed and stable case, and
by [GGN15] for the (semi)additive cases.

Theorem 2.5.15 (Omnibus modes).

(a) For all C € Prr,, we have natural equivalences in Pry,

C®An, ~C,, C®CMon ~ CMon(C), C®CGrp~ CGrp(C), C®Sp ~ Sp(C)

(b) An,, CMon, CGrp, Sp are all idempotent objects in Pry. In particular, there exist
canonical presentably symmetric monoidal structures on these categories inducing
symmetric monoidal Bousfield localisations

—®An, —®CMon —®CGrp —®Sp
Prp —— Prp s —— Prpgadd ——= Prpada —— Prpg

Warning 2.5.16. The canonical presentably symmetric monoidal structures on
An,, CMon, CGrp, Sp are not the (co)cartesian symmetric monoidal structures! For
example, it is a good exercise to see that the cartesian symmetric monoidal structures
on these categories cannot be presentably symmetric monoidal.

One can deduce many interesting results from Theorem 2.5.15, for example the
following which will play a very important role in this course.

Corollary 2.5.17 (Symmetric monoidality of group—completions (exercise)). Let C €
CAlg(Pr?).
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(1) The adjunction unit n: CMon(C) — CGrp(C) naturally refines to a symmetric
monoidal functor between presentably symmetric monoidal categories.

(2) The functor n: CMon(C) — CGrp(C) may be identified as the group—completion
functor (—)8P, i.e. its right adjoint is given by the inclusion CGrp(C) <
CMon(C). In particular, the group—completion functor induces a functor on Ex—

algebras (—)&P: CAlg(CMon(C)®) — CAlg(CGrp(C)®).

The following construction, due to Bousfield in his seminal paper [Bou79], is very
standard and we will have use of them for our applications chromatic redshift in the
final chapter.

Construction 2.5.18 (Localization of spectra with respect to homology). Let E € Sp.
We define Spgp to be the full subcategory of E-local spectra, i.e. those Y € Sp such
that for all A € Sp with £ ® A ~ 0, we have Mapg,(A4,Y) =~ 0. Such spectra A are
called F—acyclic. It turns out that we have a Bousfield localisation

Lg
Sp —— Spg
where a morphism X — Y is an Lg—equivalence if and only if F® X - E® Y is an
equivalence. Because of this characterisation, it is easy to see by virtue of Proposi-
tion 2.5.10 that Lg upgrades to a symmetric monoidal functor, and so the right adjoint
thus upgrades to a lax symmetric monoidal functor.

Here are two very important examples of the construction above.

Ezample 2.5.19 (p-localisation and p—completion).

(1) Using E = S, = S[{primes not p}~'], we obtain the Bousfield localisation

Sp — Sp(y) of p-localisation.

(2) Using E = S/p, we obtain the Bousfield localisation (—);,\: Sp — Spg of p—
completion.

2.6 Duality and dualisability

In the groundbreaking paper [DP84], among other things, Dold and Puppe axiomatised
the notion of duality, providing a far-reaching generalisation of dual vector spaces. We
summarise this notion now in the modern setting.

Definition 2.6.1 ([Lurl7, Def. 4.6.1.1]). Let (C,®,1) be a symmetric monoidal co—
category. A duality datum in C is a tuple (X, XV, c,e) where X, XV € C and ¢, e are
morphisms

c:l- XXV e: XVeX -1

such that the composites

X O x o xV o x 9% x
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xV 148 ¥V x @ xV 24, xv

are homotopic to the identity morphisms. An object X € C which participate in such
a datum is said to be dualisable.

Observation 2.6.2. Since duality data are tuples satisfying homotopy conditions, they
are really notions that are controlled in the homotopy category with the induced 1—
symmetric monoidal structure (Ho(C),®,1) . That is, a tuple (X, XV, ¢, e) is a duality
datum in (C,®,1) if and only if it is one in (Ho(C), ®,1).

There is an alternative characterisation of duality data that is often used interchange-
ably when talking about dualisable objects. The proof is a straightforward unwinding
of definitions which we will omit in this note.

Proposition 2.6.3 ([Lurl7, Lem. 4.6.1.6]). If an object X € C is dualisable with dual
XV, then the duality datum provides a natural equivalence of functors

Mape(—, X ® —) ~ Map(— ® XV, —):CP? xC — An

Observation 2.6.4. In particular, when (C,®,1) is presentably symmetric monoidal
stable, we have an equivalence of functors Home (X, —) ~ XV ® —. This in particular
implies the special property that Home(X, —) preserves small colimits, which is very
much not true in general.

Finally, we record the following “descent” property of the notion of dualisability.

Proposition 2.6.5 (Descent for dualisability, [Lurl7, Prop. 4.6.1.11]). Let {C;}icr be
a diagram of symmetric monoidal co—categories with limit C. In this case, an object
in C s dualisable if and only if its image in each C, is dualisable.

While we are mainly interested in E,,—structures, we will often also need to talk
about Ej—structures. These are the higher algebraic analogue of associative algebras,
relevant examples of which include group rings R[G] (that we will see later) as well as
the example in the famous result of Schwede-Shipley which says:

Theorem 2.6.6 (Schwede-Shipley, [Lurl7, Thm. 7.1.2.1], [HW21, Thm. II.58]). Let
C be a stable presentable oco—category. If it has a compact generator X € C, then
mape (X, —): C — Sp lifts to an equivalence

mape (X, —): C — RMods,(End(X))

where End(X) is the Eq-ring spectrum with underlying object mape(X, X) and multi-
plication given by composition.
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3 Group—completion K-theory

3.1 Definition and the group—completion theorem

Having set up all the requisite category theory, we may finally give a definition of the
first variant of K—theory that we shall study in this course. As a warm—up, we give
here two exercises which will give some intuition for the homotopy groups of objects
in CMon(An) and CGrp(An).

Exercise 3.1.1 (Well-definedness of higher k—groups). Show that every path—
component of an object M € CGrp(An) are equivalent. That is, for every z,y € moM
and writing M,, M, for the components of x and y in M respectively, we have an
equivalence M, ~ M,. In particular, it makes sense to speak of m; M without having
to specify which path—component we are taking for the higher 7;’s.

Exercise 3.1.2. Show that for any M € CMon(An), 71(M,0) is always abelian.
Here is the definition of the first variant of K—theory we will study in this course.

Definition 3.1.3 (Group—completion K—theory). The group—completion K-theory
functor k is defined to be the composite

k: CMon(Cat) o, CMon(An) L, CGrp(An)
For i € Z>p and C € CMon(Cat), we write k;(C) := m;k(C) and refer to these as the
k—groups of C.

Remark 3.1.4. Since Cat; < Cat is limit—preserving, it is in particular product—
preserving and so we may also apply the group—completion K—theory functor to sym-
metric monoidal 1-categories via CMon(Cat;) < CMon(Cat) LN CGrp(An).

Construction 3.1.5 (Symmetric monoidal refinement of group—completion K-the-
ory). By [GGN15, Lem. 6.1], the functor (—)~: CMon(Cat) — CMon(An) has a
canonical lax symmetric monoidal refinement. Therefore, since (—)&P has a symmetric
monoidal refinement by Corollary 2.5.17, we obtain all in all a lax symmetric monoidal
refinement of the functor k. In particular, this induces a functor

k: CAlg(CMon(Cat)®) — CAlg(CGrp(An)®)
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Ezample 3.1.6 (k—theory of classical commutative rings). Let R € CRing and write
Projp for the 1-category of finitely generated projective R-modules. We define
k(R) := k(Projp). By Construction 3.1.5, since Projp is naturally an object in
CAlg(CMon(Cat;)®) using the direct sum and tensor product operations, we see that
k(R) is naturally an E,,—algebra in CGrp(An).

Construction 3.1.7 (Localisations of commutative monoids, [Nik17, Cons. 4],
[HW21, IIl.11a]). Let M € CMon(An) =~ CAlg(An*). Then the functor
fogt: LModp(An*) — An preserves colimits. Moreover, for any N € LMody(An™),
multiplying N by any element of mg M is a morphism of left M—modules. Therefore, all
in all, we may construct a “telescopic localisation” N[M '] of any N € LMod(An™)
as follows: for s € myM, we define Ny = colim(N 5 N3 N S ...). For
T = {t1,...,tp} € meM a finite subset, we define inductively Ny = (N¢, .+, 1 )t,-
We then define
N[N7']:= colim Nr
TCroM finite

Warning 3.1.8. In general, the localisation constructed above does not have the ex-
pected universal property. In fact, it is not even always true that for every m € M, m
acts invertibly on M[M~1]! We will study this subtle phenomenon in more detail in
§3.2.

Construction 3.1.9 (Localisations of E, rings). Let R € CAlg(Sp) and S C moR a
multiplicative subset. Then there is a Bousfield localisation

-1

S _
Modg(Sp) = Mod$ ' (Sp)

where Mod}q;{1 (Sp) € Modgr(Sp) is the full subcategory of R—modules such that S acts
invertibly. Concretely, the functor S~! is given by a “telescopic localisation” in the
same way as in Construction 3.1.7. Observe that unlike the case of Construction 3.1.7,
the localisation here does have the expected universal property of yielding the Bousfield
localisation above. One can check easily that:

e the functor S~! above is equivalently described as S™'R ®p —,
e R — S7!Ris an idempotent object.

Hence, by Proposition 2.5.13, we see that S™!R canonically refines to an object in
CAlg(Modpg) and the Bousfield localisation above refines to a symmetric monoidal
functor (and so its right adjoint is lax symmetric monoidal). In particular, it induces
the following Bousfield localisation

-1
CAlgp) ~ CAlg(Modg(Sp)®r) —— CAlg(Mod§; ' (Sp)) ~ CAlg'

where the equivalences are by a standard theorem of Lurie. See [HW21, Cor. III1.4a]
for more details.
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Notation 3.1.10. Let R € CAlg(Sp) and S C myR a multiplicative subset. We
write Mapgxlg(R, —) € Mapgy (R, —) for the subcomponents of morphisms that sent

elements in S to units. Note that the localisation map n: R — S~!R induces a map
_ -1
7% Mapcag(S™'R, =) = Mapgy, (R, —).

We learnt of the following proof from [HW21, Cor. IIL.4a].

Lemma 3.1.11. Let R, A € CAlg(Sp) and S C moR a multiplicative subset. Then the
map n: R — ST'R induces an equivalence of mapping anima

* — -1
7" Mapeag(S™' R, A) — Mapg (R, A)
Proof. We just have to show that for every f € m Mapgzlg(R, A), the pullback
{f} XMapf;;fg(R,A) MapCAlg(S71R7 A) = MapCA]gR/ (SilRu A)

is contractible. Here, in the second equivalence, we have used the choice of the map
f: R — A to view A as an R-algebra. Since f sends S to units, A is an R-algebra
on which S acts invertibly. Thus we see by the universal property of S~'R that
MapCAlgR/(S_lR, A) ~ MapCAlgR/(R, A). But R € CAlgg, is the initial object, and
s0 Mapcaig,,, (R, A) ~ %, as was to be shown. O

Observation 3.1.12. By Theorem 2.5.15, we see that the left adjoint S[—] = ¥5°: An —
Sp to the functor 2°°: Sp — An canonically refines to a symmetric monoidal functor.
In particular, upon applying CAlg, we obtain the adjunction

S[-]
CMon(An) ~ CAlg(An*™) Q@w CAlg(Sp®) (3.1)

and so for M € CMon(An), the spectrum S[M] € Sp attains a natural commutative
algebra structure.

Construction 3.1.13. Since M — M?®P is a map of commutative algebras in
CMon(An) ~ CAlg(An*), we see that the elements in moM act invertibly on MEP.
By the functorial telescopic localisation from Construction 3.1.7, we obtain a canon-
ical map M[M~!] — M®eP[M~1]. But then since all the morphisms in the telescopic
localisation constructing M&P[M ~!] are equivalences, we see that M®&P[M 1] ~ M8P.
Thus, all in all, we obtain a canonical map

can: M[M™ — M®P (3.2)

Moreover, if we write mpy C mS[M] for the image of the Hurewicz map moM —
7o 2°° S[M], then since S[—]: CMon(An) — CAlg(Sp®) is a left adjoint, it preserves
colimits and we see that

S[M[M ] ~ 7/ 'S[M]
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Our presentation of the classical group—completion theorem is based on Nikolaus’
simple proof in [Nik17]. To avoid talking about the left Ore conditions, we will only
consider the E,, version in this course.

Theorem 3.1.14 (Group completion theorem). Let M € CMon(An). Let mp C
moS[M] be the image of the Hurewicz map moM — 7o Q% S[M]. Then the canonical
map M — M®P induces an equivalence in CAlg(Sp)

T SIM] — S[M*P]

Equivalently, the canonical map M[M~'] — M® from (3.2) induces an equivalence
S[M[M~']] — S[M#P].

Proof. The second equivalent statement is an immediate consequence of the first state-
ment. To see the first statement, we claim that /8P € CMon(An) satisfies the following
universal property: for every X € CMon(An), the map

(moM)~1
CMon(An)

-1
induced by n: M — M?®P is an equivalence, where Mapg&ﬁ)( An) C Mapcpon(an) means

MapCMon(An) (Mgp, X) — Map (Ma X)

the subcomponents of maps where mgM is sent to elements that admit additive inverses
in mpX. The map lands in these subcomponents since M®8P is group—complete. To prove
the claim, define X * as the pullback in CMon(An)

XX — s X
|~
(mpX)* —— mpX
so that X* € CGrp(An). Now consider the commuting diagram

(moM)~!
CMon(An)

‘] I

MapCMon(An) (Mgp’ XX) T) Ma‘pCMon(An) (M7 XX)

Mapcygon(an) (M8, X) —— Map (M, X)

The left vertical i, is an equivalence since M#P is group—complete and (—)* is the right

adjoint to the inclusion CGrp(An) C CMon(An); the bottom n* is an equivalence since

X* is group—complete and M#P is the group—completion of M; the right vertical i, is

an equivalence because maps in Map(™M )" are precisely those that land in X* by

definition. Therefore, all in all, the top horizontal n* is also an equivalence, as claimed.
Now by the adjunction (3.1), for any A € CAlg(Sp), we have

MapCAlg(Sp) (S[Mgp]a A) = MapCMon(An) (Mgp’ QOOA)

oy -1 o0
~ Mapél\‘;[](‘){l)(An) (M, Q>*A)

T —1
~ Map{TAt) o (SIM], A)

~ Mapcag(sp) (7 S[M], A)
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where the second equivalence is by the claim above and the last equivalence is by
Lemma 3.1.11. This finishes the proof of the theorem. O

Notation 3.1.15. For a spectrum E and an anima X, we write H,(X; E) = m,(S[X]®
E). In the case when FE is the Eilenberg-Mac Lane spectrum for some classing ring R,
this definition agrees with the singular homology of X with R coefficient.

Corollary 3.1.16 (Homological group—completion). Let M € CMon(An), R €
CAlg(Sp), and E € Modg(Sp). Then there is an isomorphism of m.R—modules

wyf Ho(M; E) — H,(M?; E)
Proof. Just apply the colimit—preserving functor F®— to the equivalence WIT/[lS[M | —
S[M?®P] and apply 7. O
Notation 3.1.17. The inclusion CGrp(Set) € CMon(Set) also has a left adjoint,

which we denote by (—)&Po.

Observation 3.1.18 (ko groups). Since the left square in
(—)ep

CMon «— CGrp CMon ———— CGrp
J ] | |~
CMon(Set) «—— CGrp(Set) CMon(Set) (SR CGrp(Set)

clearly commutes, we also know by passing to left adjoints that the right square above
commutes. That is, for M € CMon, the canonical comparison map

(moM)&P0 =5 7 (MEP)
is an equivalence. Thus, we obtain an isomorphism
ko(C) == (m0(C™))*"
computing the zeroth k—group.
A priori, the preceding observation does not give us that the two different group—

completions agree on commutative monoids in sets. However, as we shall show in the
next result, this is indeed true by virtue of the previous proposition.

Corollary 3.1.19 (Group—completions of abelian monoids). Let M € CMon(Set).
Then M®P ~ M &Po,

Proof. First note that since homotopy groups commute with filtered colimits, we
see that M[M~!] € Set C An. In particular, M[M~!] is a simple anima because
it is simply—connected, and M#®P is a simple anima because it has the structure of
an Eo,—monoid. Now, by the group—completion Theorem 3.1.14, the canonical map
M[M~!] — MB®P induces an isomorphism of Z-homology. And so by the homology
Whitehead theorem for simple anima, this map is an equivalence and in particular,
MeP ~ 7o(M8P). Thus M8P ~ 7o(M8P) ~ (oM )8Po where the second equivalence is
by Observation 3.1.18. O
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Example 3.1.20. By the corollary above, we see for example that N8P ~ N&Po ~ Z,

Remark 3.1.21. It was crucial in Corollary 3.1.19 that the discrete monoid was abelian.
Otherwise, there is a very strong “no—go” result due to McDuff which says that every
connected anima is equivalent to BM for some discrete monoid M.

Next, recalling the definition of k(R) for a classical commutative ring R from Ex-
ample 3.1.6, we show how to use the group—completion Theorem 3.1.14 to compute its
homology and k; (R).

Corollary 3.1.22 (Homology of k(R)). Let R € CRing. Then there is a canonical
isomorphism

H.(GLx(R): Z) = colim H.(GLa(R);Z) = H.(k(R);2)

Proof. First, observe that we have an equivalence of l-groupoids Proj(R)~ =~
I peproj(r) BAutr(P). As a matter of notation, note that Autr(R®") = GL,(R).
Moreover, since for every finitely generated projective R—module P, there exists a
finitely generated projective R-module @Q such that P & @Q = R®" for some n, we see

by a cofinality argument that (HPEProj(R) BAutR(P)) |:(HPEProj(R) BAutR(P))_l}
is equivalent to the colimit

L . +R + .
C = CT(L)IEII{ID H BAutg(P) — H BAutp(P) — )
PeProj(R) PeProj(R)

By Corollary 3.1.16, we learn that the map C' — k(R) induces an isomorphism

o)

H,(C:Z) = H,(k(R);Z) (3.4)

Now we need to isolate the appropriate components: note first that the component
* >~ BAutp(0) C Projg is mapped to k(R)g. As explained in the construction of the
canonical map Projz — k(R) in (3.2), the localising maps on k(R) are all equivalences,
and so we obtain in total that the map C' — k(R) restricts to a map

colim (BGLo(R) B BGL(R) 5 BGLy(R) 25 -.) — K(R)o
n

on the appropriate components. Thus, the homology isomorphism (3.4) restricts to
the homology isomorphism as in the statement of the corollary. O

Corollary 3.1.23 (k;—groups). Let R € CRing. We have an isomorphism
k1 (R) = GLoo(R)?®.
Moreover, if R were a field, then GLy(R) = R*.

Proof. That GL(R) = R* in the case of fields is a linear algebra fact that may

be found for example in [Weil3, Example II1.1.3.5]. For the isomorphism k;(R) =
GLo(R)?, recall the standard algebraic topology fact that for a connected anima
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X, Hi(X;Z) = m1(X)?. Moreover, by Exercise 3.1.2, ki (R) is abelian. Thus, from
Corollary 3.1.22, we see that

ki (R) 2 ki (R)™ = Hy(k(R)o; Z) = Hi(GLoo(R); Z) =2 GLoo(R)™

as required. ]

3.2 Cyclic invariance and the plus construction

From the group—completion Theorem 3.1.14, we saw that the map M[M~!] — Me#P
is at least a homology isomorphism. As we shall see in an explicit Example 3.2.22,
this is not always an equivalence. The goal of this subsection is to locate precisely the
failure of this map to be an equivalence by way of Quillen’s famous plus—construction.
The first step in this direction is to come to terms with a subtle idiosyncrasy of higher
algebra called the “cyclic invariance condition” which is not seen at the level of classical
algebra.

Observation 3.2.1 (Data of direct systems). Note that (N, <) € Cat is also computed
as the colimit

Al Uao Al Uao Al Upao - -

Hence, for any C € Cat, we get
Fun(N,C) ~ CA xe ™ xg -
In particular, we see that for M,, Ny € Fun(N,C), we have

Mapen (M, N,)
~ MapCAl (Ml — MQ,Nl — Ng) XMapc(MQ,NZ) MapCAl (MQ — Mg,NQ — Ng) X e

That is, to specify a map M, — N, in CN, it suffices to provide the data of {f;}ien
and {0 i+1}ien in the diagram

M, Mo Ms
f1l =012 le =023 fsl =034
N No N3

Exercise 3.2.2. Let M, A € CMon, n € N, m € M, and M — A a map in CMon.
We may view m as an element in A by prolonging * — M — A. Show that the map
m: Alm~1] — A[m~!] induced by the diagram

AT A" AT

ml =id ml =id ml =id

A" AT AT

has an inverse induced by the diagram
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NN

A_M A

Hint: note that the identity map Alm~'] — A[m~] is induced by the commuting

diagram

A[m—l] cans

Warning 3.2.3 (Failure of localisations to be local). The map m: M[m~!] — M[m
as in the exercise above is in general not equivalent to the map [m]: M[m~1] — M|

3

induced by the diagram
M- M- M-

M R

M- M "> M —=

To understand what is going on, it would be beneficial to consider to consider the
following extended exercise.

Exercise 3.2.4 (Symmetric groups fail to localise properly). Let us consider M =
Fin~ = ano BY,. As a warm up,consider the situation in Exercise 3.2.2: picking a
component B, in the source, say, we end up having to consider the diagram

1 1 1
BY, — BSji1 _+t BShi111 _tt .

+1l =id +1l =id +1l =id
+ + +1
BYgt1 —— BYpr141 —— BYgp14141 ——
(i) Show that upon applying 71, the induced homomorphism on the colimits ¥, —

Yoo is given by +1, i.e. it sends a permutation f(1,...,k) € X to f(1,...,k) -
id(k +1) € Spy1,

(ii) Show that this is an isomorphism of groups.

Now we put ourselves in the setting of Warning 3.2.3. Picking a component BYj in
the source, say, we end up having to consider the diagram

1 1 1
BY, — BSji1 N BShi111 .

+1l =7 +1l =7 +1l =r

+1 +1 +1
BYgt1 —— BYgr141 —— BYgp14141 —— o

where 7 swaps the last two copies of 1 + 1. The key point is the following: applying
m1 to this diagram, we obtain a commuting diagram of groups “with a wrinkle”
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41 +1 +1
Xk k41 Y141 — -
+1l +1l +1l
+1 =) +1 =) +1

Vit1 — V141 —= Bht141l — Lktl4141l — Shtl+l4l — oo

In concrete terms, the bottom maps send for example a permutation f(1,...,k+1) €
Ypy1 to f(1,. .k k+2) - id(k + 1) € Sgpa4a

(a) Show using this description that the induced group homomorphism ¥, — ¥
is not surjective. Hint: for example, letting k = 1, show that the element
0(1,2) € 9 — Y in the bottom is not hit by any element from the top Y.

(b) As a sanity check, convince yourself that the bottom colimit is isomorphic to
—1/_
Yoo, for example by replacing the vertical maps with g1 RN Ykt1+1 &

o

Yk+1+1 and so on.

Next, we explain how the map [m]: M[m~!] — M[m~!] may alternatively be viewed
as being induced by the telescopic diagram M[m~'] = M[m~] & ...
Observation 3.2.5. For M € CMon and m € M, recall from Construction 3.1.7 that
M[m™!] is again a left M-module and so it makes to consider (M[m~1])[m~!]. Note
that this is equivalent to M [m~!] since the diagram defining (M [m~'])[m~!] is indexed
over N x N whereas that for M[m~1] is N, and it is an easy check that the diagonal
functor N — N x N is colimit cofinal.

Now consider the cube (where we extend infinitely horizontally to the right):

— M[m™Y]

/ ‘ =7 / [m]
M m

M can - M[mil] ~|can

can /M[m_l] = /M[m_l} = |can }Uw[m—l])[m—l]
m = can (]
M[m~] = M[m~!] — (M[m~'])[m™]

The cubical diagram commutes by virtue of the fact that M[m™!] is canonically a left
M-module and that the canonical map M — M[m™!'] is a map of left M-modules.
Taking horizontal colimits yields the square on the right where the vertical morphisms
are equivalences by the previous paragraph. Thus, all in all, we see that the map
[m]: M[m~1] — M[m™!] induced by the top diagram is an equivalence if and only if
the map equivalent map induced by the bottom diagram is an equivalence.

This counterintuitive and subtle fact that the natural map [m]: M[m~!] — M[m™!]
might not be an equivalence turns out to have a fix in the form of a cyclic invariance
condition, which we prove in Lemma 3.2.7. The proof is an instructive one exhibiting
the subtleties of higher algebra. To this end, we first need to construct a 3,—action
on the set of loops on an element m" =m - -m----m:
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Construction 3.2.6. Let M, A € CMon, n € N, m € M, and M — A a map in
CMon. We may view m as an element in A by prolonging * — M — A. We now
construct a map

Y — mi(A,m")

witnessing the action of ¥,, swapping the copies of m in m” = m-m-m - - - m. Firstly, the
choice of the tuple (m,...,m) in A*™ may be written as a map (m,...,m): x — A*"
and applying (—)py, to this map yields a map BY,, = *p5, — (A*")py, . On the other
hand, we have the multiplication map p: A*™ — A. Since A was an E,,—monoid, this
multiplication refines to a map of X,,—equivariant objects with the swap action on the
source and trivial action on the domain. Thus, by the adjunction (—)px,, : AnB¥n =
An : trivialy, , we have the datum of a map upy, : (A*")py, — A and a commuting
triangle

Axn M

-

(A )ns,,

The desired map 3, — 71 (A, m™) is now obtained by applying m; to the composition
BY, — (A*")y, 205 A

Lemma 3.2.7 (Cyclic invariance condition, [Nik17, Proof of (7) = (1) in Prop. 6]).
Let M € CMon(An). Suppose that for every m € M, there is an n > 2 such that the
map

S — m(M,m") — m (M[M™'],m")
has the permutation (123---n) in its kernel. Then M[M '] is moM ~local, i.e. mwoM
acts invertibly on M[M~1].

Proof. Clearly, we may assume without loss of generality that the set of generators
{m;}icr of moM consists of a single element m € moM.

To begin with, by Observation 3.2.5, to check that the multiplication map
[m]: M[m~'] — M[m™!] is an equivalence, it is equivalent to check that the map
induced by the diagram

Mm™ 2 Mm™ 2 Mm™] 2 ...
e
Mm™' -2 Mm™'] 2 Mm™] 2 ...

is an equivalence. In order to show that this is an equivalence, we will construct an
inverse by showing that the obvious candidate [id]: M[m~!] — M[m~!] induced by

Mim~ s M) s

\\

m
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works. To this end, first note that either compositions [m] o [id] or [id] o [m] are given
by the map induced from the diagram

Mim~ T Ml s
\ \ \ (35)

Thus, by virtue of Exercise 3.2.2, if we could show that the 2—cells in (3.5) are equivalent
to the identity maps, we would be done. Note that the cell 7 being the identity path
means that the permutation (12) lies in the kernel of the map g — w1 (M[m ™, m?).
In fact though, less is sufficient: we do not need to consider the 2—cells in (3.5) it-
self but can consider just the (n — 1)—fold horizontal composition of the 2—cells with
itself by cofinality. But the (n — 1)—fold composition in the diagram is given by left
multiplication by the symmetry path 720730 07,_1,. This corresponds to the
permutation (123---n). Thus, it suffices that (123---n) is in the kernel of the map
Y — m(M,m") — w1 (M[m~1],m"), which is the hypothesis. This completes the
proof. O

Next, we would like to see how this cyclic invariance condition can explain the failure
of M[M~'] — ME®P to be an equivalence by giving various equivalent criteria for when
this map is an equivalence in Proposition 3.2.10. To state the result, we will need to
recall the following notion from group theory.

Recollections 3.2.8. A group G is said to be hypoabelian if it has no nontrivial perfect
subgroups. The following are equivalent conditions for a group P to be perfect:

1. The abelianisation P?P of P is the trivial group,

2. Any group homomorphism P — A where A is an abelian group is the trivial
homormophism,

3. For any element g € P, there is a sequence of elements {ay, b1, az,ba,...,an,b,}
for some n such that g may be written as a product of commutators

a1, b1][azg, bo] - - - [an, bn).
Note that abelian groups are hypoabelian.

Notation 3.2.9. Write An™P° C An for the full subcategory of spaces with hypoa-
belian fundamental groups.

Proposition 3.2.10 (Localisation model of group—completion, [Nik17, Prop. 6]). For
the left M —space M[M~1], the following are equivalent:

(1) M[M~Y] is moM ~local, that is, moM acts invertibly on M[M '],

(2) The map M — M[M™'] exhibits the target as the universal moM —local space,
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(3) The canonical map M[M~'] — M®P is an equivalence,
(4) The fundamental groups of all components of M[M~] are abelian,
(5) The fundamental groups of all components of M[M~] are hypoabelian,
(6) For every m;, the map
N3 — m (M, m}) — m(M[M '], m})
has (123) in its kernel,

(7) For every m;, there is an n > 2 such that the map
¥, — (M, m?) — m (M[M~], m?)
has the permutation (123 ---n) in its kernel.

Proof. That (7) implies (1) is precisely Lemma 3.2.7. The rest are left as an exercise
for the reader. For some of the directions, you may use the fact that the abelianisation
of ¥3 is Cs and the hypoabelianisation of ¥, is given by Cs when n > 5. 0

Corollary 3.2.11 ([Nik17, Cor. 7]). Suppose M € CMon(An) is a hypoabelian anima.
Then the map M[M~'] — MS®P is an equivalence. In particular, the fundamental
groups of all components of M[M~1] are abelian.

Proof. We use Proposition 3.2.10 (7). It is a fact that for n > 5 odd, the hypoabeliani-
sation of ¥, is Cy with (123 ---n) in the kernel, and so our hypothesis on M guarantees
point (7) in the proposition which demands that ¥,, — 1 (M, m™) — 71 (M[M 1], m")
for some n. O

Remark 3.2.12. We could also use Proposition 3.2.10 to prove Corollary 3.1.19. To
wit, since mM = 0 in this case, this is an immediate consequence of (3) = (6) in
Proposition 3.2.10.

From Proposition 3.2.10, we see that the obstruction for M[M~!] to compute the
group—completion of M is the possibility that M[M ~!] have fundamental groups that
are not hypoabelian. But there is a universal way of fixing this introduced by Quillen,
and we close this subsection with it. This will require a quick detour into the world of
group theory.

Exercise 3.2.13 (Countable “commutator splitting envelopes”). Suppose P is a per-
fect group and C' < P a countable subgroup. Show that there is a countable subgroup
@@ < P containing C' such that for any element of ¢ € C, there exists an n € N and
elements q1,71,...,qn,rn € @ such that ¢ = [q1,71] - [qn, Tn].

Exercise 3.2.14 (Closure properties of hypoabelian groups). Show that:
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1. Let ¢: G — H be a group homomorphism and P < G a perfect subgroup. Then
»(P) < H is also a perfect subgroup.

2. Suppose we have an exact sequence of groups A — B — C where A is abelian
and C' is hypoabelian. Then B is hypoabelian as well.

3. Let {G;}icr be a set of hypoabelian groups. Then the product [, G; is again
hypoabelian.

Fact 3.2.15 (Hypoabelianisation of groups). Every group G admits a maximal perfect
subgroup P. Thus defining G™P° := G/P gives a left adjoint to the inclusion of the
full subcategory of hypoabelian groups into all groups.

We learnt of the following lemma and its proof from Robert Burklund and Markus
Land.

Lemma 3.2.16. An wi—filtered colimit of hypoabelian groups is hypoabelian.

Proof. Let {G4}4ca be an wi—filtered colimit of hypoabelian groups, G := colimgec 4 G,
and suppose P < G is a perfect subgroup. We would like to argue that P is the trivial
subgroup, and for this, we observe that it suffices to show that every countable perfect
subgroup of P is trivial: this is because every element in a group belongs to a countable
perfect subgroup (it is an elementary exercise to deduce this from Exercise 3.2.13). So
let C < P be a countable perfect subgroup. Then since C is wj—compact, we see that
the inclusion C' < P < G factors through some G,. Hence, C' < G, may be viewed as
a perfect subgroup of G, and so by hypothesis, it is trivial, as was to be shown. [

The ensuing construction is of fundamental importance in K—theory. It was first
introduced by Kervaire, but it was rediscovered and extensively exploited by Quillen
in his K—theoretic investigations, whence the name. To that end, we will need the
following little exercise.

Exercise 3.2.17. Let A — B + C € An and write P := A x g C. Show that for every
point z: x — P, we get an associated fibre sequence

)B—P—AxC

of pointed anima.

Construction 3.2.18 (Quillen’s plus—construction). A direct functorial construc-
tion of Quillen’s plus—construction can of course be given, but the approach taken
here is purely from formal nonsense using the group—theoretic ingredients above. By
Lemma 3.2.16, we know that the inclusion An"™P° C An preserves w;filtered col-
imits. Moreover, by Exercise 3.2.14 (3), the inclusion also preserves arbitrary prod-
ucts. We claim furthermore that the inclusion also preserves pullbacks. To wit, let
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A — B+ C € An"™P° By Exercise 3.2.17, for every point z € P := A x5 C, we get
an associated fibration sequence which induces an exact sequence of groups

WQ(Bvx) — 7Tl(va) — 7T1(A X C,$) = 771(1471") X 771(0733)

Thus, by Exercise 3.2.14 (2, 3), we get that P is a hypoabelian anima as well, whence
the preservation of pullbacks under the inclusion An"™P° C An as claimed. All in all, by
the Reflection Theorem 2.2.6, we get that An"™P° admits a left adjoint which we write
as (—)t: An — An™P°. This is what we shall refer to as Quillen’s plus—construction.

One might object that the left adjoint (—)* was constructed purely abstractly and
is “unusable/uncomputable”. The following proposition will show that this is not the
case and we can already deduce quite a few results purely from the existence of the
left adjoint.

Proposition 3.2.19 (Omnibus plus—construction).
(1) The adjunction unit X — Xt induces an equivalence S[X] — S[X ] in Sp,
(2) The functor (—)* viewed as an endofunctor on An preserves arbitrary coproducts,
(3) The functor (=) preserves finite products,

(4) Let X € An and v € X. Then the map X — X induces an isomorphism
71 (X, z)vpe S om (X*,2) where the source is the hypoabelianisation of groups
from Fact 3.2.15.

Proof. We leave (1) and (3) as an exercise to the reader. For (1), show by using
the appropriate adjunctions that the map S[X] — S[X*] induces an equivalence
Mapg,(S[X"],Y) — Mapg,(S[X],Y) for all Y € Sp. For (3), use the adjunction
— X Z 4Map(Z,—) in An and argue by adjunctions.

Point (2), is an immediate consequence of the fact that left adjoints preserve all
colimits and the immediate observation that the inclusion An™P° C An is closed
under coproducts.

Finally, to see (4), first note that since (—)* preserves coproducts by (2), it suffices
to show this for connected anima X. We need to show that for any hypoabelian group
G, the map m X — m X ™ induces a bijection

hom(m X+, G) — hom(m X, G)
of hom sets of groups. The strategy is to use the equivalence of categories
Q: Anz' = Grpg, (An): B (3.6)

which is a standard result in higher algebra: here AnZ! C An, is the full subcategory
of pointed connected anima, and Grpg, (An) is the category of E;—groups in anima.
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For the unique point z: * — X, we may prolong it along X — X to view it also as
the unique point of the connected anima X . Thus, we may view X — X as a map
of pointed anima and so we obtain a map

Map, >1(X™, BG) — Map, >1(X, BG). (3.7)
This map is an equivalence since it can be re—expressed as the map of pullbacks

MapAn(X+a BG) X Mapa, (+,BG) {1} — MapAn(X7 BG) X Map , (*,BG) {1}

where Map, (X T, BG) — Map,, (X, BG) is an equivalence by definition of (—)* since
G was hypoabelian. On the other hand, since BG is 1-truncated, the map (3.7) may
be rewritten as

Map, >1(Bm X", BG) ~Map, >i(7<1 X", BG)
i> MapAnz1 (TSlX, BG) >~ MapAn21 (B7T1X, BG)

Thus, by the categorical equivalence (3.6), the map (3.7) may further be identified
with the equivalence
hom(m; X, G) = hom(m X, G)

mapping sets, and so is a bijection of sets as was to be shown. ]
As an immediate consequence of Proposition 3.2.19 (3), we see that:
Corollary 3.2.20. The functor (=) : An — An induces a functor
(—)*: CMon(An) — CMon(An),

that is, the plus—construction of an Eoo—monoid anima attains a canonical Eooc—monoid
structure.

We now use the plus—construction to provide a fix to the inability of Proposi-
tion 3.2.10 to completely compute the group—completion functor.

Theorem 3.2.21 ([Nik17, Thm. 9]). There are equivalences
MMt~ MY [M~Y] ~ MeP
Proof. For the first equivalence, we need to show that the map
MM — MM

is a plus—construction. To this end, first note by Corollary 3.2.11 that M*[M~!] has
abelian fundamental group. Thus, to check the claim, it suffices to show that the map
induces an equivalence upon applying Map,,(—,Y) for an arbitrary Y € An"P°. As
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usual, we may assume for simplicity that the set of generators of mgM consists of a
single element m € mgM. In this case, we just compute:

Map(M*+[M~1],Y) ~ lim < Map(MT,Y) ™5 Map(M*,Y) ™5 Map(M*+, Y)>
~ lim ( Map(M,Y) ™% Map(M,Y) ™5 Map(M, Y))
~ Map(M[M~'],Y)

as was to be shown.
Next, for the second equivalence, consider the commuting square

M[M~Y*t ——— MsP

| |

MF[M™) —— (M*)se

The left vertical map is an equivalence by the point above, the bottom horizontal
is an equivalence by Corollary 3.2.11, and the right vertical is an equivalence by an
immediate unwinding of universal properties. Thus, the top horizontal map is an
equivalence, as desired. ]

Example 3.2.22 (Localising the symmetric groups). Comnsider Fin™ ~ [[, ., BX, €
CMon(An) which is even a symmetric monoidal 1-category. As commutative monoids,
we have moFin™ = N, and under this identification, it is clear (since everything is just
a symmetric monoidal 1-category where it is easy to check) that the generator 1 € N
corresponds to the component B ~ % and the addition map BY,, ~ BY x BY,, —
BY, 11 corresponds to the canonical inclusion group homomorphism ¥, — 3,;.
Therefore, the addition by 1 map 1+: ]_[n>0 BY, — 11,0 BXn looks like

[1.50 BEn SN [1.50 BEn >0 Bn RSN 20 BEn A,

BZO/BEO/BZO/BZO/...

and hence, we get that Fin=[(Fin™)"!] ~ Z x BYX,. All in all, we see that

k(Fin) = (Fin™)%? ~ Z x BY 1
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In the preceding example, it was important that we use the plus—construction since
we cannot apply Proposition 3.2.10 (4) because 71 BY.oo = ¥ is very nonabelian. As
we shall see in Theorem 3.3.7, k(Fin) is in fact the sphere spectrum, and so it has many
nontrivial higher homotopy groups in stark contrast to Z x B¥, which is just a disjoint
union of Eilenberg—Mac Lane spaces. However, there are interesting situations where
we may dispense with the plus—construction, as the following example illustrates.

Ezample 3.2.23 (Localising unitary groups). Consider the topological category
Vectéd": of finite—dimensional C—vector spaces and isomorphisms. By the classical
result that the group homomorphism U(n) — GL,(C) is a homotopy equivalence,
we see that as an oo—category, Vectgd"g is equivalent to [[,~,BU(n). This anima
again has m isomorphic to N as commutative monoids, and b_y the argument in Ex-
ample 3.2.22, we see that

Vectéd":[(Vectgd":)_l] ~Z x BU
But then 71U = 0 and so we are in the situation of Proposition 3.2.10 to obtain that
ku = k(Vectgd"z) ~Zx BU

Here ku is known as the complex topological K—theory space and is a very important
object in higher algebra.

3.3 K-theory of finite sets

Our business in this subsection is to analyse k(Fin), culminating in a complete iden-
tification of it as the sphere spectrum in Theorem 3.3.7. While the proof, as we shall
see, is more or less formal, the result is a deep one and it was first proved via ex-
tremely nontrivial computations. In some sense, it justifies that the sphere spectrum
is the “correct” object to study since it says that the sphere spectrum is the output of
universally group—completing the finite sets in the (higher) categorical setting.

Fact 3.3.1. We have a formula for the symmetric monoidal adjunction unit
Freeg : An — CMon(An) from the Bousfield localisation Pr;, = Prp .qq given as
follows:
Freeg_ (X) ~ H(XX")hgn
n>0

In particular, we see that Freeg(¥) ~ [[,>q*nx, =~ [l,,50 BXn ~ Fin™ and since
x € CAlg(An*) is the tensor unit, we also get that Fin™ € CAlg(CMon(An)®) is the
tensor unit.

Fact 3.3.2. The structure Fin™ € CMon(An)® is precisely given by the disjoint union
of finite sets and the additional structure Fin™ € CAlg(CMon(An)®) is given by the
cartesian product of finite sets.
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So far, we have viewed Fin™ as an object in CMon(An) and to study k(Fin), we
really want to view it as such. On the other hand, the group—completion K—theory
functor from Definition 3.1.3 has domain CMon(Cat). We explain next how to relate
these two points of view.

Observation 3.3.3. Let inclusion An < Cat from Fact 2.1.4 is a product—preserving
left adjoint. Hence, as in Construction 3.1.5, we may quote [GGN15, Lem. 6.1] to
get an identification of the morphism ¢ ® idAn ® CMon — Cat ® CMon in Pry with
the postcomposition morphism CMon(7): CMon(An) — CMon(Cat). Thus, we get a
commuting square

An ———* 5 Cat
Freeg l lFreeEoo

CMon(An) Shtont) CMon(Cat)

Moreover, the functor i is naturally symmetric monoidal with respect to the cartesian
symmetric monoidal structures, and so all the functors in the square naturally refine
to symmetric monoidal ones. In particular, the tensor unit * € An is sent to the tensor
unit Fin™ = Freeg__ (%) which may be viewed to live either in CMon(An) or CMon(Cat).
Furthermore, under the Bousfield colocalisation CMon(i): CMon(An) = CMon(Cat) :
CMon((—)7), we see that the construction Fin € CMon(Cat) — k(Fin) € CGrp factors
through Fin™ € CMon(An). Thus, as far as studying k(Fin) is concerned, we are free
to view Fin™ as an object in CMon(An).

Notation 3.3.4. Recall from Theorem 2.5.15 that there is an adjunction CGrp =
Sp coming from the Bousfield localisation Pry aqq = Prpg. This is an important
adjunction and so we will dignify it with the following names:

BOO
CGrp % Sp

Furthermore, we write Sp>, € Sp for the full subcategory of connective spectra, i.e.
those spectra whose homotopy groups are concentrated in degrees > 0 (note that a
spectrum can have homotopy groups in negative degrees! We will study this phe-
nomenon in more detail later when we meet t—structures).

A very important fundamental theorem in higher algebra is the following:

Theorem 3.3.5. The functor B>: CGrp — Sp factors through Sps( and it induces
an equivalence B>: CGrp —» Sp>g- Consequently, we have a symmetric monoidal

equivalence B> : CGrp® = Spgo.

gp
FreeEoo

Remark 3.3.6. In particular, since S[—]: An — Sp factors as S[—]: An ——
CGrp ? Sp, the functor S[—] also lands in Sps.
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Theorem 3.3.7 (Barratt—Priddy—Quillen, Segal). There are equivalences QS ~
k(Fin) ~ Z x BXY. In fact, the first equivalence is even an equivalence in
CAlg(CGrp®).

Proof. The second equivalence is supplied precisely by Example 3.2.22. To see that
we have the first equivalence in CAlg(CGrp®), first note that by Theorem 3.3.5, we
obtain an equivalence B>: CAlg(CGrp®) ~ CAlg(Sp®) : Q. Next, observe that
k(Fin) := (Fin™)8P ~ Freeg__ (*)8P where the second equivalence is by Fact 3.3.1. Now
by Theorem 2.5.15, we have a symmetric monoidal functor

Freeg

(_)gp B
An CMon —— CGrp(An) — Sp

coming from the appropriate adjunction units. In particular, it sends the tensor unit
* in An”™ to the tensor unit S in Sp®. Thus, we get the equivalence B>k(Fin) ~ S in
CAlg(Sp®), or equivalently,

k(Fin) ~ Q> S

in CAlg(CGrp®) as was to be shown. O
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localisation

4.1 K-theory of stable categories and the Q-construction

In this section we will discuss algebraic K-theory of stable co-categories.

Notation 4.1.1. Let R € CAlg(Sp®). Let Perfgr denote the smallest thick subcate-
gory of Modp containing R. Recall that this means that Perfp is the smallest stable
subcategory of Modg which is closed under retracts and contains R.

FErample 4.1.2. Let R € CRing. Every finitely generated projective R-module is a
retract of a finitely generated free R-module, so Projp C Perfp.
The following exercise provides a convenient characterisation of perfect R-modules.

The reader can also consult [Lurl7, §7.2.4].

Exercise 4.1.3. Let R € CAlg(Sp®) and let P € Modg. Show that P is perfect if
and only if P is a compact object of Modpg if and only if P is a dualisable object of
Modg.

Fact 4.1.4. If R € CRing, then there is an equivalence of co-categories
Perfp ~ DP(R),

where the latter denotes the perfect derived oo-category of R. An object of DP™f(R)
can be represented by a bounded complex of finitely generated projective R-modules.

The discussion in Fact 4.1.4 provides an indication of why we might expect algebraic
K-theory to have functoriality in perfect modules rather than just projective modules.
We recommend to work through the following exercise:

Exercise 4.1.5. Let R € CRing. Show that the assignment
m0(DP I (R)™) — ko(R)

defined P — Y,(—1)'[P;] exhibits ko(R) as the quotient of mo(DP*{(R)~) by the
equivalence relation ~ generated by y ~ x @ z for every fiber sequence x — y — z in
Drer(R).

This motivates the following defintion which works in general for a stable co-category.
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4 Algebraic K—theory: additivity and localisation

Definition 4.1.6. Let C € Cat®* and define
Ko(C) = mo(C™)/~,

where ~ is the equivalence relation generated by y ~ z @ z for every fiber sequence
x—y—zinC.

In the definition above, we see that taking direct sums in C endows Ky(C) with the
structure of an abelian group with inverses given by —[z] = [Xz]. Intuitively, we no
longer need to group complete on my but we rather have to split extensions. Our next
goal will be to construct the entire K-theory anima as a functor K: Cat®® — An.

The Q-construction

One can construct the functor K: Cat® — An using Waldhausen’s S-construction or
Quillen’s Q-construction. The crucial difference between the two is that the former is
built out of the arrow category while the later is built from the twisted arrow category.
For the purposes of this course it will be convenient to employ Quillen’s Q-construction
in our construction of . Let us begin by giving a informal discussion of the twisted
arrow category.

Idea 4.1.7. Let C € Cat.

1. The left twisted arrow category of C is the co-category TwAr! (C) whose objects
are morphisms of C. A morphism from =z — y to 2’ — ¢ is the datum of a
commutative diagram

]

< — 8

i

2. The right twisted arrow category of C is the co-category TwAr! (C) whose objects
are morphisms of C. A morphism from =z — y to 2/ — ¢ is the datum of a
commutative diagram

l\

e — 8

i

Definition 4.1.8. The left twisted arrow oco-category of C is defined by the pullback

TwAr(C) —— /An

J J

Map,
CP xC <, An

in Cat. Define TwAr"(C) = TwAr!(C)°P.
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4 Algebraic K—theory: additivity and localisation

Warning 4.1.9. Equivalently, we have that TwAr!(C) — C°P x C is the left fibration
obtained by the unstraightening of the mapping anima functor Map,: C°? x C — An.
As a consequence, our presentation here is slightly circular since the construction of
the mapping anima functor Map, is most commonly done by explicitly writing down
a left fibration TwAr!(C) — C° x C — C°P x C and then forming the straightening of
this left fibration. Indeed, the explicit definition is given by

TwAr!(C) = Homgget ((A™)°P x A", C)

and we refer the reader to [Lurl7, §5.2.1] for a detailed discussion of this perspective.
These subleties will not be important for our presentation.

Exercise 4.1.10. Show that the objects and morphisms of TwAr!(C) and TwAr"(C)
indeed are given as in Idea 4.1.7. Hint: use that the mapping anima of a pullback is
the pullback of the mapping anima to obtain the description of morphisms.

Exercise 4.1.11. In this exercise we let C = [n] for some n > 0.

1. Show that TwAr"([0]) = 0.
2. Show that TwAr"([1]) can be depicted by a span

0<1)
- ™~

(0<0) (1<1)
3. Show that TwAr"([2]) can be depicted by
(0<2)

(0<1) (1<2)

- ™~ - ™~
(0<0) (1<1) (2<2)

With these pictures in mind, we have the following definition:

Definition 4.1.12. Let C € Cat and assume that C admits pullbacks. For n > 0, let
Qn(C) € Fun(TwAr"([n]),C)
denote the full subcategory spanned by those functors which take every square

(i <1)

to a pullback square in C.
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4 Algebraic K—theory: additivity and localisation

Exercise 4.1.13. Show that C — Q(C) determines a functor Q: Cat®® — sCat®.
We see that Qp(C) ~ C. Similarly, an object of Q1(C) is given by a span

Zo1

N

Zoo T11

in C. Finally, we see that an object of Q2(C) is given by a diaram

Zo2

N

Zo1 x12

U

Zoo T11 x22

in C, where the top square is a pullback.
The following exercise provides a good way of getting used to the definitions. We
will use it later, so the reader is encouraged to give it a try.

Exercise 4.1.14. For n > 0, let Z,, denote the subposet of TwAr"([n]) spanned by
those O-simplices (i < j) which satisfy that j <4+ 1. We depict Z,, by

0<1) (1<2) (n—1<n)

N N, ~
(0<0) (1< (n<n)

Show that a functor F': TwAr"([n]) — C lies in Q,(C) if and only if F is right Kan
extended from the restriction Z,, — TwAr"([n]) — C. Conclude that the restriction
functor furnishes an equivalence Q,(C) ~ Fun(Z,,C) for every n > 0.

Proposition 4.1.15 (Barwick). The simplicial co-category Q(C) is a Segal object for
every oo-category C which admits pullbacks. This means that the Segal maps

seg;: [1] = [n],0,1—i—1,4
for 1 <11 < n, induce an equivalence of co-categories
Qu(C) = Qu(C) xqu(e) QL(C) Xqu(e) X Qu(e) Q1(C)
for everyn > 1.
Proof. The Segal maps induce an equivalence J,, ~ J1 Uy, --- Uy J1 in Cat, so

Q ( )NFun(jl Uz - Ug jlac)
~ Fun(J1,C) Xpun(J,0) *** XFun(o,c) Fun(J1,C)
~ Q1(C) xqo(e) "+ Xqoic) Q(C),

where we have used that Q,,(C) ~ Fun(Z,,,C) from Exercise 4.1.14. O
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4 Algebraic K—theory: additivity and localisation

Remark 4.1.16. In the setting of Proposition 4.1.15, the Segal object Q(C) in sCat is
also complete in the sense that the square

Qo(C) —— Q3(C)
A l(domdls)

Q)2 = qu(c)?

is a pullback in Cat, where dp2: [1] — [3] is the unique map that misses 0 and 2 and
similarly for dis.

Construction 4.1.17. Recall that the Yoneda embedding induces an equivalence
Fun®(sAn, Cat) v, Fun(A, Cat)

as discussed in Theorem 2.1.25. Let ac denote the essentially unique colimit preserving
functor sAn — Cat such that the composite

A Y sAn 25 Cat

is canonically equivalent to the functor [—]: A — Cat determined by [n] — [n]. Equiv-
alently, the functor ac is obtained as the left Kan extension in the following diagram

[-]

A ——— Cat

Al
Y -
l _-"ac
P

sAn

We refer to ac as the associated category functor. The functor ac: sAn — Cat admits
a right adjoint N: Cat — sAn determined by the construction C — Mapc,([—],C).
We refer to N as the Rezk nerve.

Exercise 4.1.18. Let X € sAn. Show that |ac(X)| ~ |X|. Hint: observe that the

functor An C Cat N, sAn is constant and compare adjoints.

Remark 4.1.19. In fact, the Rezk nerve N: Cat — sAn is fully faithful with essential
image spanned by the complete Segal anima. This is a difficult result established by
Joyal-Tierney, Lurie, and Rezk and will not play an important role for us.

The associated category functor ac: sAn — Cat does not preserve pullbacks. How-
ever, we record the following special situation where it does.

Lemma 4.1.20. Let X — Y < Z be maps of Segal anima. The canonical functor
ac(X xy Z) — ac(X) Xaqv) ac(2)

is fully faithful, and essentially surjective if ac(X) — ac(Y') is a bicartesian fibration.
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4 Algebraic K—theory: additivity and localisation
Proof. See step (4) in proof of [HW21, Theorem IV.18]. O
Definition 4.1.21. Let F' € Fun(Cat®®, An) and define Span’ : Cat*® — Cat by

Span’’: Cat® 2 scatt £ sAn 2 Cat.
Notation 4.1.22. If F = (—)~: Cat®® — An, then we write Span = Span(~)~.
Remark 4.1.23. In the following, we let F': Cat®® — An be a functor.
1. Using Exercise 4.1.18, we conclude that |Span’'(C)| = [acFQ(C)| =~ |FQ(C)|.

2. Recall that Q(C) is a Segal object by virtue of Proposition 4.1.15. Consequently,
if F' preserves pullbacks, then FQ : Cat®® — sAn is a Segal anima. Later we will
see that it suffices to assume that F' is additive for FQ(C) to be a Segal anima.
We note Q(C)~ is a Segal anima since the core functor F' = (—)~ preserves limits.

Definition 4.1.24 (K-theory of stable co-categories). Define K: Cat®® — An by

K: Cat™ 22 cat = An & An,

where the loop space is formed at the base object 0 € C= ~ Span(C)~.
Construction 4.1.25. The construction R +> Perfp determines a functor
CAlg(Sp®) — Cat™

sending R — S in CAlg(Sp®) to the exact functor Perfz — Perfg given by P > P®RS.

Definition 4.1.26 (K-theory of E,.-rings). Define K: CAlg(Sp®) — An by
K: CAlg(Sp®) 2% Catst & An

Construction 4.1.27. Let C € Cat® and consider the functor C — Q;(C) defined by
x + (0 <= x — 0). This induces a functor of simplicial co-categories

const1C — Q(C),

where the former denotes the constant simplicial co-category with C in simplicial degree
1. By applying the realisation functor to this map we obtain a map of anima

c= - K(C)

which is checked to be natural in C € Cat®'.
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4 Algebraic K—theory: additivity and localisation

Fact 4.1.28. Recall from Construction 4.1.27 that we have a natural transformation
(=K
of functors Cat®® — An. If C € Cat®, then the induced map
m0(C™) = moK(C)

exhibits the target as the quotient of the source by the equivalence relation ~ generated
by y ~ x @ z for every fiber sequence x — y — z in C. This is most naturally proved
using Waldhausen’s S-construction and we refer the reader to [CDH+20, Appendix
B.1] or [HW21]. As a consequence, our definition of K using the Q-construction agrees
with Definition 4.1.6 on .

4.2 Verdier sequences

We discuss the notion of (split) Verdier sequences following [CDH+20, Appendix A].

Verdier sequences

Definition 4.2.1. A sequence of stable co-categories and exact functors
c —*,p_*,

with vanishing composite is a Verdier sequence if it is both a fiber and a cofiber sequence
in Catst. We say that i is a Verdier inclusion and that p is a Verdier projection.
It will be essential to understand how fibers and cofibers are calculated in Catst.

Observation 4.2.2. Let p: D — & be in Cat®’. The inclusion Cat® < Cat preserves

tSt

limits, the fiber of p in Cat®" is the full subcategory

fib(p) = {d € D | p(d) ~ 0}.

This is in fact a stable subcategory since p is exact and it is straightforward to verify
that fib(p) C D satisfies the universal property. To summarize, if p: D — £ is an exact
functor of stable co-categories, then fib(p) < D — £ is a fiber sequence in Cat®. Note
that fib(p) is a thick subcategory of D.

Cofibers in Cat®® are more interesting as these are given by Verdier quotients.
Definition 4.2.3. Let i: C — D denote a functor in Cat®".

1. A morphism in D is an equivalence modulo C if its fiber lies in the smallest stable
subcategory spanned by the essential image of i: C — D.

2. Let D/C denote the Dwyer—Kan localisation of D with respect to the equivalences
modulo C.
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4 Algebraic K—theory: additivity and localisation

We have the following crucial result (cf. [NS18, Theorem 1.3.3]).
Proposition 4.2.4. Let i: C — D be a functor in Cat*. Then:
1. The oo-category D/C is stable and the localisation functor D — D/C is exact.
2. For every stable co-category &, the restriction functor
Fun®™(D/C, &) — Fun™(D, &)

1s fully faithful and its essential image is spanned by those functors which vanish
after precomposition with i. In particular, the sequence

C—-D—DJC
is a cofiber sequence in Cat®.
3. For all x,y € D with image T,y € D/C, the mapping space in D/C is given by
Mapp c(Z,y) =~ colim;ec,, Mapp(z, cofib(z — y)),
where the colimit is filtered.

Exercise 4.2.5. Show that C — D — D/C is a cofiber sequence using (2) above.

Exercise 4.2.6. Consider the cofiber sequence C 45D D /C in Cat®*. Show that the
sequence is a fiber sequence if and only if for every stable oo-category &, the functor

Fun®™(&,C) — Fun®™ (&, D)

given by postcomposition with ¢ is fully faithful with essential image spanned by those
functors whose postcomposition with the localisation functor D — D/C vanishes.

It follows from Exercise 4.2.6 that the sequence
C—-D—DJC

is a fiber sequence precisely if the functor i: C — D exhibits C as the fiber of D — D/C,
in other words that C ~ fib(D — D/C). In particular, we note that C needs to be a thick
subcategory. The following result ensures that this is in fact sufficient to guarantee
that our original sequence is a fiber sequence and thus a Verdier sequence as well.

Lemma 4.2.7. The fiber of the localisation functor p: D — D/C is the full subcategory
of D spanned by those objects which are retracts of objects in C.

Proof. Any retract of an object of C lies in the fiber of p. Conversely, suppose that = €
fib(p). We want to show that x is a retract of an object of C. By (2) of Proposition 4.2.4,

99



4 Algebraic K—theory: additivity and localisation

note that every exact functor f: D — Sp that sends C to zero factors over p: D — D/C
and hence vanishes on fib(p). Consider the exact functor ¢,: D — Sp given by

P (y) = COlirn(ﬂ: z—)y)EC/ymapD(xa COﬁb(ﬁ))>

where C/, = C Xp D;,. We claim that o, vanishes on C. Indeed, for any y € C, we
have that C/, has a final object given by id: y — y, so

¢z (y) ~ mapp(z, cofib(idy)) ~ 0.
It follows that ¢, vanishes on fib(p) which in particular means that

0 =~ ¢z (x) = colimg. ,—y)ec,, mapp(, cofib(f)).

For 0 — z, the class of id, € mapp(z,cofib(0 — z)) must vanish in the colimit, so
there is a morphism 3: z — x in C such that id, is in the kernel of

mapp(x, z) — mapp(x, cofib(53)).

Since D is stable, this means that id,: x — x factors over 5: z — x which exhibits x
as a retract of z. O

Corollary 4.2.8. If C is a thick subcategory of a stable oco-category D, then

C—-D—DJC

is a Verdier sequence.
We obtain the following omnibus result for Verdier sequences:

Proposition 4.2.9 (Omnibus Verdier sequence). Let C LD B Ebea sequence in
Cat® with vanishing composite. The following are equivalent:

1. The sequence C DL & s a Verdier sequence.

2. (i) The functor i is fully faithful with essential image closed under retracts.

(ii) The functor p exhibits £ as the Verdier quotient of D by C.

3. (i) The functor p is a Dwyer—Kan localisation.
(ii) The functor i exhibits C as the fiber of p.

Proof. We first prove that (1) = (2). Suppose that C 4 D B £ is a Verdier sequence.
In particular, it is a cofiber sequence which proves 2.(i7) by Proposition 4.2.4. It is also
a fiber sequence, so the essential image of ¢ is closed under retracts by Lemma 4.2.7
which proves 2.(7). The direction (2) = (1) follows again from Proposition 4.2.4 and
Lemma 4.2.7. We leave (1) < (3) as an exercise. O
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4 Algebraic K—theory: additivity and localisation

Corollary 4.2.10. Every Dwyer—Kan localisation is essentially surjective. In partic-
ular, every Verdier projection is essentially surjective.

Proof. Let p: C — C[W™!] be a Dwyer—Kan localisation and let D denote the essential
image of p. We wish to prove that D < C[W 1] is an equivalence. Note that p: C — D
induces a functor

Fun(D,€&) — FunW_l(C,E)

which is an equivalence for every £ € Cat. Indeed, given a functor C — £ which carries
W to equivalence, we obtain a functor D < C[W~!] — £ by the universal property of
p. This proves that C — D satisfies the same universal property as C — C[W ~!] which
implies that D — C[W 1] is an equivalence. O

Lemma 4.2.11. Verdier projections are stable under pullback. More precisely, if
LN
L
g —to¢

is a pullback in Catl in which p is a Verdier projection, then p' is a Verdier projection.

Proof. See [CDH+20, Lemma A.1.11]. O

Split Verdier sequences
Definition 4.2.12. A Verdier sequence
c—-D-"s¢
is split if p admits both a left and a right adjoint. We say that i is a split Verdier
inclusion and that p is a split Verdier projection.
We obtain the following characterisation of split Verdier sequences.
Proposition 4.2.13. Let p: D — & and i: C — D be functors in Cats*.

1. The functor p is a split Verdier projection if and only if it admits fully faithful
left and right adjoints.

2. The functor i is a split Verdier inclusion if and only if it is fully faithful and
admits left and right adjoints.

Proof. See [CDH+20, Corollary A.2.6]. O

Remark 4.2.14. Suppose that C LDl eisa split Verdier sequence. It follows from

Proposition 4.2.13 that we obtain the following diagram of adjunctions
) R
C——>D——¢&
L

This is called a stable recollement.
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Corollary 4.2.15. A pullback of a split Verdier projection is a split Verdier projection.

Proof. Consider a pullback square in Cat®*

D+ ,p

o)

gk,

where p is a split Verdier projection with fully faithful left adjoint [ and right adjoint
r (which exist by Proposition 4.2.13). We have to exhibit fully faithful left and right
adjoints of the pullback p’. Using the universal property of pullbacks and that both
[ and r are fully faithful we obtain the desired left and right adjoints of p’. Using
the formula for mapping anima in a pullback, we see that those functors are fully
faithful. O

Exercise 4.2.16 (Waldhausen’s foundational split Verdier sequence). Let C € Cat®".
Consider the sequence

¢l ArC) L,

where r(z) = (z — 0) and t(x — y) = y. Show that this is a Verdier sequence. Show
that both of these functors have adjoints

/s\ f‘l\
C " ArCc —t> ¢

N_ ~_
fib 0

where s(z — y) =z, q(y) = (0 = y), and é(y) = idy. Conclude that the sequence is a
split Verdier sequence.

Exercise 4.2.17. Let f: R — S be a morphism in CAlg(Sp®) and assume that f is a
localisation in the sense that the multiplication map S®prS — S is an equivalence. Let
Modf{tors denote the full subcategory of Modg defined as the fiber of the extension
of scalars functor S ® g —: Modr — Modg. Show that

Mod$ ™ < Mod g 2275 Mods

is a Verdier sequence. Exhibit adjoints of S ® g — and conclude that the sequence in
fact is a split Verdier sequence.

Additive functors and Verdier localisations

It will be more flexible to work with squares rather than sequences in what will follow.
We record the following definition:
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Definition 4.2.18. Let
D —7D

L]

& —— &
be a square in Cat®®. We will say that

1. The square is a Verdier square if it is a pullback and both of the vertical functors

are Verdier projections.

2. The square is a split Verdier square if it is a pullback and both of the vertical
functors are split Verdier projections.

Observation 4.2.19. In the definition of a Verdier square above it suffices to require
that the square is a pullback and that the right vertical functor is a Verdier projection
since Lemma 4.2.11 ensures that the left vertical functor is also a Verdier projection.
Similarly, for split Verdier squares by Lemma 4.2.15.

Observation 4.2.20. Note that a sequence C — D — £ in Cat®® with vanishing com-
posite is a (split) Verdier sequence precisely if the square

Cc — D
|
0—— €&

is a (split) Verdier square.

Finally, we have arrived at the following central definition:
Definition 4.2.21. Let A be an oco-category with finite limits. A functor
F:Cat™ = A
with F'(0) ~ % is said to be
(1) additive if F' carries every split Verdier square to a pullback square in A,
(2) Verdier localising if F' carries every Verdier square to a pullback square in A.
Notation 4.2.22. Let A be an oo-category with finite limits.

1. Let Fun?!d(Cat®, A) denote the full subcategory of Fun,(Cat**, A) spanned by
those reduced functors which are additive.

2. Let Fun"V®'(Cat®, A) denote the full subcategory of Fun,(Cat*, A) spanned by
those reduced functors which are Verdier localisations.

Note that Fun"V'(Cat®, A) C Fun?®d(Cat™, A).
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For the purpose of the following discussion it will be convenient to define additive
functors using split Verdier squares rather than split Verdier sequences. Nonetheless, if
we restrict our attention to additive functors which take values in stable co-categories,
then we can ignore this distinction as the following exercise shows.

Exercise 4.2.23. Let F: Cat®® — A be a functor valued in a stable co-category A
and assume that F'(0) ~ 0. Show that F' is Verdier localising if and only if it carries
Verdier sequences to fiber sequences in A. Hint: a square in a stable co-category is a
pullback if and only if the induced map on (say vertical) fibers is an equivalence.

We have the following structural property of additive functors:

Lemma 4.2.24. Every additive functor F: Cat®® — A preserves finite products. In
particular, every such functor canonically refines to a functor F : Cat®® — CMon(A).

Proof. For a pair of stable oo-categories C and D, the square

CxD——10D

L]

C—0

is split Verdier, so the map F(C x D) — F(C) x F(D) is an equivalence. This implies
the second claim since CMon(.A) — A induces an equivalence

Fun*(Cat®*, CMon(A)) — Fun™(Cat™, A)

tSt

by virtue of Theorem 2.3.11, since Cat® is semiadditive. O

Definition 4.2.25. An additive functor F': Cat® — A is grouplike if it takes values in
the full subcategory CGrp(A) € CMon(A). Let Fun®P(Cat®, A) denote the full sub-
category of Fun?4(Cat®*, A) spanned by those additive functors which are grouplike.

Example 4.2.26. The core (—)= : Cat™ — An is a Verdier localisation since it preserves
arbitrary pullbacks but it is not grouplike.

We end this section with the following structural result concerning the interaction
between the Q-construction and split Verdier squares.

Lemma 4.2.27. The Q-construction functor
Qp: Cat®® — Cat™

preserves split Verdier squares for each n > 0.

Proof. Consider a split Verdier square in Cat

D —1D

L)

g —— &
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We know that p has a fully faithful left adjoint [ and a fully faithful right adjoint r by
Proposition 4.2.13. Using that Q, ~ Fun(Z,,—) for every n > 0, we obtain the ad-
junctions I, 4 px - 74, where both [, and r, are fully faithful by Proposition 2.1.19. By
Proposition 4.2.13, we conclude that p,: Q,(D) — Qn () is a split Verdier projection
as desired. O

4.3 Waldhausen’s additivity theorem

In this section we establish a refinement of Waldhausen’s additivity theorem. This
refinement first appeared in the context of Poincaré co-categories (cf. [CDH+-20]). We

follow the presentation in [CDH+20; HW21; HLS23]. Recall that if F': Cat™® — An is
an arbitrary functor, then

Span’’(C) = acFQ(C) € Cat

We also recall that [Span'(C)| ~ |FQ(C)| (cf. Remark 4.1.23).

Theorem 4.3.1 (Waldhausen additivity). If F': Cats — An is additive, then so is
|Span’’(—=)| : Cats! — An.

In particular, the functor K : Catst — An is additive and grouplike.

It follows from Theorem 4.3.1 that the functor K: Cat®® — An canonically refines

to a functor K: Cat™ — CGrp(An) ~ Sps.

Consequences

We explain how to deduce the classical variant of Waldhausen’s additivity theorem.

Corollary 4.3.2. The functor (fib,t) : ArC — C x C induces an equivalence of anima
K(ArC) — K(C) x K(C)

for every stable co-category C, where t(x — y) = y.

Proof. Recall Waldhausen’s foundational split Verdier sequence

S q

VR RN
C "> ArCc —t> ¢
"\ﬁb/ '\5/

where s(z = y) =z, q(y) = (0 — y), and d(y) = id,. This means that for any additive
and grouplike functor F' : Cats! — An, we obtain an equivalence

F(fib) x F(t): F(ArC) «=— F(C) x F(C) : F(r) + F(4)

which proves the desired statement for F' = K. O
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Corollary 4.3.3. Let F': Cat®® — An be an additive functor and suppose that
a=>pF=>v:C—>D
is a cofiber sequence in Fun®™(C, D). Then there is an equivalence of maps of anima
Fp~Fa+ Fv: F(C) — F(D).
Proof. Note that the functors
(8=1),(a®y=1): C— Ar(D)

have equivalent fibers, namely «. Applying F' and postcomposing with the equivalence
F(fib) x F(t): F(Ar(D) — F(D) x F(D) yields that

F(8=7) ~ Fla®y = 7): F(C) » F(A(D)).

Finally, we postcompose this equivalence with the functor F(s): F(Ar(D)) — F(D)
which shows that F(3) ~ F(a®~y) ~ F(a)+ F(v) which proves the desired statement.
O

Corollary 4.3.4 (Eilenberg swindle). Let F: Cat®® — An be a grouplike and additive
functor. If C € Cat™ admits countable direct sums, then F(C) ~ 0.

Proof. Since C admits countable direct sums, we have an exact functor ®n: C — C.
Furthermore, the following sequence

ide = &N = DN

is a cofiber sequence in Fun®(C, C), so we conclude that idpc) + F(®n) =~ F(®N) by
virtue of Corollary 4.3.3. Tt follows that id () =~ 0 which proves that F'(C) ~0. [

Remark 4.3.5. The Eilenberg—Swindle in Corollary 4.3.4 is the reason that we restrict
to small stable oco-categories in the definition of algebraic K-theory. Recently, the
groundbreaking work of Efimov has provided an extension of algebraic K-theory to the
large world of dualisable presentable stable co-categories.

Proof of Waldhausen’s additivity theorem

We embark on the proof of Theorem 4.3.1 which relies on the following results.
Lemma 4.3.6 (Omnibus bicartesian fibration). Let F' € Fun®4(Cat®, An).
1. If p: D — & is a split Verdier projection, then p is a bicartesian fibration.

2. If p: C — D is an exact bicartesian fibration, then SpanF(p) 1s bicartesian.
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3. Every bicartesian fibration is a realisation fibration, i.e., if

¢ ——¢C

I

D —1D

18 a pullback in Cat whose right vertical map is a bicartesian fibration, then the
square remains a pullback after realisation.

Proposition 4.3.7. Let F' € Fun®4(Cat®, An). The functor
Span’’: Cat® — Cat
carries split Verdier squares to pullback squares.

We will be occupied with the proof of Lemma 4.3.6 and Proposition 4.3.7 for the
remainder of this section. Before proceeding, we explain how all the pieces come
together allowing us to deduce Waldhausen’s additivity theorem.

Proof of Theorem 4.3.1. Let F : Cats, — An be an additive functor and let

C——2C

L)

D — 1D

be a split Verdier square. We have to show that [Span’’(—)| carries this square to a
pullback. It follows from Proposition 4.3.7 that the resulting square

Span’’(C') —— Span’’(C)

| [svn

Span’'(D') —— Span’’ (D)

is cartesian and by Lemma 4.3.6 that the right vertical map Span’’(p) is a realisation
fibration, which means that the square remains cartesian after realisation. This proves
that |Span’(—)| is additive as desired. The final claim now follows since

K = Q|Span(-)| = Q|Span'”)" (-))

together with the fact that (—)~ is additive and that € preserves limits. O

The proof of Lemma 4.3.6 relies on the following lemma:

Lemma 4.3.8. Let f: A — B be a functor in Cate with a left adjoint g.
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4 Algebraic K—theory: additivity and localisation

(1) A morphism a: x — y in A is f-cocartesian precisely if the square

gf(z) o110, fa(y)

.

18 cocartesian, where the vertical maps are induced by the counit of the adjunction

(gf)

(2) Assume that A admits pushouts. If f preserves pushouts and g is fully faithful,

(0%
_

then f is a cocartesian fibration.

Proof. For (1), note that the following square of anima

Map 4(y, z) —— Map4(9f(y), 2)

J J

Map 4(z,z) —— Map4(g9f(z), 2)

is a pullback for any z € A precisely if the following square

Map 4(y, z2) —— Mapg(f(v), f(2))

J J

Map 4(x, z) —— Mapg(f(z), f(2))

is a pullback since g is a left adjoint of f. This precisely means that the square in (1) is
a pushout if and only if o is f-cocartesian. Next, we prove (2). Let o/: f(xz) — 3/ be a
morphism in B. We wish to show that there exists an essentially unique f-cocartesian
edge a: © — y in A such that f(a) ~ /. Define a: x — y by the following pushout

9f(x) M g(
I

We claim that a: x — y is the desired f-cocartesian lift of /. By (1), we simply have

)

(03
—_

@%@

to show that f(a) ~ «'. For this, note that ¢gf preserves pushouts since f does by
assumption and g is a left adjoint, so the square

gfgf(x) 1% fg()

b o]

9f(x) 9f(y)

is a pushout. By the triangle identities and our assumption that g is fully faithful, we
note that the left vertical map is an equivalence, which means that the right vertical
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map ¢gf9(y’) — gf(y) is an equivalence since the square is a pushout. Consequently,
we find that gf(y) ~ gf9(y") ~ g(v'), where we again have used that g is fully faithful
in the final equivalence. This shows that f(y) ~ fgf(y) ~ fg(y') =~ ¢ as desired. This
proves that f is a cocartesian fibration. O

Proof of Lemma /.3.6. We prove (1). Let p: D — £ be a split Verdier projection and
apply Lemma 4.3.8 to p and its fully faitful left adjoint which exists by our assumption
that p is a split Verdier projection. This shows that p is a cocartesian fibration and an
entirely dual argument shows that it is also a cartesian fibration.

We prove (2). Let p: C — D be an exact bicartesian fibration. We wish to prove that
Span?'(p) is a bicartesian fibration. This relies on the following instructive exercise:

Exercise 4.3.9. A morphism x < y — z in Span(C) is Span(p)-cocartesian if y — x
is p-cartesian and y — z is p-cocartesian. Hint: Given two solid diagrams
p(w)
N
U
N
p(x) p(z) p(v)

where the square on the right is a pullback and such that p carries the left diagram to
the right diagram, we have to show that the dotted arrows and the object e can be filled
in such a way that the square on the left is also a pullback.

Using Exercise 4.3.9 we can prove the claim for FF = (—)~. Indeed, for a span
p(z) <y — 2 in D, we can lift the left map to a p-cartesian map y — x and the
right map to a p-cocartesian map y — z since p is a bicartesian fibration. Hence, the
span x < y — z in C is a Span(p)-cocartesian lift of p(z) < y’ — 2’ by Exercise 4.3.9.
This proves that Span(p) is a cocartesian fibration and a dual argument shows that it
is also a cartesian fibration.

Next, we prove the general case when F' : Cat®® — An is a general additive functor
instead of (—)~. Let F denote the full subcategory of Q;(C) spanned by those spans
where the left pointing edge is p-cartesian and the right pointing edge is p-cocartesian.
The following square

d
F 1

l”
(

Qi(D) 2

QA

«—
bS]

>

is a split Verdier square. Indeed, the square can be checked to be a pullback using
Exercise 4.3.9 which is enough by our assumption that p is a split Verdier projection.
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Similarly, the following square

idrd
F xqic Q2(C) R N T Q1(C)

I |

Qa(D) — 2, Q,(D) xp Qu(D)

where F xq, () Q2(C) is formed using dz : Q2(C) — Q1(C), is a split Verdier square.
The square is once more a pullback by Exercise 4.3.9, so it remains to prove that the
right vertical map is a split Verdier projection. Indeed, it is obtained as a pullback of
p: Q1(C) — Qi(D) which is a split Verdier projection by Lemma 4.2.27, so the left
vertical map is a split Verdier projection by Lemma 4.2.15.

Consequently, both of these squares are pullbacks after applying F' by our assump-
tion that F' is additive. Unwinding the definitions, one can check that F' applied to
the second square is expressing that the essential image of

F(E) = F(Q(C)) — Ar(Span®(C))™

consists of Span’’ (C)-cocartesian edges, and the first diagram gives a sufficient supply
of these. This proves that Span’’ (p) is a cocartesian fibration and a dual argument
proves that it is also a cartesian fibration (exchange the legs of F). This proves (2).

Finally, we prove (3). To that end, let

¢ ——

oL

p_f,p

be a pullback square in Cat, where the right vertical functor p is a bicartesian fibration.
We wish to prove that the square obtained by applying | — | remains a pullback square
of anima. Note that p’ is a cocartesian fibration since these are stable under pullback.
We can rewrite the square as follows

D————>1D

where St(p): D — Cat is the straightening of p: D — C (cf. Construction 2.1.39). We
have additionally used that St(p) o f ~ St(p’): D' — Cat.

Exercise 4.3.10. Show that every morphism in D is carried to a left adjoint functor
by St(p): D — Cat.
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4 Algebraic K—theory: additivity and localisation

Using Exercise 4.3.10, if ¢: # — y is a morphism in D, then |St(p)(z)| — [St(p)(y)|
is an equivalence, so we obtain an essentially unique factorization in the diagram below

D St(r) Cat I—\” An
l )
D

where D — |D| is the Dwyer—Kan localisation at all the morphisms of D. By a similar
straightening argument as above, we obtain a pullback diagram of anima

Un(|St(p)| o |f]) —— Un(|St(p)])

J J

i
D D)

so we simply need to verify that |[Un(St(p) o f)| =~ Un(|St(p)| o | f|) and |Un(St(p))| ~
Un(|St(p)|). We establish the latter and leave the former as an exercise. Using Theo-
rem 2.1.41, we find that

Un(St(p))] = |colim(D 2% Cat)|

~ colim(D SUB), g 12, An)
~ colim(|D| 22, An
~ Un(|St(p)])

where we have used that realisation is a left adjoint in the second equivalence, and that
D — |D| is colimit cofinal in the second to last equivalence. Note that we do not have
to worry about inverting the cocartesian edges in Theorem 2.1.41 since every map is
inverted by the realisation functor. O

Before proving Proposition 4.3.7, we record the following observation.

Observation 4.3.11. Let F: Cat®® — An be an additive functor. We observe that
FQ(—): Cat™ — sAn
takes values in Segal anima. Indeed, for every n > 0 and 0 < ¢ < n, the square

[0] —— [n—]

L

[i] — [n]
induces a commutative square

Qn(C) —— Qi(0)

J J

Qn—i(C) —— Qo(C)
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which can be checked to be a pullback using that Q(C) is a Segal object. Furthermore,
this square is split Verdier since Q,, ~ Fun(Z,, —) so the desired fully faithful left and
right adjoints of the right vertical functor are induced by left and right Kan extension
of the fully faithful inclusion Zy < Z,,. By our assumption that F' is additive this
square will be carried to a pullback square and the Segal condition follows from this
by iteration.

Proof of Proposition 4.5.7. Let F: Cat®® — An be an additive functor and let

D — 1D

L)

g —— &

be a split Verdier square. We have to show that this square is a pullback after applying
the functor Span’’(—). We first note that Q,, carries this square to another split Verdier
sequence by Lemma 4.2.27, so we conclude that

FQ(D') —— FQ(D)

| |Fow

FQ(E") —— FQ(&)

is a pullback of Segal anima by Observation 4.3.11 and our assumption that F' is
additive. We have that Span’ (p) = acFQ(p) is a bicartesian fibration by Lemma 4.3.6,
SO

acFQ(D') —— acFQ(D)

J JacFQ(p)

acFQ(E) —— acFQ(€)

is a pullback by Lemma 4.1.20. This finishes the proof since Span’’ (=) = acFQ(-). O

The universal property of C — K(C)

We have proved that the algebraic K-theory functor

K :Cats — An
is additive and grouplike by applying Theorem 4.3.1 to the additive functor F' = (—)~.
The reason for phrasing Theorem 4.3.1 with an arbitrary additive functor F' in place
of the core (—)~ is that it will allow us to construct a left adjoint to the inclusion
of grouplike additive functors into all additive functors. This will in turn yield a
universal property of C — K(C) which was first established in [BGT13]. We follow the
presentation in [HL.S23; CDH+20]. We will prove the following result:
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4 Algebraic K—theory: additivity and localisation

Theorem 4.3.12. The inclusion of co-categories
Fun & (Cat®, An) — Fun®!4(Cat®', An)

admits a left adjoint (—)8P given by the construction F +— Q|Span’ (—)].
Corollary 4.3.13. K: Cat® — An is the initial grouplike additive functor under (—)=.

More generally, every additive functor F': Cat®® — An admits a group completion
FeP: Cat®® — An which is the initial grouplike and additive functor under F. In other
words, the algebraic K-theory functor K is the group completion of the core (—)~.

Construction 4.3.14. Let L denote the functor of co-categories
L: Fun®4(Cat*, An) — Fun*dd(Cat**, An)

determined by the construction F + Q|Span’(—)| ~ Q|FQ(—)|. Note that L takes
values in the full subcategory Fun®&P(Cat®, An) by construction.

Construction 4.3.15. Let F': Cat®® — An be an additive functor. For C € Cat®®, the
inclusion C — Q1 (C) given by x +— (0 <— 2 — 0) induces a map of anima

F(C) = QIFQ(C)] =~ QISpan” (C))|

as in Construction 4.1.27. Furthermore, this map is natural in C € Cat®® and thus
determines a natural transformation 7: id = L where both the source and target are
considered as endofunctors of Fun 2d4(Cat®, An).

The proof of Theorem 4.3.12 relies on the following result:

Proposition 4.3.16. If F: Cat®* — An is grouplike and additive, then
np: F — LF: Cat™® — An

s an equivalence.
Let us explain the proof of Theorem 4.3.12 using Proposition 4.3.16.

Proof of Theorem 4.3.12. Consider the functor
L: Fun?®4(Cat™, An) — Fun®(Cat®, An)

from Construction 4.3.14. We will use Proposition 2.1.36 to prove that L is a Bousfield
localisation. Recall from Construction 4.3.15 that we have the natural transformation
n:id = L. We note that nL and Ln are equivalences. Indeed, the first one nL is an
equivalence by Proposition 4.3.16 and the second one is obtained as a coordinate flip
of the first (cf. [HLS23, Proposition 5.3]). It follows that L is indeed a left Bousfield
localisation which proves the desired statement. O
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The proof of Proposition 4.3.16 relies on the décalage functor which we now recall:

Construction 4.3.17. The décalage functor dec : sAn — sAn is induced by [0] x — :
A — A. It comes equipped with a pair of natural transformations

p: dec = evy
do : dec = id

induced by [0] C [0] % [n] = [1 + n] and [n] C [0] * [n] = [1 + n|, respectively. Note that
dec is also defined on sCat®.

Definition 4.3.18. For C € Cat®™, define Null : A°® — Cat®* by

Null(C) = fiby(p : dec Q(C) — Qo(C).
The natural transformation dy : dec — id induces a natural map Null(C) — Q(C).
Ezample 4.3.19. An object of Nully(C) is given by a diagram

Z02

PN

Zo

RN
0 x

e \x

1 22

in C, where the top square is a pullback. In general, Null,(C) C Q,+1(C) consists of
all those diagrams that vanish in the lower left corner.

Ezample 4.3.20. For every n > 0, let Z/, denote the full subposet of Z,, spanned by
those diagrams with 0 in the lower left corner. We have that Null,,(C) ~ Fun(Z/,C)
similarly to how Q,(C) ~ Fun(Z,,,C) (cf. Exercise 4.1.14).

In the course of the proof of Proposition 4.3.16 we will need to study the effect of
applying a grouplike additive functor to the natural map dy: Null(C) — Q(C) followed
by realisation. To this end, we will use the equifibrancy lemma of Rezk.

Lemma 4.3.21 (Rezk). Let I be a small co-category and let

X —Y

I b

J —— W

be a pullback in Fun(I, An) such that T is equifibered in the sense that

Y (i) —— W(5)
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is a pullback for every morphism i — j in I. Then the square

colim;X —— colim;Y

J I

colim;Z —— colim;W
is a pullback as well.

Proof. See [CDH+20, Lemma 3.3.14]. O

We will apply Lemma 4.3.21 with I = A°P so that colimy ~ | — |.

Lemma 4.3.22. Let F: Cat®® — An be grouplike and additive. For every C € Cat®®,
the natural map dy: FNull(C) — FQ(C) is equifibered in the sense of Lemma 4.3.21.

Proof. By the Segal condition and that A C A°P is colimit cofinal, we reduce to

inj
proving that the following square

FNully(C) —— FQs(C)

.

is a pullback for ¢ = 0,1, 2. In fact, both d; and dy are split Verdier projections, so we
will only treat the case when ¢ = 0. Since the square above is a square of E.-groups
by virtue of our assumption that F' is grouplike and additive, it suffices to prove that
the map between the vertical fibers over 0 is an equivalence. Before applying F', note

that the counterclockwise composite Nully(C) D, Null; (C) — Q1(C) is given by

o3
e ~ o3
02 x13 P ~
e ~ e ~ = 02 23 = /
To1 T12 T23 v N v ~N X922
v N N S ~N 0 22 33
0 11 22 33

while the clockwise composite Nully(C) — Q2(C) — Q1(C) is given by

T23

o3
d ~N 13
02 T13 e ~N
P ~ ' ~N — 192 x93 — P
Zo1 12 T23 P ~ s N 22
' ~N S ~N 7 ~N 11 22 33
0 11 22 33

Consequently, we see that the left vertical fiber over 0 is given by

0 / \x
12
P N
zo1 x12 0
e ™~ « N Z N\
0 Zo1 D x12 0 0
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while the right vertical fiber over 0 is given by

12
Z N
12 0

s N Z N
0 0

T11

More precisely, we see that the map between the vertical fibers over 0 is induced by
applying F' to the functor
CxC— Ar(C)

given by (z,y) — (z — x®y). This functor is a right inverse of (s, cofib): Ar(C) — CxC
which is an equivalence after applying F' by our assumption that F' is grouplike and
additive. O

Finally, we prove Proposition 4.3.16 which finishes our proof of Theorem 4.3.12.

Proof of Proposition /.3.16. First note that |FNull(C)| ~ * for every functor F' since
the simplicial stable co-category Null(C) is split over 0. It follows that the component

nr 2 F(C) = QIFQ(C)]
is induced by applying the functor |F(—)| to the following pullback square

const C —— Null(C)

K

0 — Q(C)

where the top horizontal map is induced by = — (0 <— 2 — 0). Therefore, it suffices to
prove that this square remains a pullback after applying |F(—)|. First note that the
square above is a split Verdier square since dy is a split Verdier projection. Indeed, the
functor dy: Null(C) — Q(C) has a fully faithful left and right adjoints by left and right
Kan extension, respectively using that Q,(—) ~ Fun(Z,,,—) as similarly for Null(—).
It follows that the square of anima

F(constC) —— FNull(C)

J J«

0 — FQ(C)

is a pullback since F' is additive. The right vertical map is equifibered by Lemma 4.3.22,
so the square is a pullback after realisation by Lemma 4.3.21. Using that |F'(constC)| ~
F(C), this implies that

nr 2 F(C) = Q[FQ(C)]

is an equivalence as desired using that |[FNull(C)| ~ x as explained above. O
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4.4 Verdier localisation

We have established that K: Cat® — An is additive and grouplike (cf. Theorem 4.3.1).
Furthermore, we proved that K is the initial such functor under the core (—)~ (cf.
Theorem 4.3.12). The goal of this section is to show that K: Cat®® — An satisfies the
stronger property of sending all Verdier squares to pullbacks and not just those which
are split. This is the content of the following result:

Theorem 4.4.1. The functor K: Catst — An is Verdier localising.

By Theorem 4.3.1, we obtain a refinement K: Cat® — CGrp(An) ~ Sp>o < Sp. In
fact, the functor K: Cat®® — Sp is also a Verdier localisation which we will prove using
the following exercise:

Exercise 4.4.2. Prove that a fiber sequence z — y — z in CGrp(An) ~ Spy is a
fiber sequence of spectra if and only if mo(y) — mo(2) is surjective.

We now have the following consequence of Theorem 4.4.1:
Corollary 4.4.3. The functor K: Cat®® — Sp is Verdier localising.

Proof. Since Sp is stable, it suffices to show that K carries Verdier sequences in Cat®*
to fiber sequence in Sp by Exercise 4.2.23. If C — D — £ is a Verdier sequence, then

K(C) = K(D) — K(€)

is a fiber sequence in CGrp(An) by Theorem 4.4.1, so it suffices to show that mo/KC(D) —
moK(€) is surjective by Exercise 4.4.2. Indeed, this follows from the explicit formula

for mp/C together with the fact that Verdier projections are essentially surjective (cf.
Corollary 4.2.10). O

Remark 4.4.4. Note that Theorem 4.4.1 is still not quite enough to establish Quillen’s
localisation sequences. Recall that

Modb "™ < Modz — Modz;

is a Verdier sequence since Z — Z[1/p] is a localisation (cf. Exercise 4.2.17). It follows
that IC carries this sequence to a fiber sequence but the resulting fiber sequence is the
zero fiber sequence by virtue of the Eilenberg swindle (cf. Corollary 4.3.4). We will
later see how to salvage this using the so-called Karoubi sequences instead.

In the setting of Theorem 4.4.1, our goal is to prove that if C — D — £ is a Verdier
sequence, then K(C) — K(D) — K(€) is a fiber sequence. First, we will establish
the following result which provides a general formula for the cofiber of K(C) — K(D)
whenever C — D is a stable subcategory. The proof of Theorem 4.4.1 will then proceed
by comparing the desired cofiber (£) with the formula afforded by the result. Let us
first introduce a bit of notation.
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Notation 4.4.5. For a stable subcategory C C D, let FunC(I,D) denote the full
subcategory of Fun(I, D) spanned by those functors I — D which carry each map in
I to an equivalence modulo C (a map in D whose (co)fiber lies in C).

The following result is (in some form) due to Waldhausen and is often referred to as
Waldhausen’s generic fibration theorem.

Theorem 4.4.6. Let i: C C D be a stable subcategory and let G € Fun®P(Cat®, An).
The functors const: D — Fun®([n], D) induce a bifiber sequence of Eso-groups

G(C) = G(D) = |G(Fun’([-], D)),

where the right-most term denotes the realisation of the simplicial Eo-group given by
the construction [n] — G(Fun®([n], D)).

Sifted colimits in CGrp(An) are preserved by the forgetful functor CGrp(An) — An,
so the right hand term in Theorem 4.4.6 is simply the realisation of the simplicial anima
G(Fun®([—],D)). We invite the reader to do the following instructive exercise which
we will need later on:

Exercise 4.4.7. Let M — N — K be a sequence in CGrp(An) with a chosen nullho-
motopy of the composite. Prove that M — N — K is a bifiber sequence in CGrp(An)
if and only if the underlying sequence of anima is a fiber sequence over the unit of K
and the map moN — mgK is surjective.

With these remarks out of the way, we prove Theorem 4.4.6 following [HLS23].

Proof. We indicate a proof using the relative Q-construction following [HLS23, §8].
We define the relative Q-construction Q(i): A°P — Cat®® by the following pullback

Q(i) —— Null(D)

J J

Q(C) —— Q(D)

First note that the right vertical functor is a split Verdier projection as in the proof of
Proposition 4.3.16. Recall that GNull(D) — GQ(D) is equifibered (cf. Lemma 4.3.22),
so the square

|GQ(2)] —— |GNull(D)|

J J

1GQ(C)] —— |GQ(D)]

is cartesian, which means that

[GQ)| = 1GQ(C)| = [GQ(D)]
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is a fiber sequence since |GNull(D)| ~ *. Rotating this fiber sequence twice to the left
and using Proposition 4.3.16 gives the desired fiber sequence of E-groups

G(C) = G(D) = |GQ()]

since one can check that |GQ(i)| ~ |G(Fun®([-],D))| (cf. [HLS23, Proposition 8.3]).
Finally, to check that it is also a cofiber sequence it suffices to check that mo|GQ(C)| = 0
by the long exact sequence. But the functor C — Q1(C) defined by z — (0 < 0 — )
induces a homotopy between the 0 and the identity maps of mo|GQ(C)|. O

Note that the projection Fun®([n], D) — Fun([n], D/C) takes values in the subcate-
gory spanned by those functors taking every morphism of [n] to equivalences in D/C
but this subcategory is equivalent to the essential image of the fully faithful functor
const : D/C — Fun([n], D/C) which provides a map of simplicial co-categories

Fun®([-], D) — const D/C,
which in turn induces a map of Eoo-groups
|G(Fun®([-], D))| = G(D/C)

for every grouplike and additive functor G': Cat*® — An. This allows us to use Theo-
rem 4.4.6 to prove the following bootstrap result:

Proposition 4.4.8. Let G € Fun®P(Cat®, An). The following are equivalent:
1. The functor G: Cat® — An is a Verdier localisation which satisfies that
m0G(D) — mG(E)
s a surjection for every Verdier projection D — .
2. The canonical map of Exo-groups
|G(Fun’([-], D) = G(D/C)
s an equivalence for every Verdier inclusion C — D.

Proof. We first prove that (1) = (2). Assume that G: Cat® — An is a Verdier
localisation which carries Verdier projections to mg-surjections. Let C < D be a Verdier
inclusion. Since G is Verdier localising, we obtain a fiber sequence of E..-groups

G(C) - G(D) — G(D/C)

which is also a fiber sequence of spectra since moG(D) — moG(D/C) is surjective by
assumption (cf. Exercise 4.4.2). Similarly, we obtain a bifiber sequence of E,-groups

G(C) = G(D) — |G(Fun®([—], D)|
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by virtue of Theorem 4.4.6 which is also a fiber sequence of spectra since moG(D) —
70| G(Fun®([—], D)| can be checked to be surjective. We see that the following diagram
of fiber sequences of spectra

G(C) —— G(D) — |G(Fun®([-], D)|

b |

G(C) —— G(D) —— G(D/C)

yields that the right vertical map of spectra is a m,-isomorphism, where we again have
used that moG(D) — mo|G(Fun®([—], D)| is surjective to treat the case of my. This
establishes (2). We prove that (2) = (1). Assume that |G(Fun®([-], D)| — G(D/C) is
an equivalence. It follows from Theorem 4.4.6 that

G(C) - G(D) - G(D/C)

is a bifiber sequence in CGrp(An), which implies that the underlying sequence of
anima is a fiber sequence over the unit of G(D/C) and the map moG(D) — moG(D/C)
is surjective by Exercise 4.4.7. To summarize, we have shown that G carries Verdier
sequences to fiber sequences of anima. To show that G is a Verdier localisation, we need
to show that G carries Verdier squares to pullback squares. A square in CGrp(An) is
a pullback square if and only if the maps on all vertical fibers are equivalences. Since
G carries Verdier projections to mg-surjections, we see that all fibers are non-empty
and are equivalent to the fiber over 0. Finally, we note that the induced map on fibers
over ( is an equivalence since F' carries Verdier sequences to fiber sequences as argued
above. O

Now Proposition 4.4.8 allows us to prove the following bootstrap result:
Proposition 4.4.9. Let F: Cat* — An be an additive functor satisfying the following:

(x) The canonical map of anima

|F(Fan®([-], D)| = F(D/C)
is an equivalence for every Verdier inclusion C — D.
Then the functor
FeP = Q|Span’ (—)| ~ Q|FQ(—)|: Cat*® — An

is a Verdier localisation which carries Verdier projections to mg-surjection.

Proof. Let F: Cat®® — An denote an additive functor and assume that F satisfies ().
Let G = F# = Q|FQ(—)|: Cat®® — An and recall that G is additive and grouplike by
Theorem 4.3.1. We wish to show that G satisfies that the canonical map of anima

|G Fun®([-],D)| = G(D/C)
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is an equivalence for every Verdier inclusion C < D since this would prove the desired
claim by virtue of Proposition 4.4.8. In other words, we wish to prove that

|FQFun®([-], D)| — |FQ(D/C)|
is an equivalence. Using the identification
QFun’([-], D) = Fun®)([-],Q(D)),

it suffices to prove that the relevant map is an equivalence in each simplicial degree.
Hence, we wish to prove that the canonical map of anima

|FFan®(©) ([, Qu(D))| = [FQu(D/C)|
is an equivalence for each k. For every k, the sequence

Qk(C) = Qr(D) — Qr(D/C)

is a Verdier sequence using that Qy ~ Fun(Z, —) and that Zj is a finite poset. Conse-
quently, we may reduce to the case when k = 0, where the desired map is an equivalence
by virtue of our assumption that F' satisfies (*). This proves the desired statement. [J

To deduce Theorem 4.4.1 we wish to apply Proposition 4.4.9 to the additive functor
given by the core F' = (—)~. To that end, if C < D is a Verdier inclusion, then

Fun®([], D)™ ~ Fun([~], D)™ ~ Mapca ([-], De) =~ N(De),

where D¢ denotes the co-category of equivalences in D modulo C (cf. Definition 4.2.3),
and N is the Rezk nerve from Construction 4.1.17. Note that we only used that C is a
stable subcategory for this. Note that D¢ consists of those maps in D which are sent
to equivalences by the Verdier projection D — D/C, so we obtain a map D¢ — (D/C)~
which in turn induces a map |D¢| — (D/C)~ by the universal property of Dwyer—Kan
localisations. Finally, we note that [N(D¢)| — |D¢| is an equivalence, since

IN(De)| =~ [acN(Dc)| = |Del,

where we have used in the last step that the Rezk nerve is fully faithful, so the claim
follows from:

Proposition 4.4.10. The canonical map
[De| — (D/C)~

is an equivalence for every Verdier inclusion C — D. In other words, the functor (—)~
satisfies (x).
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Proof. The map in question is induced by the following localisation map
|De| = De[(De)~'] — D[(De) '] = D/C.

Note that the datum of such a map is equivalent to the datum of a map |D¢| — (D/C)~
by adjunction. In [HLS23, Proposition 6.8], it is proved by explicit calculations with
calculus of fractions a la Gabriel-Zisman in the homotopy categories of the localisations
that this map is an equivalence. The crucial input is that D¢ actually satisfies the 2-
out-of-6 axiom rather than the 2-out-of-3 axiom. ]

The proof of Theorem 4.4.1 is now an immediate consequence of the results above.

Proof of Theorem /./.1. Proposition 4.4.10 ensures that (—)~: Cat®® — An satisfies
the condition of Proposition 4.4.9, so we conclude that

K~ (=)Tf ~Q|Q(—)7]: Cat®* — An
is a Verdier localisation. ]

Remark 4.4.11. In the setting of Proposition 4.4.8, we may also conclude that if F’
satisfies (x), then F®P is not just a Verdier localisation but it also carries Verdier
projections to mp-surjections. From this, we may also conclude that F&P: Cat*® — Sp
is a Verdier localisation by the same argument as in Corollary 4.4.3. However, in the
proof of Corollary 4.4.3, we checked that I carries Verdier projections to mp-surjections
by hand but we might as well have deduced this from the discussion above.

4.5 Karoubi localisation
In the previous section, we proved that the functor
IC: Cat®® — An

is a Verdier localisation (cf. Theorem 4.4.1). Recall that we have a Verdier sequence

Mod2 ™" < Modz 222527, Nodyy, 1,

so K carries this sequence to a fiber sequence of anima. However, this fiber sequence
is the zero sequence by virtue of the Eilenberg swindle. Instead, to obtain our desired
fiber sequence we would have to consider the following sequence

Perfg—tors — Perfz M:—) Perfz[l/p],

where we have restricted to perfect modules. Unfortunately, this is no longer a Verdier
sequence. There are two different reasons for why this might fail. In our case, we have

Perfz / Perf[éftors — Perfz(1 /)
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is not an equivalence. However, we will see that the map above is an equivalence after
idempotent completion. The second reason for why this might fail is the following: If
R — S is a localisation of Ey.-rings, then the base-change functor

S ®pr —: Perfr — Perfg

might fail to be essentially surjective which in particular excludes the possibility that
S ®p — is a Verdier projection. This is more subtle and we mention that Z[1/p] ®z —
is essentially surjective. We will discuss this further in Example 4.5.13.

Karoubi sequences

The notion of a Karoubi sequence is a variant of Verdier sequences which additionally
are invariant under addition of direct summands or idempotent completion. We have
the following central definition:

Definition 4.5.1. An exact functor of stable oo-categories C — D is a Karoubi equiv-
alence if it is fully faithful and has dense image, in the sense that every object of D is
a retract of an object of the essential image.

Amazingly, Thomason gave a complete classification of the possible Karoubi equiv-
alences to a fixed stable category.

Theorem 4.5.2 (Thomason’s Galois correspondence, [Tho97, Thm. 2.1}, [CDH-+20,
Thm. A.3.2]). Let D be a small stable category. Then there is a bijection between the
subgroups of D and the Karoubi equivalences to D: this is given by assigning a Karoubi
equivalence f: C — D to the subgroup Im(f) < Ko(D).

Ezample 4.5.3. Let C € Cat® and recall that the idempotent completion C? is the
retract closure of C. Furthermore, we have that C is idempotent complete precisely if
every idempotent in C splits (cf. [Lurl2, §4.4.5]). Moreover, every C € Cat®® admits a
smallest dense stable subcategory given by

CMn = {z e C|0=z] €mkK(C)}.

This is a consequence of Thomason’s Galois correspondence between stable dense sub-
categories of C and subgroups of mo/C(C) (cf. [Tho97]). The assignment C +— C™® is
functorial. The minimalisation functor will not play an essential role for us.

The following exercise provides an instructive way of becoming acquainted with the
definitions.

Exercise 4.5.4. Let C € Cat®. Prove the following assertions:
(1) Karoubi equivalences are closed under 2-out-of-3.

(43) The functor C < C% is a Karoubi equivalence.
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(iii) The functor C™" < C is a Karoubi equivalence. Hint: Show that every x € C
is a retract of x ® Yx and argue that the latter is an element of C™n,

Let C — D be a functor in Cat®. Prove that the following are equivalent:
(7) The functor C — D is a Karoubi equivalence.
(ii) The induced functor C¥ — D on idempotent completions is an equivalence.
(ii) The induced functor C™® — D™ on minimalisations is an equivalence.

Proposition 4.5.5. The Dwyer—Kan localisation of Cat®® at the Karoubi equivalences
is a left and right Bousfield localisation. The right adjoint is determined by C — C?,
and the left adjoint is determined by C — C™™.

Proof. See [CDH+20, Proposition A.3.3]. O
We will use the following notation:

Notation 4.5.6. Let CatP™ denote the full subcategory of Cat®* spanned by those
small stable co-categories which are idempotent complete.

Proposition 4.5.5 provides a pair of adjunctions

(_)min
/_\

Cats® —— Cat®'[Kar™]

\h/
(=)

where Kar denotes the collection of Karoubi equivalences and both of the adjoints
(=) and (=)™ are fully faithful. It follows that the idempotent completion functor
furnishes an equivalence (—)#: Cat®[Kar~!] = CatP*f. Similarly, we note that (—)™®
determines an equivalence between Cat**[Kar~!] and the full subcategory of Cat®®
spanned by those small stable co-categories C with mo/C(C) ~ 0.

Finally, we define the notion of a Karoubi sequence:

Definition 4.5.7. A sequence of stable co-categories and exact functors
c —*,p_*,
with vanishing composite is a Karoubi sequence if the sequence

i

ct ph P

it is both a fiber and a cofiber sequence in CatP®f. We say that i is a Karoubi inclusion
and that p is a Karoubi projection.

Remark 4.5.8. Equivalently, we might ask the sequence C — D — £ to be both a fiber
and a cofiber sequence in the Dwyer-Kan localisation Cat**[Kar™1].
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As in our discussion of Verdier sequence, we have the following concrete characteri-
sation of Karoubi sequences.

Proposition 4.5.9. Let C LD Ebea sequence in Cat®® with vanishing composite.
The following are equivalent:

(i) The sequence C 5D € is a Karoubi sequence.
(ii) The functor i is fully faithful and the functor D/C — £ is a Karoubi equivalence.

Proof. We prove (i) = (ii). Let C 4 D 2 € be a Karoubi sequence which means that
i & ph 2y g

is both a fiber and cofiber sequence in CatP™ by definition. The functor (—)f: Cat®* —
CatP°™ preserves limits and colimits and CatP®™ is closed under limits in Cat®, thus

h
fib(D* 25 £%) ~ fib(D & &)%.

This proves that C? i Dh i &Y being a fiber sequence is equivalent to C — fib(D — &)
being a Karoubi equivalence. Similarly, we observe that the sequence above being a
cofiber sequence is equivalent to the functor D/i(C) — &£ being a Karoubi equivalence.
This proves (i) = (i7). Conversely, assume that i: C < D is fully faithful and that
D/C — €& is a Karoubi equivalence. We have that

fib(D — &) ~ fib(D — D/C)

which by Lemma 4.2.7 means that i: C — fib(D — D/C) has dense essential image
and therefore is a Karoubi equivalence. This proves that (i) = (7). O

FEzample 4.5.10. Every Verdier sequence is a Karoubi sequence.

We obtain the following immediate consequence of Proposition 4.5.9.
Corollary 4.5.11. Leti: C — D and p: D — & be functors in Cats*.

(1) The functor i is a Karoubi inclusion if and only if it is fully faithful.

(ii) The functor p is a Karoubi projection if and only if the functor p: D — p(D) is
a Verdier projection and p(D) is dense.

Remark 4.5.12. It follows from Corollary 4.5.11 that a Karoubi projection is a Verdier
projection if and only if it is essentially surjective.

Example 4.5.13. Let f: R — S be a localisation of E,,-rings. For the following discus-
sion to make sense we will need to assume that f has perfectly generated fiber which
is a property we will return to later on. In this case, the base-change functor

S ®r —: Perfr — Perfg
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is essentially surjective precisely if o(R) — Ko(S) is surjective. The latter is for
instance the case for Z — Z[1/p]. We refer the reader to [CDH+20, Example A.4.6]
for a counterexample.

Lemma 4.5.14. Karoubi projections are stable under pullback.

Proof. See [CDH+20, Lemma A.3.10]. O

Finally, we define Karoubi squares and Karoubi localisations in parallel to how we
previously defined Verdier squares and Verdier localisations.

Definition 4.5.15. A square in Cat®*

D —1D

L]

E —— &

is a Karoubi square if it is a pullback in Cat®[Kar~!] and the vertical functors are
Karoubi projections. Equivalently, that the square is a pullback in CatP®'! after idem-
potent completion (—)~.

Observation 4.5.16. In the definition of a Karoubi square above it suffices to require
that the right vertical functor is a Karoubi projection since Lemma 4.5.14 ensures that
the left vertical functor is also a Karoubi projection.

Observation 4.5.17. Note that a sequence C — D — £ in Cat®® with vanishing com-
posite is a Karoubi sequence precisely if the square

|

—

is a Karoubi square.

Finally, we have arrived at the following central definition:
Definition 4.5.18. Let A be an oco-category with finite limits. A reduced functor
F:Cat™® - A
is Karoubi localising if F' carries every Karoubi square to a pullback square in A.

Notation 4.5.19. Let A be an co-category with finite limits. Let Fun¥® (Cat®t, A)
denote the full subcategory of Fun, (Cat®, A) spanned by those reduced functors which
are Karoubi localisations. Note that Fun®®"(Cat®t, A) C Fun"®'(Cat®', A).

We end with the following useful exercise:

Exercise 4.5.20. Let F': Cat®® — A be a reduced functor. Prove that F is a Karoubi
localisation if and only if it is a Verdier localisation and inverts Karoubi equivalences.
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The cofinality theorem and K-theory as a Karoubi localisation

We wish to prove the following theorem following [HLS23].
Theorem 4.5.21. The functor K o (—)%: Cats, — An is Karoubi localising.

To prove this result, we will first establish a bootstrap result which allows us to con-
struct Karoubi localisations from Verdier localisations. Namely, we have the following:

Lemma 4.5.22. Let G: Cat®® — An be a Verdier localisation. If G carries pullbacks in
Cat®, whose vertical legs are dense inclusions, to pullbacks of anima, then the functor

Go (—): Cat®® — An
is a Karoubi localisation.

Proof. Recall from Exercise 4.5.20 that a reduced functor is a Karoubi localisation if
and only if it is a Verdier localisation and carries Karoubi equivalences to equivalences.
Since (—)h carries Karoubi equivalences to equivalences, it suffices to prove that

Go(—)*: Cat** — An
is again Verdier localising. To that end, let

D —7D

L]

g —— &

be a Verdier square and let F' denote the common vertical fiber. Since the idempotent
completion functor (—)h preserves limits by Proposition 4.5.5, we conclude that

(D): —— D"

|

() — &

is a pullback, so we have to verify that G carries this square to a pullback of anima.
Using the common vertical fiber F, we may rewrite the diagram as follows:

(D)e —— D"

J |

(D4/F —— DU/F

J J

(&) —— &
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We show that G carries both the top and the bottom square to a pullback of anima.
The top square is a Verdier square, so it is carried to a pullback by G since G is Verdier
localising. Secondly, we claim that the vertical functors in the bottom square are dense
inclusions. Indeed, this follows from the following commutative diagram

D/F —— D/F
L
E——— &t

by the 2-out-of-3 property for dense inclusions since equivalences are dense inclusions
and idempotent completions are dense inclusions and therefore also Verdier quotients
of such. By our assumption on G, it therefore remains to check that the bottom square
is also a pullback. Using the formula for mapping anima in pullbacks and that the
vertical maps are fully faithful, we see that the canonical functor

(D)4 /F — ()¢ xgy D°/F

is fully faithful. We also see that this functor is essentially surjective using that D —
Dh /F is essentially surjective and that the total square is a pullback. This proves the
desired statement. O

Since K: Cat®® — An is a Verdier localisation (cf. Theorem 4.4.1), we need to verify
that K satisfies the assumption of Lemma 4.5.22 above. This will be a consequence of
the so-called cofinality theorem:

Theorem 4.5.23 (Cofinality). If C — D is a dense inclusion, then
Ki(C) — K;(D)
is an isomorphism for i > 1 and there is a short exact sequence
0 — Ko(C) = Ko(D) — mo(D~) /mo(CT) — 0.

Proof. The mp-statement is due to Thomason [Tho97], so we prove that K;(C) — IC;(D)
is an isomorphism for ¢ > 1. By Theorem 4.4.6, we have a fiber sequence

Q)| = 1Q(D)| = [ Fun O (-], Q(D)=|l,
where we again have used the identification of bisimplicial anima
QFun’([-], D)~ ~ Fun¥([], Q(D))~.
As in the discussion before Proposition 4.4.10, we conclude that

| Fun® (O ([=], Qu(D))™| ~ |Qu(D)q,.(0)|
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for every n. The point is now that since C — D is dense, so is Q,(C) — Q, (D) which
in turn implies that Q,(D)/Qn(C) ~ 0. Using Proposition 4.4.10, we conclude that
|Qn(D)q, ()l is discrete with

™0|Qn(DP)Qu ()] = m0(Qn(D)7) /m0(Qn(C)™) = Ko(Qn(D))/Ko(Qn(C))

where we have used Thomason’s result in the final isomorphism. For £ € Cat®® one
can now explicitly check that Ko(Q(E)) is the edgewise subdivision of Bar(Ky(£)), so

| Fun® ([=], Q(D))Z|| = [Bar(Ko(D) /Ko (C)]-

The latter is an Eilenberg—Mac Lane space in degree 1, so looping the fiber sequence
from the beginning proves the desired statement. O

Using the cofinality theorem in combination with the bootstrap result above, we can
now finally prove Theorem 4.5.21. We need the following instructive exercise.

Exercise 4.5.24. Let C — D be dense. Show that the following are satisfied:
(1) The map C~ — D~ is an inclusion of path components.
(77) For every x € mo(D~) there is 2’ € mp(D~) such that = + 2’ € p(C™).
(131) An z € mp(D™) lies in mp(C™) if there exists y € mo(C™) such that z+y € m(C™).
Deduce that there is a short exact sequence of commutative monoids
0 — m(CT) = 7o(D~) — mo(D™) /7o (CT) — 0.
Proof of Theorem 4.5.21. By Lemma 4.5.22 we to prove that I preserves pullbacks

C——2¢

L]

D ——1D
in Cat®® whose vertical maps are dense inclusions. Note that the square

WO(C/’Z) —_— 71'0(0’:)

J J

mo(D"=) —— 7(D~)

is a pullback since (—)~ preserves pullbacks and the left vertical map is injective

by virtue of Exercise 4.5.24. We show that this implies that also y(—) preserves the

pullback above. This will then prove the desired statement by virtue of Theorem 4.5.23.
Since C’ — D’ is dense, we obtain a short exact sequence of commutative monoids

0— Wo(cl’:) — Wo(D/’:) — TF()(D/’:)/T(‘()(C/’:) —0
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by Exercise 4.5.24 from which a diagram-chase reveals that the induced map
mo(D"%) /mo(C"=) — mo(D™)/mo(C™)
is injective. It then follows from Theorem 4.5.23 that the induced map
Ko(D')/Ko(C") = Ko(D)/Ko(C)

is also an injection, which proves that /Co(—) preserves the original pullback as desired.
O

The Thomason—Neeman localisation theorem and applications

In this section, we will finally produce examples of Karoubi sequences. In particular,
we will establish that Quillen’s celebrated localisation sequence

Perf;;ftors — Perfz — Perfz[l/p}

is a Karoubi sequence, yielding the fiber sequence KC(Perfh ") — K(Z) — K(Z[1/p]).
To do so, we will need to make a short digression on inductive completions which is a
procedure for freely adjoining filtered colimits to an oco-category. We refer the reader
to [Lurl2, §5.3.5] for a more comprehensive treatment.

Definition 4.5.25. Let C be an oo-category with finite colimits and let Ind(C) denote
the full subcategory of PSh(C) = Fun(C°P, An) spanned by those functors C°? — An
which preserve finite limits.

Notation 4.5.26. The Yoneda embedding y: C — PSh(C) factors over Ind(C) and we
let y,,: C — Ind(C) denote the restricted Yoneda embedding.

Remark 4.5.27. Note that Ind(C) is closed under filtered colimits in PSh(C) since these
are calculated levelwise and filtered colimits commute with finite limits in anima.

Remark 4.5.28. Let C € Cat®. There is an equivalence of co-categories
Fun®(C°P, Sp) = Fun'®*(C°?, An).
induced by postcomposition with Q°°: Sp — An. Consequently, we find that
Ind(C) ~ Fun'*™(C°, An) ~ Fun®(C°P, Sp).

whenever C is stable. In this case it also follows that Ind(C) is again stable.

The oo-category Ind(C) is characterized by the following universal property:

Proposition 4.5.29. Let D denote an co-category which admits filtered colimits. The
restricted Yoneda embedding y., induces an equivalence

Fun® (Ind(C), D) = Fun(C, D),

where Fun”(Ind(C), D) denotes the full subcategory of Fun(Ind(C), D) spanned by those
functors which preserve filtered colimits.
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Proof. See [Lurl2, Proposition 5.3.5.10]. O

For every functor f: C — D, let Ind(C) — D denote the functor obtained as the left
Kan extension of f along the restricted Yoneda y,,: C < Ind(C):

C#D

lyw /’/J;!/2
Ind(C)

We use the universal property of Ind(—) to obtain the following extra functoriality:

Construction 4.5.30. For every functor f: C — D which preserves finite colimits,
we obtain a functor

#*: Ind(D) — Ind(C)

by precomposition with f using that Ind(C) = Fun'®*(C°P, An). This functor admits a
left adjoint Ind(C) — Ind(D) which is induced by the composite

¢ LD ¥ ma(D).

by Proposition 4.5.29. We denote this left adjoint by Ind(f): Ind(C) — Ind(D). If C
and D are assumed to be stable, then all the functors discussed above are exact.

Lemma 4.5.31. Suppose that D admits finite colimits. The following are equivalent:
(1) There is a small co-category C such that D ~ Ind(C).
(ii) The oo-category D admits filtered colimits and has a set of compact generators.

If D satisfies the equivalent conditions above, then C ~ D, where D¥ denotes the full
subcategory of compact objects of D.

Proof. See [HW21, Lemma IV.33c]|. O

Exercise 4.5.32. Let R denote an Eo-ring. Show that Modg ~ Ind(Perfr) by proving
that {R[i] | ¢ € Z} is a set of compact generators of Modp.

Ezample 4.5.33. We have that Ind(C)¥ ~ C* by virtue of [Lurl2, Lemma 5.4.2.4]. In
other words, the restricted Yoneda embedding y,,: C — Ind(C)% exhibits the target as
the idempotent completion of C.

FEzample 4.5.34. The oco-category Modp is idempotent complete since it admits small
colimits (arbitrary direct sums suffices). Since Perfp is the full subcategory of compact
R-modules it follows that Perfp is also idempotent complete.

Finally, we arrive at localisation theorem of Thomason-Neeman [Nee92]:
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Theorem 4.5.35. A sequence C LD D g in Cat’t with vanishing composite is a
Karoubi sequence precisely if the induced sequence

md(€) 2% mao) 2% mae)

is a Verdier sequence.

Remark 4.5.36. We have only defined Verdier sequences for small stable co-categories
and inductive completions are in general not small. Using Proposition 4.2.9, we can
still make sense of Verdier sequences in the setting of large co-categories, namely:

1. The functor Ind(7) is fully faithful and the essential image is closed under retracts.
2. The functor Ind(p) exhibits Ind(E) as the Verdier quotient of Ind(D) by Ind(C).

The proof of Theorem 4.5.35 relies on the following result which says that we can
detect Karoubi equivalences on Ind-categories.

Lemma 4.5.37. Leti: C — D be a functor in Cat®. The following are equivalent:
(71) The functori: C — D is a Karoubi equivalence.
(i) The left Kan extension i): Ind(C) — Ind(D) is an equivalence.

Proof. We first prove that (i) = (ii). Let i: C — D be a Karoubi equivalence and
recall that we wish to prove that the left Kan extension

ir: Fun®™(C°?,Sp) ~ Ind(C) — Ind(D) ~ Fun®(D°", Sp)

is an equivalence, where we have used Remark 4.5.28 since we are working in the stable
situation. Since C — D is fully faithful, we conclude that the left Kan extension i, is
fully faithful, so checking that ¢ is an equivalence amounts to proving that

i* . FuneX(DOP, Sp) N FuneX(COp, Sp)

is an equivalence. Equivalences can be checked on (=)~ and Ar(—)~. To verify that

i* is an equivalence on (—)~, note that we have a diagram

lvla“pCaLtperf (Dop’ Sp) L NIa“pCatperf (Copa Sp)

. ;

NIapCaLtSt ('Dop’ Sp) — NIapCatSt (Cop’ Sp)
where the vertical maps are given by the equivalences
Map,pert (D°P, Sp) >~ Mapyst (D, Sp?) ~ Map,st (D°P, Sp)

afforded by Proposition 4.5.5 and the fact that Sp is idempotent complete. Since C — D
is a Karoubi equivalence, we conclude that the top horizontal map is an equivalence
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which implies that the lower horizontal map is an equivalence. This is precisely the
assertion that i* is an equivalence on (—)~. The argument for Ar(—)~ is similar.

We prove that (i4) = (i). Assume that i: C — D is functor in Cat™ and that the
left Kan extension i: Ind(C) — Ind(D) is an equivalence. We wish to prove that 7 is
a Karoubi equivalence. From the following commutative diagram

c—* D

P

Ind(C) —— Ind(D)

we observe that i: C — D is fully faithful. Next, we wish to prove that every element of
D can be written as a retract of an object of C. Let d € D and note that d canonically
refines to an object of Ind(C) by the diagram above. Hence, we obtain an equivalence

d— colimiezci s

where 7 is filtered and ¢; € C for every i € Z. Since d is a compact object of Ind(D),
we conclude that the equivalence d — colim;ezc; factors over ¢;, for some ig € Z, so

d — ¢;, — colim;ezc; =d
exhibits d as a retract of ¢;, € C as desired. This finishes the proof. O]

We will also use the following result which says that Ind preserves being fully faithful.
In general, left Kan extensions of fully faithful functors along fully faithful functors
need not be fully faithful.

Lemma 4.5.38. If f: C — D is fully faithful, then the left Kan extension
fi: Ind(C) — Ind(D)
1s fully faithful.
Proof. By our assumption that f is fully faithful, we have a commutative diagram

f

C————D

G

md(¢) L md(D)

For z,y € Ind(C) we may write  ~ colim;crx; and y ~ colimje jy;, where both I and
J are filtered and z;,y; € C. We wish to prove that the induced map

Mapi,q(c (7, y) = Mapr,gepy (fiz, fiy)

is an equivalence. This map is equivalently given by

lim;colim; Mape (24, y;) — lim;colim; Mapp (f (), f(y;))

93



4 Algebraic K—theory: additivity and localisation

which in turn is induced by the map

Mape (@i, y;) — Mapp(f(z:), f(y)))
which is an equivalence since f is fully faithful. This proves the desired statement. [

Proof of Theorem 4.5.35. Since we will only use one direction of the result, we refer the
reader to [HW21, Theorem IV.34] for a proof of the direction that Karoubi sequences

induce Verdier sequences on Ind-categories. Let C L D2 € bein Cat™ so that
Ind(C) % Ind(D) 2 nd(€)

is a Verdier sequence. Let C' = fib(D — &) and &' = D/C’. We claim that both C — C’
and & — £ are Karoubi equivalences. Note that C' — D — £’ is a Verdier sequence
by construction, so the induced sequence Ind(C’) — Ind(D) — Ind(&’) is also a Verdier
sequence. By considering the following commutative diagram

Ind(C) « Ind(D)

~

Ind(C)

we conclude that Ind(C) — Ind(C’) is fully faithful since Ind(C) — Ind(D) is by our
assumption and Ind(C’) — Ind(D) is by Lemma 4.5.38. The functor Ind(C) — Ind(C’)
is also essentially surjective since Ind(C) is the fiber of Ind(D) — Ind(€), so C — C’ is
a Karoubi equivalence by Lemma 4.5.37.

We prove that & — £ is a Karoubi equivalence. We have a commutative diagram

Ind(C") —— Ind(D) —— Ind(&’)

- H J

Ind(C) —— Ind(D) —— Ind(&)

where the lower sequence is also Verdier since C' — D — &' is a Verdier sequence. It
follows that the right vertical map Ind(£) — Ind(€’) is an equivalence since the left
vertical map is an equivalence as C — C’ is a Karoubi equivalence as argued above.
This proves that & — £’ is a Karoubi equivalence by Lemma 4.5.37.

We conclude that C — D is fully faithful and that D/C — £ is a Karoubi equivalence
by considering the following diagram

D/C —— &
Eoo]
D/ ——=¢&

which exhibits the top horizontal map as a composite of Karoubi equivalences. This
proves that C — D — £ is a Karoubi sequence by Proposition 4.5.9. O
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Finally we use Theorem 4.4.1 to establish Quillen’s celebrated localisation sequence.
Exercise 4.5.39. Prove that the following are equivalent:
1. A map of Ex-rings f: R — S is a localisaiton (S ®p S — S is an equivalence).
2. The R-module given by I = fib(f: R — S) satisfies that S ®g I ~ 0.
hIn other words, f: R — S is a localisation precisely I € Modf{wrs.

Definition 4.5.40. A f: R — S localisation of E,.-rings has perfectly generated fiber

S—tors S—tors
dR fR

if I lies in the smallest subcategory Mo containing Per and which is closed

under colimits.

Exercise 4.5.41. Let R denote an E-ring and let x € mo(R). Show that
fib(R — R[z™']) ~ colim,enR/z",

where R/z™ denotes the R-module defined by R/z™ = cofib(z™: R — R). Deduce that
R — R[z7!] has perfectly generated fiber. Similarly, prove that R — R[S™!], where S
is a multiplicative subset of my(R), has perfectly generated fiber.

We have the following result:
Proposition 4.5.42. If R — S is a localisation with perfectly generated fiber, then
S—tors S@Rr—
Perf — Perf g —— Perfyg

1s a Karoubi sequence.

Proof. By virtue of Theorem 4.5.35 and Exercise 4.5.32 it suffices to prove that
Ind(Perf$ ") = Modp “227 Modg
is a Verdier sequence, so in turn it suffices to prove that
Ind(Perf3, ") ~ Modj; "™
under the assumption that the fiber I of R — S is perfectly generated since
S—tors S®Rr—
Mod?%, — Modr ——— Modg

is a Verdier sequence by Exercise 4.2.17.
The fully faithful functor Perf%_mrS < Perfr induces a fully faithful functor

Ind(Perff{torS) — Ind(Perfg) ~ Modp

whose essential image is contained in Mod%ﬁtors since the full subcategory of S-torsion
R-modules is closed under colimits. Furthermore, the essential image is closed under
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colimits since it is closed under filtered colimits by construction of Ind and by finite
colimits since it is a stable subcategory. We have proved that Ind(Perf%‘tors) contains
Perff{tors and closed under colimits, so it follows that I € Ind(Perf%_torS) since the
fiber of R — S is perfectly generated. Consequently, we may write I as a colimit

I = colim;c7 P,

where 7 is filtered and P; € Perf%‘tors for every i € Z. Let us begin the proof proper.
Let M € Mod%_tors. We wish to prove that M € Ind(Perf%‘tors). We may write

M = colimje 7Q);,

where J is filtered and ); € Perfg for every j € J. Since M is S-torsion, we conclude
that the R-module homomorphism M ®pr I — M is an equivalence since it cofiber is
M ®gr S ~ 0. Therefore, we conclude that

M~I®rM
~ colim;e7 P; ® R colimjc 7Q;
~ COlim(iyj)EIXjPi QR Q.

since I @ p— preserves colimits. To finish the proof, we argue that P,®rQ; € Perff{tors

since this would M as a filtered colimit of S-torsion perfect R-modules. First note that
P;®rQ; is S-torsion since S ®@p — preserves colimits. It remains to show that P, ®rQ);
is compact as an R-module which holds since

Mapg(P; @ Qj, colimp M) =~ PY ©r QY ®p colimy M
~ colimy (P ®r Qf ®r My)
~ colimy Mapg(R, P’ ®r Qf ®r My)
~ colimy Mapy(P; ®r Qj, My,)

for every filtered colimit, where we have used that both P; and @; are dualisable (cf.
Exercise 4.1.3). This proves the desired statement. O

Corollary 4.5.43. If R — S is a localisation of Exo-rings with perfectly generated

fiber, then there is a fiber sequence of anima
K(Perf ™) — K(R) — K(S)
which is a fiber sequence of spectra precisely if Ko(R) — Ko(S) is surjective.

Proof. We have that Perff{tors — Perfp — Perfg is a Karoubi sequence by Proposi-
tion 4.5.42, so K carries the sequence above to the desired fiber sequence of anima by
virtue of Theorem 4.5.21. The final assertion follows from Exercise 4.4.2. O
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Ezample 4.5.44. Recall that Z — Z[1/p] is a localisation with perfectly generated fiber
by Exercise 4.5.41. Consequently, we obtain our desired fiber sequence of spectra

K (Perff™"") — K(Z) — K(Z[1/p])
since Z — Z[1/p] is a Kp-surjection. We similarly obtain the fiber sequence of spectra
K(Perf¥™s) — K(Z) — K(Q).

Remark 4.5.45. The assumption that R — S has perfectly generated fiber ensures that
Mod%_tors is a compactly generated stable co-category which means that K is a well-
defined operation. Recently, Efimov has introduced an extension of K to the dualisable
setting which agrees with the usual K for compactly generated categories. Using this
one can remove the assumption that the fiber of R — S is perfectly generated.

Toward nonconnective K-theory

In Theorem 4.5.21, we proved that the functor
Ko (=) Cat® — An

is a Karoubi localisation. This gives rise to nonconnective algebraic K-theory by means
of the following result:

Theorem 4.5.46. The functor
Q°°: Fun(Cat®, Sp) — Fun(Cat, An)
restricts to an equivalence Fun®® (Catst Sp) ~ Fun®a(Catst | An).

In other words, there is a Karoubi localisation
K: Cat®* — Sp

which satisfies that QK (C) ~ K(C?). This is called nonconnective algebraic K-theory.
We will not prove Theorem 4.5.46 but we will indicate a construction of nonconnective
K-theory. Before doing so, let us discuss the following example which essentially tells
us that K satisfies Zariski descent on commutative rings.

Ezample 4.5.47. Let R be a commutative ring and assume that Spec(R) = U UV is
an open Zariski cover. This means that U = Spec(R[z"!]) and V = Spec(R[y~!]) for
elements x,y € R such that (z) + (y) = (1). We claim that the square

K(R) ———— K(R[z71])

J J

K(Rly™']) — K(Rlz""y™')
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is a pullback of spectra. Indeed, the map on horizontal fibers is given by
K(Perff; ") — K(Perff, )
which is an equivalence already before taking K-theory by virtue of the relation (z) +
(y) = (1) which shows that if z acts nilpotently, then y acts invertibly. We remark that
an entirely similar argument shows that K satisfies Nisnevich descent on commutative
rings.
We end with a construction of nonconnective algebraic K-theory.

Ezample 4.5.48. Let C € CatP*™ and note that the following sequence
C < Ind(C)” — Ind(C)¥/C
is a Karoubi sequence. Consequently, we obtain a fiber sequence of connective spectra
K(C) — K(Ind(C)*¥) — K(Ind(C)*/C)
but K(Ind(C)*) ~ 0 since Ind(C)¥ has countable colimits. It follows that
K(C) ~ QK(Ind(C)“/C).

Note that Ind(C)¥/C might fail to be idempotent complete, so we cannot iterate this
procedure to obtain further deloopings of C(C). However, Theorem 4.5.23 ensures that
the induced map

K(Ind(C)*/C) — K((Ind(C)*/C)?)
is a 1-connective cover. Define Calk(C) = (Ind(C)*/C), so we get that
K(C) ~ 750K (Calk(C))

for an idempotent complete stable co-category C. Crucially, we note that Ky(Calk(C))
might be non-zero and we in fact have that

K_1(C) = Ky(Calk(C)).
We will turn this into a definition as follows:

Definition 4.5.49. Let C € CatP®™ and define the Calkin co-category by
Calk(C) = (Ind(C)*/C)".

Inductively define Calk’(C) = C% and Calk™"!(C) = Calk(Calk™(C)).

Exercise 4.5.50. Show that there is an equivalence of connective spectra

T50QK(Calk™ ™1 (C)) ~ K(Calk™(C))
for every n > 0.

Definition 4.5.51. Let C € Cat®. The nonconnective K-theory spectrum K(C) is the
spectrum with 7>_,K(C) = Q"K(Calk"(C)). Equivalently, K(C) ~ colimr>_,K(C).

Observation 4.5.52. The canonical map K(C) — K(C) is a connective cover precisely
if C is idempotent complete.
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5 Algebraic K—theory: the family tree and
devissage

So far, we have seen in great detail in Chapter 4 the various kinds of descent properties
that K—theory satisfies. While this elucidates how one can “glue” old computations to
get new ones, we still fall far short in terms of being able to produce any primitive,
irreducible computation to input into the gluing machine.

In this chapter, we will introduce perhaps the most general version of the algebraic
K-theory functor which takes as input the so—called “Waldhausen categories” (c.f.
§5.2 for the definition, as well as for the special case of eract categories). Even if
one is only interested in K—theory of stable categories, this level of generality is still
crucial to the general theory since it provides the setting in which to speak of the K-
theory of additive and abelian categories for instance, where “calculations from first
principles” are more possible by virtue of Grothendieck and Quillen’s powerful method
of devissage. We will prove many classical results here which allow one to relate the K—
theories of stable categories to the K—theories of these more computationally amenable
categories and indicate various incarnations of these devissage arguments. We follow
the comprehensive set of lecture notes [Win24] by Christoph Winges for many parts
of our presentation.

5.1 A family tree

A family tree, for readers who might not have seen such things, is a diagram consisting
of members of a family and how they are related to each other. In this sense, we will
list in this section several key results in the literature that relate the K—theories of
various distinct Waldhausen categories. This chapter concerns the proofs of some of
them, and we will point the reader to [Win24] for those results that we will not cover
in this lecture series.

The first result we mention, which will be proved in §5.3, concerns the bridge be-
tween the K—theory studied in Chapter 4 and the group—completion K—theory from
Chapter 3. The result is as follows:

Theorem 5.1.1 (Waldhausen’s +=S, Theorem 5.3.17). Let D be split exact category.
Then there is a canonical equivalence k(D) = K(D) € CGrp.

Examples of split exact categories include the category Projp of projective R-
modules for classical rings R. This is a very powerful result since we have seen several
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methods to compute k(R) using classical homological computations, and indeed The-
orem 5.1.1 will serve as one third of the ingredient that will allow us to compute K(R)
in the presence of the localisation theorems from Chapter 4.

The remaining ingredients will be supplied to us by Grothendieck and Quillen’s
famous method of devissage, the basics of which we will see in §5.4. The second
ingredient will then come in the form of the following:

Theorem 5.1.2 (Quillen’s Devissage, Theorem 5.4.1). Let i: A C B be an exact
inclusion of abelian categories such that A is closed under subobjects in B. Suppose
furthermore that any B € B admits a finite filtration whose associated gradeds are in
A. Then i: K(A) — K(B) is an equivalence.

“Devissage” is the word for “unscrewing” in French which was coined by
Grothendieck in the K—theoretic setting. The graphic idea, as can perhaps be seen

M

already in the statement above, is that we can “unscrew” or resolve, in a step—by—step
manner, the K—theory of the bigger, more complicated category B and compute it as
the K—theory of the smaller and simpler full subcategory A. Another instance of such

a “resolving” strategy is the following result.

Theorem 5.1.3 (Resolution theorem, Theorem 5.4.8). Let C be an exact category and
let U C C be a full subcategory satisfying that:

(1) U C C is closed under extensions;
(2) for every projection p: uy — ug in C with uy,us € U, the fibre of p also lies in U;
(8) for every x € C, there exists a finite length resolution
0= up =" —=uU—u U >z
where u; € U for all i.
Then the inclusion functor induces an equivalence K(U) = K(C).

We prove this by performing a devissage argument which reduces to proving the
case where all objects admit a length 1 resolution, the case of which we quote from
[Win24, Thm. 8.11].

The Theorems 5.1.1, 5.4.1 and 5.4.8 should already convince the reader of the value
of defining K—theory for not necessarily stable categories, where classical homology
computations may be ported and where the special method of devissage is at hand to
further reduce the complexity of the problem. The next set of three results pertain
to the orthogonal problem of relating the K—theory of stable categories to ones of the
form where the above three results apply.

The first of this three is a theorem first proved by Neeman in the context of trian-
gulated categories and then by Barwick in the higher categorical setting. The result -
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which we prove in §5.6 - is formulated in terms of a notion called {—structures together
with their associated hearts, which we introduce in §5.5. Simply put, it is an extra
structure on stable categories that we often have, providing the stable analogue of the
Postnikov filtration for anima.

Theorem 5.1.4 (Theorem of the t—heart, Theorem 5.6.10). Let C be a stable category
equipped with a t-structure (C,C>0,C<p).

(1) If the t-structure is bounded below, then both
K(Cx0) — K(C) K(C”) — K(C<o)
are equivalences.
(2) If the t-structure is bounded, then K(CV) — K(C) is an equivalence.

Combining Theorem 5.1.1, Theorem 5.1.2, and Theorem 5.1.4, we may then obtain
the long—sought fibre sequence of spectra

k(Fp) — K(Z(,)) — K(Q)

of Quillen’s that has been one of the guiding example of this course.

Finally, we mention two more result which we will not prove in this course. The
first is an analogue of the Theorem of the t—heart in the setting of so—called weight
structures, which may be thought of as the evil twin of a t—structure in that formally,
it looks very similar to a t—structure, but in actuality it is quite a different gadget
altogether.

Theorem 5.1.5 (Theorem of the weight heart, [Win24, Thm. 8.13]). Let C be a
stable category with a bounded weight structure. Then the inclusion of the weight heart
induces an equivalence

K(C™) = K(C)

This theorem has a tortuous history with many wrong proofs, and as far as we know,
the first correct proof was given relatively recently in [HS23]. The last result, which
we will not comment too much about, is the following:

Theorem 5.1.6 (Gillet—Waldhausen). Let C be a weakly idempotent—complete exact
category. Then the map

K(j): K(C) — K(D"(C))
induced by the Gabriel-Quillen embedding j: C — DP(C) is an equivalence.

We refer the reader to [Win24, Thm. 8.13] and [Win24, Thm. 11.10] respectively,
for a nice modern treatments of these results.

101



5 Algebraic K—theory: the family tree and devissage

5.2 Waldhausen categories and the S—construction

Definition 5.2.1. A Waldhausen category is a category C together with a choice of
subcategory coC (whose morphisms we denote with — called cofibrations) such that:

(1) C is pointed and 0 — =z lies in coC for all x € C;
(2) coC contains C~;

(3) every span z < x — y with z — y in coC admits a pushout and the induced

map z — z Uz y also lies in coC.

An exact functor of Waldhausen categories is a functor of pairs f: (C,coC) — (D, coD)
which preserves zero objects and preserves pushouts along cofibrations. We write Wald
for the category of small Waldhausen categories and exact functors.

We will often suppress mention of coC and say that C is a Waldhausen category to
mean that (C,coC) is a Waldhausen category.

Ezample 5.2.2 (Split Waldhausen categories). A Waldhausen category (C, coC) is said
to be split if it has finite coproducts and if for all x »— y, the map y — 2z := 0U,y admits
a section such that the induced map x Ll z — y is an equivalence. Since short exact
sequences of projective modules are split, for a classical commutative ring R, Projp
canonically yields a split Waldhausen category where the cofibrations are injections
of projective modules whose cokernel is projective again. Note that while these are
the maps which are summand inclusions, the decomposition into direct sums are not
canonical!

Classically, the following notion was first defined by Quillen in [Qui73].

Definition 5.2.3 ([Win24, Def. 8.1]). An ezact category is a category C together with
two choices of subcategories coC, the cofibrations whose morphisms are denoted by »—,
and prC, the projections whose morphisms are denoted by —, satisfying the following;:

(1) C is additive;
(2) both (C,coC) and (C°P, (prC)°P) are Waldhausen categories;

(3) the following conditions on a commuting square

are equivalent:
e i is a cofibration, p is a projection, and the square is a pushout;

e j is a cofibration, ¢ is a projection, and the square is a pullback.

102



5 Algebraic K—theory: the family tree and devissage

An ezxact functor F: (C,coC,prC) — (D,coD,prD) is a functor F': C — D such that
both F': (C,coC) — (D,coD) and F': (C°P, (prC)°?) — (D°P, (prD)°P) are exact func-
tors of Waldhausen categories.

Surprisingly, the definition of an exact category is sufficiently “over—determined”
that they may just be viewed as a Waldhausen category with some properties as
encapsulated by the following:

Proposition 5.2.4 ([Win24, Cor. 8.6]). The forgetful functor fgt: Exact — Wald is
fully faithful.

Example 5.2.5. If A is an abelian category, then A acquires a canonical exact category
structure by declaring the cofibrations to be the monomorphisms and projections to
be the epimorphisms. Note that pushouts always exist in abelian categories since for

maps f:x — y,g: x = z, we may compute the pushout y U, z as the cokernel of the

map T M y @ z, and pullbacks also exist for similar reasons.

Example 5.2.6. If C is a stable category, then we may endow it with an exact category
structure by declaring coC = C and prC = C.

Fact 5.2.7 ([Win24, Ex. 2.2(1)]). The category Wald is semiadditive, where the exact
functors id x 0C; — C1 X C9 and 0 x id: Co — C; x Cy exhibits the product C; x Cy in
Wald as a coproduct in Wald.

Observation 5.2.8. Note that the 1-category Ar[n] := Fun(Al, [n]) looks as follows:

0,0 0,1 0,2 0,n
1,1 1,2 1,n

2,2 2,n

n,n

Construction 5.2.9 (Waldhausen’s S—construction). We construct a functor
Se: Wald — Fun( °P, Wald)

known as Waldhausen’s Se—construction. For each n € N, the category S,C is defined
to be the full subcategory of Fun(Ar[n|,C) on those objects x: Ar[n|] — C satisfying
that:

(1) z;; ~0 for all 4;
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(2) @i; — i 41 is a cofibration for all 0 <i < j < m;

(3) the square
Tij > Tik
Ljg > Tjk
is a pushout for all 0 <i < j <k <n.
For example, we have SoC ~ *, S1C ~ C, and an object in SoC is given by a diagram

0 >—— xp1 > Tp2

R

0 —— 12

J

0

where the square is a pushout. Note that since the second rows onwards may be
computed by taking pushouts, in fact, S,,C is equivalent to the full subcategory of
Fun([n],C) consisting of all the sequences of cofibrations. In particular, we will often
denote an object of S,,C by =1 — -+ — x,. We may endow S,,C with a Waldhausen
category structure by declaring transformations f: x — y to be cofibrations if the
canonical map

20,i+1 Yz, Y0,i — Y0,i+1

is a cofibration for all 0 < i < n. It is a good exercise to check that this condition in
particular implies that f; ;j: x; ; — y;; is a cofibration for all 0 <4 < j < n.

The advantage of using Ar[n] instead of [n] in the definition of S¢C is that it makes
clear that S4C assembles to a simplicial object in Wald. Working out the face maps
explicitly, we get that the face map dy: S,,C — S,_1C is given by forgetting the top row
(i.e. forgetting the terms x¢;), and for j > 0, d;: S,C — S,,_1C is given by forgetting
the z, ; column. In the special case of SoC, we will also use the special notations

q:=dgy, t ' =dyi, s:=do: SoC — C

since these operations precisely corresponds to taking the quotient, target, and source
of a cofibration xg 1 — 2.

Lemma 5.2.10. Let X, € Fun( °P, An). Then mp|Xe| = moXo/[do ~ di].

Proof. Since the solid square in
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clearly commutes, so does the dashed square of left adjoints. The claimed result is
then an immediate consequence of the coequaliser formula in sets. ]

Observation 5.2.11. First of all, note that since Wald is semiadditive, the functor
|Se(—)~|: Wald — An clearly preserves finite products, and so it factors through
CMon. Moreover, since Sp.A ~ %, we obtain from Lemma 5.2.10 that 7g|(Se.A)™| =~ x,
and so |(Se.A)~| is even group-like. Thus, we have the following canonical lift

ISe(—)~|: Wald — CGrp

We now argue that it preserves filtered colimits. This is because Fun([n], —) preserves
filtered colimits and one can check that this implies that S, (—) also does. Moreover,
(—)=: Cat — An preserves filtered colimits since the left adjoint incl: An < Cat
does because it preserves compact objects (which are finite colimits and retracts of
+ = AY). Finally, the forgetful functor fgt: CMon — An preserves filtered colimits, so
we do indeed get the desired claim.

Observation 5.2.12. Note that the notion of an exact category is self-dual in that
if (C,coC,prC) is an exact category, then the same is true for (C°P, (prC)°P, (coC)°P).
Moreover, one can check that

SeC >~ S4(C°P)°P
In particular, we see that K(C) ~ K(CP).

Definition 5.2.13. Let A be a category with finite products. A functor H: Wald — A
is said to be:

o reduced if H(0) ~ x;
e finitary if it preserves filtered colimits;

e grouplike if the shear functor of Waldhausen categories C x C — C x C induces
an equivalence H(C x C) — H(C x C).

An additive invariant is a finitary, reduced, and grouplike functor H: Wald — A such
that the map
(Hs,Hq): HS2C — HC x HC

is an equivalence. We write Fun,(Wald, .A) and Fun®4(Wald, A) for the full subcate-
gories of reduced and additive functors, respectively.

Exercise 5.2.14 ([Win24, Rmk. 1.12]). We would like to argue that additive in-
variants are automatically product—preserving. So let H: Wald — A be an additive
invariant.

(a) Show that the exact functor
e:CxC—SC = (zyy)—(x—zUy)

defines a section to the map (s, ¢q): S2C — C x C.
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(b) Thus, show that the composite of any two consecutive arrows in the sequence

H(C %) 4 HS,c 29 ge xc) — HC x HC

is an equivalence and deduce that the last map is an equivalence.
(c) Conclude that we have a natural equivalence

Fun®d(Wald, CGrp(A)) ~ Fun®d(Wald, A).

Theorem 5.2.15 (Barwick, Waldhausen, [Bar16, Thm. 7.9, Cor. 7.14]). The inclu-
sion Fun®4(Wald, An) < Fun,(Wald, An) admits a left adjoint given by Q|Se(—)|.

To end this section, we record here that the Q—construction and S—construction both
give rise to the same thing. The following result was first proved by Waldhausen, and
we refer also to [HW21, Prop. IV.8] and [Win24, §12.5] for more recent write—ups. We

will freely use this result from now on.

Theorem 5.2.16 (S=Q, [Wal85, App. 1.9]). There is a natural equivalence
ISe(—)=| = |Qe(—)~| of functors Exact — CGrp.

While we will neither repeat the proof nor the construction of the transformation
here, let us mention that the point of it is that one may “find” the Q—construction
inside the S—construction by using the edgewise subdivision functor. For example,
within a diagram in SsC

201 Z02 Zo3 T04 Zos5
x12 Z13 14 Z15
x23 24 Z25

T34 > > L35

T45

we may find a diagram in QoC given by the red portion.

5.3 The 4+=S theorem

Notation 5.3.1. In this section, we will use the following notations

op { op
<1

q

NG

*
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for the canonical maps. Notice that, for A € Wald, i*S,.A is precisely given by the
diagram (0 <— A — 0), which is the diagram defining pushouts. In particular, we get

livi* (SeA)~| ~ @i (SeA)= ~ XA= € CMon

~

Here, it is important that we take the left Kan extension #i*(Se.4)~ in CMon and not

in An.

Construction 5.3.2 (Simplicial suspensions). We define Y,4 = i*S,.A €
Fun( °P,Wald). We thank God that the combinatorics has been done in [HW21,
Pf. of Prop. I1.16]. By the analysis of the slice categories ( 2) ) in loc. cit. and by
the left Kan extension formula, we know that for all n, we have

(017" SeA) ([n]) =~ colim (( 2) /) = & 84, CMon ) ~ A®"

where the i—th copy of A in A®™ corresponds to the surjection s;: [n] — [1] represented
by 00---011---1 where 1 starts at the i—th coordinate (counting with the first term
being the 0—th coordinate). Moreover, this also means that the adjunction counit map

(ZeA) ([n]) = (iri*SeA) ([n]) ~ A" — (SeA)([n]) = S,A (5.1)

is given concretely as follows: for the i—th summand in A®", the map A — Fun([n],.A)
is given by the map s; in the simplicial structure on Se.A, i.e. it sends a € A to the
diagram in S,A extended from (0 =0---=0—a =a--- = a) € Fun(|n|, A). Thus,
in total, the map (5.1) sends (a1, ...,a,) to the diagram in S,,4 extended from

(a1—>a1€9a2—>a169a2€9a3—>---—>a1€9--~@an)EFun(A",.A)

Using for example that the map (5.1) is a map of simplicial objects, we may use the
descriptions of the face maps on Se.A to obtain the following descriptions of the face
maps on Y,A: for the map d;: [n — 1] — [n] in , we have:

do: (a1,...,an) —  (ag,...,an)

dy: (a1,...,an) +— (a1 Dag,...,ap)
dp—1:  (a1,...,a,) = (a1,...,4p—1 D ay)
dn: (a1,...,an) +—  (a1,...,Gn-1)

Our goal in this section is to prove Theorem 5.3.17 which says that when A is a split
Waldhausen category (c.f. Example 5.2.2), the map

Q(ZeA)~| — Q(Se.A)=|

induced by the adjunction counit is an equivalence. This would say that the group—
completion K—theory of A is the same as the Waldhausen K—theory of A. To put it in
a standard slogan, this says that “+=Q” (or rather, +=S).

107



5 Algebraic K—theory: the family tree and devissage

This is a rather intuitive fact when one considers the following: let us work with
e = 2 for simplicity. Then the map is given by

YA =A% — S A = (a,b)— (a— a®b)

Since A was split, all objects in So.A will look like the image of this map.

However, this map is not fully faithful since maps between (a — a @ b) and (a’ —
a’ @ b') might not be induced by maps (a,b) — (a’,') in A®2. One might try to
build an adjoint map Sz A — A%®? and then invoke that | — | sends adjunctions to
equivalences. However, this fails since splittings are not natural which might obstruct
us from building the requisitie adjunction (co)units, and in any case, we have to first
apply (—)~ to the maps in question, which destroys the putative adjunctions since
the (co)units might not be equivalences. Therefore, we will have to work quite a bit
harder and think quite a bit smarter to prove the desired result, and this was what
Waldhausen did in [Wal85, §1.8]. We now present his solution.

The basic strategy is quite a natural one: when one is faced with the problem of
showing that a functor becomes an equivalence upon geometric realisation and where
building a naturally expected adjunction fails, one tries to use Quillen’s Theorem A by
performing “local” computations. Our situation is not quite the generic one though,
so we will need a modified form of the standard theorem.

Observation 5.3.3. Note that the Rezk nerve No([n]) € sAn of the categories [n] € Cat

have the form [m] — ][, * where the coproduct runs over all maps [m| — [n] in

—[n]
C Cat. This is simply because Mapc, ([m], [n]) is discrete.

Exercise 5.3.4. Let J € Cat. Recall that by the cartesian unstraightening, we mean
the following composite
—\op —\op
UnStre: Fun(J, Cat) %) Fun(J, Cat) ~ coCart(J) %) Cart(JP).
Let Aq € Fun(J, Cat). Show using Theorem 2.1.41 and that | — | ~ |(—)°P|: Cat — An
that we may also compute |colim; As| € An as [UnStre(As)|.

Proposition 5.3.5 (Simplicial Quillen’s Theorem A, [Wal82, §4]). Suppose we have
a map of simplicial categories p: Co — conste B. If for all B € B, |pe | B| ~ %, then
Ip|: |Co| — | conste B| ~ |B| is an equivalence in anima.

Proof. Since | — | ~ |(—)°P|, we may also take the cartesian unstraightening and use
Theorem 2.1.41 to compute |—[. So let UnStrc(Ce ), UnStre(const, B) >~ xB € Cart) .
By Quillen’s Theorem A, if we can show that for all ([n], B) € UnStrc(conste B),
|UnStre(p) | ([n], B)| ~ %, then we would have shown that |UnStre(p)| ~ |p| is an
equivalence.

To this end, first observe that from the pullback construction of (UnStre(p) |

([nl, B))
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(UnStre(p) | ([n], B)) —— UnStre(conste B) /(n),5)
_I
| |
UnStre(Ce) ——— UnStre(const, B),

we obtain a functor ¢: (UnStre(p) | ([n], B)) — UnStre(Ce) —  via the left vertical
map. Note that the right vertical map is a cartesian fibration and cartesian fibations are
preserved under pullbacks, hence the left vertical map is cartesian too. Since cartesian
fibrations are closed under compositions, we get that ¢: (UnStre(p) | ([n],B)) —
is a cartesian fibration. Thus, by cartesian straightening, we may view (UnStre(p) |
([n], B)) as a simplicial category, and we claim that it is given by Ne([n]) X (pe | B)
where No([n]) is the Rezk nerve of [n].

To see this, we only have to compute the fibre of (UnStre(p) | ([n], B)) over each
[m] € , since the simplicial structures will then be clear by construction. So fix an
[m] € . Note that ([n],B) ~ s*([0], B) where s: [n] — [0] is the unique map in |,
using that [0] € is terminal. Write also v: [m] — [0] for the unique map. Therefore,
we obtain the identifications

(UnStre(p) L (I, B) =~ [T Gmdw's™(0,B) = ([T %)% 47 (0), B))
where the first equivalence is by virtue of the fact that ¢ was a cartesian fibration over
. Thus, by the description of the Rezk nerve of [n] from Observation 5.3.3, we obtain

the claim as desired. To complete the proof, simply note that |UnStre(p) | ([n], B)| ~
|Ne([n2])] X |pe 4 B| =~ |pe | B| ~ * by hypothesis. O

Our main tool for the proof will be the relative version of Construction 5.3.2, akin
to the relative Q—construction used in the proof of Theorem 4.4.6, whose purpose is
to fit the geometric realisation of a simplicial functor into a fibre sequence.

Construction 5.3.6 (Relative suspension construction, [Wal85, p. 370]). Let f: A —
B be a coproduct—preserving functor between categories with finite coproducts. We
define the simplicial object ¥4 f as the pullback

Sef — DécToB
l - la‘) (5.2)
SoA 1 %8

Since ¥,B ~ B*" and (DécXeB), ~ ¥,.1B ~ B*"*1 we can check that the right
vertical map Jp is projecting away from the first coordinate so that concretely, ¥, f ~
B x A*™. From this, we get a sequence of simplicial objects

conste B — Xef — oA (5.3)

where the first map is obtained using the pullback property of ¥4 f and that the right
adjoint of the functor const, is evg.
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Remark 5.3.7. One might be slightly confused why this is a valid analogue of the
relative Q—construction from the proof of Theorem 4.4.6, where the upper right term
was called Null instead. The point here is that the Null construction is basically the
décalage construction with only a minor tweak that one term in the diagram is zero.

We really want to say that (5.3) is a fibre sequence upon geometric realisation, but
it is not in general... The next two results give a fix to this fibration pipe dream by

suspending once.

Lemma 5.3.8. Let f: M — G be a map in CMon where G is group—like. Then the
pullback square in Fun( %, An)

inj?

Eof — DéCE.G

| |

s M —1 L s.G

of semisimplicial objects is an equifibred square.

Proof. We have to verify that the map 0y: DécXeG — oG is equifibred. It would
suffice to prove this for every d;: [n—1] — [n] in . In most cases the squares involved
will just be projections, in which case they are clearly going to be cartesian. The
interesting case is for ¢ = 0. In this case, the square to consider is the left square in

Gx(n+1) dy*e=d1=(®id,....id) Gxn G <2 D
X bl
Gxn do Gx(n—l) G 0

After taking away the irrelevant factors, we are reduced to showing that the square
on the right is a pullback. This is so since the induced map from G*2 to the pullback
is precisely the shear map G*? — G*2, which is an equivalence by hypothesis that G
was group-like. O

Notice that there is a natural equivalence of bisimplicial objects Xq(Sef) > Se(Xe f).

Proposition 5.3.9 (Waldhausen’s suspended fibration, [Wal85, Lem. 1.8.6]). Let
f: A= B be an exact functor of Waldhausen categories. The sequences

[(BeB)7[ = [(BeZe /)7 = [(BeZe A)T[ [(SeB)7] = [(SeXef)7| = [(SeZe A)7|

are fibre sequences in CGrp. Moreover, if f was an equivalence, then the middle terms

are contractible.

Proof. We prove only the second fibre sequence, since the first is similar and slightly
easier. Since we are taking geometric realisations, we may as well consider the associ-

ated semisimplicial diagrams. We claim that the pullback in Fun( ?rﬂ, An)
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YelSef| ——— DécXe|(SeB)~|
J J

Ze[(SeA)~| Ze[(SeB)~|

is equifibred. By Observation 5.2.11, we know that |(SeB)~| is a group-like Eo—
monoid anima. Hence, by Lemma 5.3.8, the square is indeed equifibred as claimed.
Since |DécXq|(SeB)~|| = *, the right vertical fibre is Q|3q|(SeB)~|| =~ QX|(SeB)~=| ~
|(SeBB)~|, where the second equivalence is again by using that |(Se8)~| is group-like.
Thus, extracting the left vertical fibre yields the required fibre sequence. O

Our next aim is to show Proposition 5.3.15, which is a very general form of Theo-
rem 5.3.17. To this end, we begin our analysis of the requisite “local” considerations.

Construction 5.3.10. Let C be a Waldhausen category with finite coproducts and
pushouts. For X € C, we define Cx to be the category whose objects are cofibrations
(X — A). This category admits coproducts given by pushouts in C. We then get
a functor j: C — Cx given by A — X @ A. Note that this is coproduct—preserving.
However, beware that in general Cx can no longer be a Waldhausen category since it
is not even pointed.

Lemma 5.3.11. Let C be an additive category with pushouts and X € C. Then there

is a natural equivalence of functors Cx — Cx given by (X — A) — (X — AUx A)
and (X — A) — (X — A® A/X).

Proof. Since C was additive, we have a natural equivalence of functors C — C given by

1 1 ~ 1 -1
A A+—— AD A

Now consider the map of cofibre sequences

x5 AgA4A - Auy A

|Gk J
X w9 ApA— A A/X

Since the left and middle vertical maps are equivalences, so is the right vertical map,
as was to be shown. O

Proposition 5.3.12. Let C be additive and X € C. Then the coproduct—preserving
map j: C — Cx induces an equivalence in CGrp

[(ZeC)7] — [(ZeCx)7|
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Proof. Since the forgetful functor fgt: CGrp — An is conservative, it would suffice to
show that this is an equivalence of anima. Write the cofibre functor as ¢q: Cx — C ::
(X — A)+— A/X. This might not necessarily be a coproduct—preserving functor, but
it would not matter for our purposes. Since the composition C Loex S Cis equivalent
to the identity, it would suffice to now to show that the composite jg: |(XeCx)~| —
|(XeCx)~]| is also equivalent to the identity. Now, by Lemma 5.3.11, we have an
equivalence of maps

idVid ~id V jg: [(ZeCx)=| — |(ZeCx)7|

But since |(X4Cx)~| >~ XC5 € CMon is group-like, we may subtract id from both sides
to get id ~ jq, as wanted. ]

Construction 5.3.13. Let j,: D — S, D be the map given by X — (0 — 0 -+ —
0 — X). This is one of the degeneracy maps in the simplicial structure of S¢D. Note
that there is also a map (which is one of the simplicial face maps)

SpD—S,-1D = (A — o Ap) = (A — o> Apy)
From this, we obtain a map
p: |Be(jn: D — S,D)~| — | conste(Sp—1D)~| ~ [(Sp—1D)~|
The following is the key computation for our local analysis using Proposition 5.3.5,
which should also explain why the maps j: D — Dx is relevant to our problem at all.

Lemma 5.3.14 ([Wal85, Lem. 1.8.8]). Let D € Wald admitting pushouts. If for every
X € D, the anima |X4(j: D — Dx)~| is contractible, then the map p: |Xe(jn: D —
SnD)=| = |(Sp—1D)~| is an equivalence.

Proof. By Proposition 5.3.5, we have to show for every B = (By — -+ — B,_1) €
(Sn—1D)~ that |pe | B| ~ *. At level m, the map p: (S,D x D*™)~ — S,,_1D~ is
given by

(A1 — -+ — Ap; Dy, D) = (A — - — Apq).

Hence, objects in the anima (p,, | B) are given by a diagram

Aq T A1 —— Ay,
lz |- (5.4)
B . B, 1

together with the datum of an m—tuple (Dy,...,D,,) € D*™. Observe that every
object in (p,, | B) is equivalent to one where the vertical maps in (5.4) are identities.
Hence, since for these objects, the data A; — --- — A,_1 are fixed to be By — -+ —
B,_1, we obtain that (p,, | B) >~ (Dp, , x D*™)~ and thus that (ps | B) >~ ¥¢(D —
Dp, ,)~ € Fun( °P,An). Therefore, by our hypothesis, we get that |pe | B| =~ *, as
required. O
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We are now ready to prove the abstract version of +=S.

Proposition 5.3.15 (Abstract +=S, [Wal85, Prop. 1.8.7]). Let D € Wald admitting
pushouts. If for every X € D, |X4(j: D — Dx)~| is contractible, then the map
|(ZeD)™| — [(SeD)™| is an equivalence.

Proof. By Proposition 5.3.9 applied to the exact functor id: D — D, it suffices to
show that |(XeXeD)™| — |(XeSeD)~| is an equivalence, and for this, it suffices to show
that [(XeXrD)~| — [(XeS,D)~| is an equivalence for every n. By induction on n, it
thus suffices to show that the map

(2682D)%| — |(ZeSp_1D x SD)|

induced by the functor S, D — S,,_1D x D given by (A1 — -+ — A,) — (A] — -+ —
Ap—1,An/An_1) is an equivalence. But by Proposition 5.3.9 again, we have a map of
fibre sequences

[(XeS5nD)=| —————— [(ZeZe(jn: D —= 5nD))~| —— [(ZeZeD)~|

J J |

[(ZeSp_1D X BaD)=| — [(ZeZa(D — Sp1D x D))¥| —— |(SeZeD)=|

Hence, to show that the left vertical map is an equivalence, it suffices to argue that
the middle vertical is an equivalence. But then we have an equivalence ¥4(D —
Sn 1D x D)~ ~ S, 1D~ x %4(D = D)~, and so

|(XeXe(D — Sy 1D x D))= = [(Sn_1D)~| X [(ZeXe(D — D))=| =~ |[(Sn_1D)~|.
We may now apply Lemma 5.3.14 to obtain the desired equivalence. O

To specialise the abstract +=S result to prove Theorem 5.3.17, we will need the
following preliminary observation:

Lemma 5.3.16 ([Wal85, Prop. 1.8.9]). Let D € Wald admitting pushouts and X €
D. The anima |(Xe(D — Dx))~| is contractible if and only if |(Xe(D — Dx))~| is
connected and |(XeD)~| = |(XeDx)~| is an equivalence.

Proof. By Proposition 5.3.9, we have a map of fibre sequences

(D)™ —— [(ZeZe(D = D))™| =~ ¥ —— |(ZeXoD)7|

J J |

[(BeDx)~| — [(EeXe(D = Dx))7| —— [(ZeZeD)7|.

Thus, if |(Xe(D — Dx))~| is contractible (in which case it is of course connected), then
the middle vertical map is an equivalence, and so the left vertical map is an equivalence.
Now for the converse, if |(X4(D — Dx))~| is connected, then it is contractible if and
only if | (XeXe(D — Dx))~| is contractible since Q|(XeXe (D — Dx))~| ~ QX|(Xe(D —
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Dx))~| ~ [(Xe(D — Dx))~| by group-likeness of |(Xe(D — Dx))~|. Now since the
right horizontal maps in the map of fibre sequences are mp—surjections (since the targets
are connected), we obtain that it is also a bifibre sequence in spectra by Exercise 4.4.2.
Hence, since the left vertical map is an equivalence, so is the middle vertical, concluding
the proof. O

We are finally ready to state and prove the theorem.

Theorem 5.3.17 (Waldhausen’s +=S). Let D € Exact be split. Then the adjunction
counit iyi*SeD — SoD induces an equivalence (D~)8 = Q|(S4D)~| € CGrp.

Proof. We would like to apply Proposition 5.3.15 to show that [(XeD)~| — [(SeD)~]
is an equivalence, and to do this, we check that the conditions in Lemma 5.3.16 are
verified. For each X € D, the map [(Z¢D)~| — [(ZeDx)~| is an equivalence by Propo-
sition 5.3.12. To see that |(Xe(D — Dx))~| is connected, recall by construction that
Y0o(D = Dx )~ ~ DY, ¥1(D — Dx)~ ~ D5 x D7, and that we have identifications

dp = proj,: Dx x D= — DX dy =Vol(idxj): Dx xD— Dx
Hence, by Lemma 5.2.10, we see that
7T0|(E.('D — 'Dx))z‘ = TF()D)(/[(X — A) ~ (X — AP B)]

Since D was split, we see that every point (X — A) in myDx may be written
noncanonically as (X — X @ A/X), and so in m|(Xe(D — Dx))~|, we have
(X — A)=(X — XDA/X)~ (X = X), ie. the anima of interest is connected, as
claimed. Applying 2 on both sides concludes the proof. O

5.4 Devissage arguments

In this section, we want to prove Quillen’s infamous devissage theorem [Qui73]:

Theorem 5.4.1 (Quillen devissage). Let A C B be an ezxact inclusion of abelian
categories and assume that the following conditions are satisfied:

1. A is closed under subobjects and quotient: if a ~— x — ¢ is an exact sequence in
B with x € A, then both a and ¢ are in A.

2. Every object b € B admits a finite filtration
O0=by—by— - —>by_1—b,=0
such that each associated graded b;y1/b; lies in A.

Then K(A) — K(B) is an equivalence.
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This is an example of a result which is most readily proved using the Q-construction
rather than the S-construction and we will essentially repeat Quillen’s original proof
following [Win24, §12] and [Weil3, §V.4]. In fact, to the best of our knowledge a proof
using the S-construction does not exist in the literature. Inspired by Theorem 5.2.16
we construct a variant of the Q-construction for exact categories.

Definition 5.4.2. Let e: A — A denote the functor defined by [n] — [n]°P  [n] ~
[2n + 1]. The edgewise subdivision functor is defined by

esd = —0e®?: sAn — sAn.

Lemma 5.4.3. If C is an ezact category, then esd(SeC)~ is a complete Segal anima.
Proof. See [Win24, Lemma 12.5] for an indication of why this is true. O

Definition 5.4.4. Let Q: Exact — Cat denote the functor defined by

Se(—)=
Exact % sAn 24 sAn 25 Cat,

where ac: sAn — Cat is the associated category from Construction 4.1.17.

Ezample 5.4.5. Let C denote an exact category. An object of Q(C) is an object of C
and a morphism in Q(C) between a pair of objects z,y € C is a span

/
T« 2 =Yy

where x — 2/ is a fibration and 2/ — y is a cofibration. See the discussion following
the proof of [Win24, Lemma 12.5] for a thorough discussion of this.

Observation 5.4.6. Let A be an abelian category and consider the co-category Q(A) as
before. In this case, it turns out that Q(.A) is equivalent to the 1-category whose objects
are the objects of A and morphisms are isomorphism classes of spans a « b — b.
Composition is defined by forming pullbacks of spans and we let Q°/(A) denote this
1-category. We again refer to [Win24] for a thorough discussion of this point.

We give the proof of Theorem 5.4.1.

Proof of Theorem 5.4.1. By Observation 5.4.6 it suffices to prove that the functor of
1-categories

i Q(A) = Q(B)

is an equivalence after realisation. To achieve this it suffices to prove that the comma
category i/B is contractible for every B € B by Quillen’s Theorem A. Recall that i/B
is defined by the pullback

| J

Q(A) —— Q(B)
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from which we observe that an object of i/B is a span a « B’ — B, where a € A.
By assumption, we may choose a finite filtration

0=By—By—---—B, 1—B,=8B
such that each B;y1/B; lies in A. This filtration then induces a sequence of functors
i/0~i/By —~i/By — -+ —i/Bp_1 —1/B, ~i/B.
where each functor i/B; — i/Bj41 is given by
(a «- B' — B;) ~ (a « B' — B; = Bjy1).

Note that |i/0| ~ *, so to prove that |i/B| ~ % we reduce to proving that |i/B;| —
|i/B;+1] is an equivalence for all i. To ease the notation a bit, we prove that if b’ — b
is a monomorphism with b/b’ € A, then |i/V/| — |i/b| is an equivalence.

Given an object a «— by — b of j/b, write by = ker(ba — a). Let J denote the full
subcategory of i/b spanned by those spans a « by — b where b; — by — b factors over
b’ »— b. Since factoring through b’ ~— b is a property, we obtain a chain of inclusions

i/t CJ Ci)b.
To prove the desired, we construct adjoints of the inclusions. For this, one checks that
(i/b) 5 T = [a« by b — [ba/(by NY) « by b]

j;(l/b/) : [a«—b2>—>b]l—>[(bgﬂb/)/bl«—bQQb,Hbl]

are the left and right adjoints to the respective inclusions. The functor r is well-defined
since (ba NV') /by — ba/by = a € A and so is also in A. The functor ¢ is well-defined
since by /(b1 Nb') — ba/by ® b/V € A: this is gotten by considering

Nt et — by Y —> bg/(blﬂb/)

I I |

by @b ——— b b —>» by /by &b/
and applying the snake lemma. O

Our final goal of this section is to discuss the resolution theorem [Qui73, §4, Thm. 3]
and explain how to reduce it to the case of filtration length 1 which is proved in [Win24,
Theorem 8.11].

Terminology 5.4.7. Let U C C denote a full subcategory of an exact category C. For
n > 0, a U-resolution of length n of an object = € C is a sequence of maps

0—Up > Up—1 = - = U = U > T

in C, where ug — x is a cofibration. Note that x has a U-resolution of length 0 precisely
ifxel.
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Theorem 5.4.8 (Resolution theorem). Let C be an exact category and let U C C be a
full subcategory satisfying that:

(1) U C C is closed under extensions;
(2) for every projection p: uy — ug in C with uy,us € U, the fibre of p also lies in U;
(3) for every x € C, there exists a finite length resolution
0r—up =+ = U2 > U = Uy > T
where u; € U for all 1.
Then the inclusion functor induces an equivalence K(U) = K(C).

Exercise 5.4.9. The goal of this exercise is to reduce Theorem 5.4.8 to the length 1
case for which the reader can consult [Win24, Theorem 8.11]. We first introduce a bit
of notation: For every n > 0, let 4, denote the full subcategory of C on those z € C
which admits a U-resolution of length n.

1. Show that Gy, >~ U.

2. Show that there is a sequence of exact inclusions
U= Cyy — Cyy — -
of exact categories for every n > 1.
3. Prove that C ~ colim(U — Cyy, — - --) assuming (3) in Theorem 5.4.8.

4. Prove that U — Cyy, satisfies (2) and (3) above. Deduce that K(U) — K(Cyy, ) is
an equivalence by the length 1 case of the resolution theorem and deduce that
the same is true for K(Cy, ,) — K(Cy,,)-

5. Use that K-theory preserves filtered colimits to prove Theorem 5.4.8 using the
above.

5.5 Interlude: t—structures

Basics

In this section we introduce t-structures on stable co-categories, which is a notion that
generalises Postnikov towers to an arbitrary stable co-categories. We closely follow the
canonical source [Lurl7, §1.2.1] and [Win24, §10].

Definition 5.5.1. A ¢-structure on a stable oo-category C is a pair of full subcategories
(C>0,C<p) satisfying the following conditions:
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(1) If x € C>p and y € C<, then Xa € C>o and X1y € C<o.
(2) If x € C>0 and y € C<g, then Mape(z, X7 1y) ~ *.
(3) For every x € C, there is a fiber sequence
T>0 = T — T<_1
with >0 € C>¢ and Yz<_1 € C<o.
The heart of the ¢-structure (C>o,C<p) is defined by C¥ = C>0 N C<o.

Terminology 5.5.2. Let (C>0,C<p) be a t-structure. For every n € Z, set

CZn = 2”020
an = EnCSQ

Furthermore, we will use the following terminology:
1. The t-structure is bounded below if C = J,,cz C>m-
2. The t-structure is bounded above if C = |J,,c C<n.

The t-structure is said to be bounded if it is both bounded below and bounded above. In
other words, the ¢-structure is bounded if every object = € C lies in Cp,, ) = C>m NCxypy
for a pair of integers m,n € Z.

Note that condition (2) of Definition 5.5.1 is an assertion about the mapping anima.
To the author this is the reasonable condition to impose in the definition of a ¢-structure
but it turns out to be equivalent to a my-assertion as we now clarify:

Remark 5.5.3. Let (C>0,C<p) denote a pair of full subcategories of a stable oo-category
C and assume that C>q is closed under ¥ as in condition (1) of Definition 5.5.1 above.
In this case, condition (2) is equivalent to the seemingly much weaker assertion:

(2') If z € C>p and y € C<p, then mo Mape(z, X "1y) ~ 0.
We clearly have that (2) = (2/). Conversely, for every i > 1, we have that
7 Mape (z, 27 1y) ~ moX ™ Mape (2, B 1y) ~ mo Map (2iz, ¥ 1y) ~ 0,

where we have used (2') in the last equivalence since %'z € C>¢ by assumption. Note
that this justifies that Definition 5.5.1 is equivalent to the definition given in [Lurl?7,
Definition 1.2.1.4] namely that a t-structure on a stable co-category is the datum of a
t-structure on its homotopy category considered as a triangulated category. We prefer
Definition 5.5.1 to avoid any mention of homotopy categories.
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Ezxample 5.5.4. The datum of a t-structure on C enforces strong rigidity results for C:
namely, the heart of the t-structure C¥ is a 1-category. For z,y € C¥, we have that

i Mapeo (2, y) ~ m Mape (2, y) ~ 0

for i > 1 by condition (2) of Definition 5.5.1 since x € C>¢ and y € C<q. It follows that
CY is a l-category with hom-set given by

Hom,o (x, y) = o Mapc(x, y).

We will later see that C" is not just a 1-category but an example of an abelian category.
See also Exercise 5.6.3 for another example of a rigidity result enforced by the datum
of a bounded t-structure.

Observation 5.5.5. Let C be a stable oo-category with a t-structure (C>0,C<p). Recall
that the mapping anima functor canonically refines to a mapping spectrum functor

mape(—,—): C°? x C — Sp
with Map, ~ Q2°° map;. Condition (2) in Definition 5.5.1 is equivalent to the assertion:
(27) If © € C>0 and y € C<g, then mape(x,y) is coconnective.

It can sometimes be useful to phrase (2) in this fashion. This also further cements that
t-structures and weight structures are dual since for weight structures we require that
this mapping spectrum is connective.

Before proceeding we record some examples and we recommend that the reader
carefully checks that the conditions of Definition 5.5.1 hold.

Exercise 5.5.6 (Self-duality of ¢t—structures). If (C>¢,C<¢) is a t-structure on a stable
oo-category C, show that C°P admits a t-structure with (C°P)>¢ = CZ) and (C°P)<o =
C2®. Note that the t-structure on C° is bounded above/below precisely if the t-
structure on C is bounded below /above.

Ezample 5.5.7. The stable oo-category Sp of spectra admits a t-structure (Spxg, Sp<g),
where Sps denotes the full subcategory of connective spectra while Sp., denotes the
full subcategory of coconnective spectra. Note that this ¢-structure is not bounded.
We have that Sp¥ ~ Ab since the 1-category of abelian groups is equivalent to the full
subcategory of spectra spanned by those spectra which only have a single homotopy
group in degree 0.

Ezample 5.5.8. Let R be a commutative ring. The derived oco-category D(R) admits
a t-structure, where D(R)>¢ is the full subcategory spanned by those M € D(R) with
H;(M) =0 for i <0 and D(R)<o is the full subcategory spanned by those M € D(R)
with H;(M) =0 for i > 0. Every M € D(R) can be represented by a complex

d d_1
-'-—)M2—>M1—O>M0—>M,1—>-'-
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In this case, M>¢ is represented by the complex

<o — My d—°>ker(d_1)—>0—>0—>-~
while M<_1 is represented by the complex
oo = 0—0— My/im(dy) > M_1 — -+ .

The heart of this t-structure is equivalent to the ordinary category of R-modules.

The following result shows that t-structures are overdetermined in the sense that
one of the full subcategories of a t-structure determines the other one.

Lemma 5.5.9. Let C be a stable co-category with a t-structure (C>o,C<o). Then
(1) Cx0 = {z € C | Mape(z, 27 1y) = * for all y € C<o},
(2) C<o = {y € C | Mape(z,2"1y) =~ x for all x € C>}.

Proof. We prove (1) since (2) follows by duality. First note that C>¢ is a subset of the
right hand side by definition. Therefore, let € C and assume that Map,(z,y) ~ * for
every y € C<o. Again by definition, there is a cofiber sequence

>0 — T — T<-1,

where z>9 € C>9 and z<_1 € C<_1. The functor Mape(—,z<—1) carries cofiber se-
quences to fiber sequences, so we obtain a fiber sequence of anima

Mape(z<-1,7<-1) = Mape(z,r<—1) = Mape(z>0, 7<-1),

where the middle and right terms are both contractible by definition. It follows that

Mape(x<—1,2<—1) = * which in particular means that id is nullhomotopic which

335,1
yields that x<_1 ~ 0. From the first fiber sequence, we conclude that z>o — x is an
equivalence which proves that z € C>( as desired. ]

Remark 5.5.10. By Remark 5.5.3 and Lemma 5.5.9, we equivalently obtain that
(1) Cso = {x € C | moMapg(z,X"1y) =~ 0 for all y € C<p},
(2) C<o = {y €C | moMape(z, %" y) ~ 0 for all z € C>¢}.

which is often also useful.

Proposition 5.5.11. Let C be a stable co-category with a t-structure (C>g,C<o).

1. There is a pair of adjunctions
T<n
sz — 0 —— an

T>m

where 7>y, s Tight adjoint of C>y, C C and 7<), is left adjoint of C<,, C C.
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2. The canonical transformation
T<n © Tom — Tom © T<n: C = Com N Cxy
s an equivalence for all m and n.

Proof. We prove (1) and refer to [Lurl7, Proposition 1.2.1.10] or [Win24, Proposition

10.5] for a proof of the second assertion. It suffices to construct the adjoints for m =

n = 0 since the adjoints for arbitrary m and n are obtained by taking (de)suspensions.
Let z € C>¢ and y € C. By definition, there is a fiber sequence

Y>0 7Y 7 Y<-1
with y € C>0 and y<_1 € C<_;. Applying Map,(z, —) we obtain a fiber sequence
Mape (2, y>0) — Mape(z,y) — Mape(z, y<—1),

where the right term is contractible by definition. It follows that y> is a right adjoint
object to y. O

By Definition 5.5.1, for every x € C, there is a fiber sequence
T>0 — T — T<-1

with >0 € C>9 and Yz<_; € C<g. The content of Proposition 5.5.11 is that this fiber
sequence is functorial in x and is equivalent to the following fiber sequence

T>0L — T — T<—-1T.

Let us warn the reader that this is yet another subtle difference between t-structures
and weight structures in which the weight truncations are not functorial.

Definition 5.5.12. Let C be a stable oo-category with a ¢-structure (C>o,C<¢). Define
a functor my: C — C¥ by the following formula

T = T>0 OTSO ~ T<0 OTZOI C — CQQ.
For every n € Z, define m,: C — C¥ by 7, = m9 0 X"
Next, we analyse the heart of a t-structure.

Proposition 5.5.13 ([Win24, Cor. 10.6]). Let C be stable with a t—structure. Then

C% is an abelian category.

Proof. Since both C>¢,C<¢ are closed under direct sums, CY is an additive category.
And by Example 5.5.4 we even know that it is a 1-category. The composition of

121



5 Algebraic K—theory: the family tree and devissage

inclusions C¥ < C>¢ < C consists of a Bousfield colocalisation and a Bousfield locali-
sation, so CV is finitely complete and cocomplete. Concretely, the kernel and cokernel
are computed as follows: if i: @ — b and p: b — ¢ are maps in C¥, then

ker(p: b — ¢) >~ 7> fib(p: b — ¢)

coker(i: a — b) >~ 7<g cofib(i: a — b),

where the fibre and cofibre are calculated in C. To show that it is an abelian category,
we are left to showing that every monomorphism (resp. epimorphism) is a kernel (resp.
cokernel) of some morphism.

We only show the case of monomorphisms since the other case is dual. Let i: a — b
be a monomorphism in C¥ and denote by p: b — ¢ the cofibre of 7 in C. Then ¢ € Cxy.
Now, for x € C>9 we have an exact sequence

0 = 7o Mape(x, ©71b) — 7o Mape(x, X~ ¢) — mo Mape(«, a) 5 1o Mape(z, b)

Since i was a monomorphism, i, is injective and so the left map is a surjection from
0. Hence, mo Map(x, X7 1c) = 0, i.e. ¢ is also O-truncated. Therefore, by the formula
for the cokernels above, we see that ¢ ~ coker(i: a — b). In particular, we see that

a ~ fib(b — ¢) >~ 7> fib(b — ¢) ~ ker(b — ¢)

as required. In addition, note also that b — ¢ is an epimorphism in C¥ since for any
y € CV, we have the fibre sequence

0 = Mapco (3a,y) — Mapco (¢, y) — Mapeo (b, y)
and so Mapgo (¢, y) — Mapeo (b, y) is an injection. O

Proposition 5.5.14. Let C be a stable co-category with a t-structure (C>o,C<q). Every
fiber sequence x — y — z in C induces a long exact sequence

Cee = T 1T~ T 1Y — Tpi12 — Tpd — - - -
in the abelian category C.
Proof. See [Win24, Proposition 10.8]. O

To prepare for the proof of the theorem of the heart later, we will also need the
following observation.

Proposition 5.5.15. Suppose a small stable category C is equipped with a bounded
below t—structure. Then the inclusion C>o — C induces an equivalence

colim (CZO E) CZO E) Cz[) E) ) —:—> C

122



5 Algebraic K—theory: the family tree and devissage

Proof. First, note that since C was stable, the suspension maps ¥: C>o — C>¢ are fully
faithful, and so the colimit is computed by taking the union along the fully faithful
inclusions. On the other hand, the comparison map from the colimit to C is induced
by the diagram (which is already a coherent diagram in the oo—categorial sense by
Observation 3.2.1)

Czo _— 620 - Czo -
I
C C C

This comparison map is automatically also fully faithful since the colimit was computed
by taking unions. To see that it is essentially surjective, just note that every object in
C is in the image of Q": C>g — C for some n since the ¢t-structure was bounded below.
This concludes the proof. O

To end this part, we say a bit about t—structures on large categories. The following
pair of results give us a huge source of t—structures for presentable categories, but we
will neither prove them in this course nor state them in their strongest form. We refer

the reader to the cited references for more details.

Definition 5.5.16. Let C, D be stable categories equipped with t—structures. We say
that a functor F': C — D is right t—exact (resp. left t—exact) if F(C>0) C D>q (resp.
F(C<0) € D<g. We say that it is t—exact if it is both right and left t-exact.

Terminology 5.5.17. A t-structure on a presentable stable category £ is said to be
accessible if £ is also presentable.

Proposition 5.5.18 (t—structure from presentable subcategories, [Lurl7, Prop.
1.4.4.11]). Let C be a presentable stable category. If C' C C is a full subcategory which
is presentable, closed under colimits, and closed under extensions, then there exists an
accessible t—structure on C such that C>o = C'.

Proposition 5.5.19 (t-structure from Ind-completions, [Lurl8b, Lem. C.2.4.3],
[AGHI18, Prop. 2.13]). Suppose that C is a small stable category with a t—structure.
Then Ind(C>o) C Ind(C) determines the nonnegative part of an accessible t—structure
such that the inclusion C < Ind(C) is t—exact.

Interactions with Waldhausen structures

Exercise 5.5.20. Let C € Exact and U C C an additive full subcategory closed under
extensions, i.e. for every exact sequence u — y — w with u,w € U, the object y is
also in Y. Then show that U inherits an exact structure from C by setting

cold == {i € coCNU | cofib(i) € U} prd == {p € prCNU | fib(p) € U}.

Furthermore, under these structures, the inclusion ¢ C C is an exact functor.
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Proposition 5.5.21 (Exact structures from ¢-structures). Let (C,C>0,C<o) be a t—
structure on a stable category C. Then (C<g,coC<p,C<p) and (C>0,C>0,prC>o) are
exact structures which make the inclusions C>o C C and C<o C C into exact functors.
Furthermore, coC<o may alternatively be described as those morphisms which are fibres
of morphisms in C<q, and similarly, prC<o may be described as those morphisms which
are cofibres of morphisms in C>g.

Proof. We only do the cofibration case since the other is similar. Since C was stable,
it has the canonical exact structure (C,C,C), and so by Exercise 5.5.20, we only have
to show that:

(a) the inclusion C<p C C is closed under extensions;

(b) coC<p, as defined in Exercise 5.5.20, consists precisely of those morphisms which
are fibres of morphisms in C<o;

(c) all morphisms in C<g have fibres (computed in C) in C<o.

Points (a) and (c) are clear from the long exact sequence of homotopy groups from
Proposition 5.5.14. For (b), by (c) we know that if f: x — y is a morphism in C<o,
then fib(f) — « will still be in C<g. Conversely, if i: u — x is a morphism in C<( such
that = — cofib(4) is again in C<q, then of course u =~ fib(x — cofib(¢)). This completes
the proof. O

Remark 5.5.22. Note that under these exact structures, the suspension functor
Y: C>p — C>p is an exact functor.

Exercise 5.5.23. Show using Exercise 5.5.20 that cv C C<o inherits the exact struc-
ture on C<g from Proposition 5.5.21.

5.6 The theorem of the t—heart

Using the exact structures on the inclusions C>9 C C, C<o € C, and cY C C<o from
Proposition 5.5.21 and Exercise 5.5.23, we maps on the K—theory spectra

K(C>0) = K(C)  K(C<o) = K({C) K(C%) = K().

The business of this section is to show that these maps are equivalences under bound-
edness conditions on the t—structures. To motivate the intuition, we first give the
mo—statement, which should already provide the moral reason that the theorem of the
t—heart could be true. We learnt it from [AGH18, Lem. 2.11].

Proposition 5.6.1. Let £ be a small stable category equipped with a bounded t—
structure. Then the natural map Ko(EY) — Ko(&) is an isomorphism.
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Proof. By functoriality of the t—structure fibre sequences, we may check that the map

Ko(&) — Ko(EY) 1 [2] > > (—1)"[mna]
nez

is a well-defined homomorphism. It is easy to see that both compositions give the
identity maps. O

We illustrate how one can hope to use theorems of the t—heart in proving something
which has nothing to do with K—theory. The following funny proposition was first

observed by Antieau-Gepner—Heller (cf. [AGH18, Cor. 2.14]). First, we will need an
exercise:

Exercise 5.6.2. Show that abelian categories are idempotent—complete. Hint: for
an idempotent e: A — A in an abelian category, use that it factors as a composition of
mw: A — coker(ker e) with i: coker(kere) — A. Using that — and — are epimorphisms

2

and monomorphisms, respectively, deduce from e* = e that wo i = id.

Proposition 5.6.3. Let C be a stable co-category with a bounded t-structure. Then C
is idempotent—complete.

Proof. Let D = C* ~ Ind(C)*. We first claim that the bounded ¢-structure on C
extends to one on D. We have to show that the functors 7<¢ and 7> on Ind(C) com-
ing from the induced t—structure on Ind(C) from Proposition 5.5.19 preserve compact
objects. But this is clear since 7<¢ and 7>¢ are functors, and so they preserve retracts.
Hence, the induced ¢-structure on Ind(C) restricts to one on D.

Next, it is not hard to check that DY is the idempotent—completion of C¥. But then
since abelian categories are idempotent—complete by Exercise 5.6.2, we see that C¥ —
DY is an equivalence. Therefore, by Proposition 5.6.1, we get that Ko(C) — K(D) is
an isomorphism. By Theorem 4.5.2, we must have that C — D was an equivalence. []

Remark 5.6.4. In fact, one does not need K—theory to prove the result above, and
the point of the proof was just to illustrate that it can be convenient to know some
K-theory (and maybe even better, that knowing some K-theory can suggest that
certain things should be true). In [AGHI18, Cor. 2.14], they also included a proof
without resorting to Theorem 4.5.2, which we can recommend as something which is
also instructive to see.

Proposition 5.6.5 ([Win24, Cor. 3.12]). Let (C,C>0,C<q) be a t-structure on a stable
category C and H: Wald — An be an additive invariant. Then:

(1) The suspension functor induces an equivalence H(X): H(Cso) — H(Cxo),

(2) If the t-structure is bounded below, then the canonical map H(C>o) — H(C) is
an equivalence.
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Proof. For part (1), by similar methods as in Corollary 4.3.3 using instead Theo-
rem 5.2.15, we see that the cofibre sequences of exact functors C>o — C>o

d=0=%Y Y¥=0=x?
implies that H(X) + H(id) ~ 0 ~ H(X) + H(X?). Hence in total we see that
idpcog) =~ H(id) ~ H(id) + H(X) + H(E?) ~ K(%?)

Thus H(X): H(C>9) — H(Csp) is an equivalence as desired. Part (2) is then
an immediate combination of (1), that H(—) preserves filtered colimits, and that
C ~ colim(C>g = C>0 =N C>p---) from Proposition 5.5.15 by the bounded below
hypothesis. O

Construction 5.6.6 (Relative S—construction, [Win24, Def. 7.5]). Let C € Wald and
U C C a full Waldhausen subcategory. Define the relative S—construction of U C C as
the pullback

Se(Ud CC) —— DécSeC

l - ld. (5.5)
Seld ——— SC.

Be warned that here we have used the map de (i.e. dp+1 at level n) for the right
vertical map instead of the usual dy as in the relative Q—construction from the proof
of Theorem 4.4.6 or the relative suspension Construction 5.3.6! This is geared to the
requirements of the proof of the theorem of the heart.

The transformation const,C — DécS.C induced by the identity map C — SiC
induces a natural transformation

conste C — Se(U C C).

To unwind the relative S—construction, note that since the bottom horizontal map
Seld — SeC is pointwise fully faithful, so must the map Se(U C C) — DécS.C. That is,
Sp(U C C) is a full subcategory of S, +1C. Since the right vertical map d,, in (5.5) is
given by forgetting the rightmost column, an object in S,, (U C C) thus looks like

uo,1 up,2 e Uo,n > > TOon+1
U1,2 ce Uln 2 > Tln+1

l

Tnn+l
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where the u; ;’s are in U.
Observation 5.6.7. For n, k € N, we claim that
SnSk(U C C) ~ Sk(S,UU C S,.C).

To see this, viewing S,,Sx(U C C) C Fun([n — 1] x [k],C) and the n and k variables in
the horizontal and vertical directions respectively, an object in S,,Sk(U C C) looks like

o0 —» T10 e Tp—1,0

To1 — T1,1 s Tn—1,1

Lo,k » L1,k T Tn—1,k

where the vertical fibres are in U and where the horizontal maps of the columns are
fibrations in S;;1C. By definition of the Waldhausen structures on the S—construction
from the dual of Construction 5.2.9 (using projections instead of cofibrations), this
latter condition is equivalent to the vertical maps of rows being fibrations in S,C.
Hence, we obtain the identification S,,Sg (U C C) ~ Sk (S, C S,,C) as desired.

Theorem 5.6.8 (Generic fibration theorem for Waldhausen categories, [Win24, Thm.
7.7]). Let C € Wald and U C C be a full Waldhausen subcategory. Let G: Wald — An
be an additive invariant (c.f. Definition 5.2.13). Then we have a fibre sequence

GU — GC — |GSe(U C C)|
in CGrp.

Idea 5.6.9 (The generic fibration strategy, [Win24, Rmk. 7.9]). We extract a concrete
strategy as to how we could use the generic fibration Theorem 5.6.8 for the case when
the additive invariant is G = |(Se—)~|. The input to the strategy will be the following:

(1) Assume that U C C is closed under extensions. Then it is a good exercise to see
that the collection of morphisms

pryC = {p: z - y|p € prC and fib(p) € U}
forms a subcategory of C (i.e. pryC is closed under compositions).

(2) We have an essentially surjective functor P: C — D which inverts morphisms in
pryC.
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The strategy is a bit long to explain, but the endpoint to keep in mind is that the
upshot will be that we just have to show that a canonically constructed map (5.7) is
an equivalence.

Now to begin explaining the strategy, write Fun~™ C Fun for the full subcategory of
functors which inverts all morphisms. Then by our concrete description of Se(U C C)
from Construction 5.6.6, the functor P induces a functor

P: Se(U CC) — Fun™([e], D) ~ Fun(|[e]|, D) ~ conste D
where the equivalence is since |[n]| ~ * for all n. Applying (Se—)~ to this map yields
SeSe(U C C)™ — (Se conste D)~. (5.6)

This map (5.6) will be our candidate to describe the generic cofibre from Theorem 5.6.8
as the K—theory of another Waldhausen category. If we could show that this is an
equivalence upon applying | — |, then by Theorem 5.6.8, we will have produced a fibre
sequence

K(U) — K(C) 2 K(D)

in CGrp. Furthermore, since P: C — D was essentially surjective, the map Kq(C) —
Ko(D) will be surjective, and so by Exercise 4.4.7, this is even a fibre sequence in Sp.
To make this work, fix an n. By our concrete description of Se(S,U C S,C), we have

Se(Snld C $,C)~ =~ N(prs,4/SnC)

where N(prg,4S5,C) € sAn is the Rezk nerve of the nonfull subcategory prg, /S,C C
SpC. Therefore, applying (—)~ to (5.6) and using Observation 5.6.7 that S,Se(U C
C)™ ~ Se(SpUd C S,.C)~, we get the map N(prs,4S,C) — N(S,D~). Upon applying
lac(—)|, i.e. geometrically realising the associated category, we finally obtain

Iprs,1SnC| — (S D)~. (5.7)

If we can show that (5.7) is an equivalence for all n, then we will have shown that for
all n, [SpSe(U C C)~| — |Sp(conste D)~| is an equivalence, and hence that (5.6) is an
equivalence upon applying | — |, as desired. This concludes the strategy.

Theorem 5.6.10 (Barwick’s theorem of the heart, [Win24, Thm. 10.10]). Let C be
stable with t—structure.

(1) If the t—structure is bounded below, then both
K(C0) — K(C) K(C”) — K(C<o)
are equivalences.

(2) If the t-structure is bounded, then K(C¥) — K(C) is an equivalence.
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Proof. For part (1), note that by Proposition 5.5.15, the inclusion C>o < C exhibits
C ~ colim(C>q Z, C>o z, -++) since the t-structure was bounded below. Hence, the
induced map K(C>¢) — K(C) is an equivalence by Proposition 5.6.5.

Next, for the inclusion CV —» C<o, we claim that the sequence with vanishing com-
posite

K(CY) — K(Cep) =1 k(cma) (5.8)

is a cofibre sequence of connective spectra, where the superscript max indicates the
Waldhausen structure in which all morphisms are cofibrations. Since 7<_;: C<o —
C<_1 is a Dwyer—Kan localisation at the unit maps  — 7<_1x, whose fibres are all in
CY, by Idea 5.6.9, it therefore suffices to show that the induced functor

prg,, (c9)Sn(C<0)| — Fun([n],C<—1)~

is an equivalence for all n. Since every morphism in C<_; is a cofibration in C<q using
the exact structure on C<g from Proposition 5.5.21, we have an induced adjunction

T —
50(C<0) === $,(C2%}) = Fun([n],C<—1)
The counit of this adjunction is an equivalence since it was a Bousfield localisation.
Moreover, as we have observed above, the unit map of this adjunction is a projection
with fibre in S, (C%) and hence is a morphism in prg, cvySn(C<o). Furthermore, re-
stricted to the subcategory prg (©)Sn(C<0) C Sn(C<o), the functor 7<_; sends every
morphism to an equivalence. Hence, this adjunction restricts to an adjunction

<

-1
Prs, (c9)8n(C<0) ———— Fun([n],C<-1)™

So applying | — | to this adjunction concludes the proof of the claim.

By running the same argument as above, we also obtain a cofibre sequence of spectra
K(r<-1) max

And so since K(C>p) — K(C) was an equivalence by the first part, we see that
K(C2*%) ~ 0. Thus, by the cofibre sequence (5.8), we see that K(C%) — K(C<o)
is an equivalence, as wanted.

Finally, for part (2), if the t—structure is also bounded above, then the t—structure
(Ci%, Cg%) from Exercise 5.5.6 on the stable category C°P is bounded below. Hence, we
may apply part (1) and use Observation 5.2.12 to get

K(CY) = K(C<o) ~ K(CF) — K(CP) ~ K(C)

This concludes the proof of the theorem. O
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5.7 Interlude: coherence and regularity of rings

In this section, we study homological finiteness properties on rings and modules in the
form of almost perfectness, coherence, and regularity. The material on the first two
adjectives are based on Lurie’s discussion in [Lurl7, §7.2.4], whereas the part about
regularity is based mainly on Barwick and Lawson’s short and nice article [BL14].
This will form the foundations for our discussions on the (recent) applications of the
theorem of the heart in the next section.

Almost perfectness

Exercise 5.7.1. Let R be a discrete associative ring. Show that a left R—module M
is compact in the 1-category of left R—modules if and only if it is finitely presented.

Lemma 5.7.2 ([Lurl7, Cor. 7.2.4.5 (1)]). Let R € Alg(Sp)>o and M € LMod(R)
perfect. Then m,M = 0 for all n < 0.

Proof. We have an equivalence M ~ colim, (r>_,M). Since M is compact, it is a
retract of some 7>_,, M, so that m,,M = 0 for all m < —n. L]

Definition 5.7.3. Let C be a compactly generated category. We say that an object
C € C is almost compact if 7<,C is compact in 7<,C for all n > 0.

Lemma 5.7.4 ([Lurl7, Rmk. 7.2.4.9]). Let R € Alg(Sp)>o. Then if M € LMod(R)
is compact, then it is almost compact.

Proof. Since homotopy groups commute with filtered colimits, we see that the inclu-
sion LMod(R)<, € LMod(R) is closed under filtered colimits. Hence, the truncation
functor 7<,: LMod(R) — LMod(R)<, preserves compact objects. O

Definition 5.7.5 ([Lurl7, Def. 7.2.4.10]). Let R € Alg(Sp)>o. We say that an
M € LMod(R) is almost perfect if there exists some k such that M € LMod(R)>, and
M is almost compact as an object of LMod(R)>. We write LMod(R)** C LMod(R)
for the full subcategory of almost perfect left R—modules.

Observation 5.7.6. Tt is clear that LMod(R)*°™ C LMod(R) is a thick subcategory.

Proposition 5.7.7 ([Lurl7, Prop. 7.2.4.11 (3)]). Let R € Alg(Sp)>o and M €
LMod(R). If M s perfect, then it is almost perfect.

Proof. Since M is perfect, it is a compact object in LMod(R), and by Lemma 5.7.2,
we know that M € LMod(R)>,. Fix an n > 0. Since the vertical inclusions in

LMod(R) «—— LMod(R)<y,

I I

LMOd(R)zk — LMOd(R)zk,gm
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preserve filtered colimits, we see that an object in LMod(R)>, (resp. LMod(R)>k <n)
is compact if it is compact in LMod(R) (resp. LMod(R)<,). Furthermore, note that
the square obtained by taking horizontal left adjoints 7<,, also commutes. Hence, since
by Lemma 5.7.4 we know that 7<, M € LMod(R)<, is compact, we see that it is also
compact in LMod(R)>k <, as was to be shown. O

Definition 5.7.8. Let R € Alg(Sp)>o. We say that a M € LMod(R) has Tor-
amplitude < n if for every discrete right R—module NV, the groups m;(N ®gr M) vanish
for ¢ > n. We say that M has finite Tor-amplitude if it has Tor—-amplitude < n for
some 7.

Exercise 5.7.9 (Yoga of Tor-amplitudes, [Lurl7, Prop. 7.2.4.23]). Let R €
Alg(Sp)=o-

(1) If M has Tor-amplitude < n, then ¥*M has Tor-amplitude < n + k.

(2) Let M’ — M — M" be a fibre sequence in LMod(R). If M’ and M" have
Tor—amplitudes < n, then so does M.

(3) Let M have Tor-amplitude < n. Then any retract of M has Tor-amplitude < n.

(4) Hence, conclude that the collection of left R—modules of finite Tor-amplitude
is stable under retracts and finite colimits, and contains R, i.e. it is a thick
subcategory containing R.

(5) Let M € LMod(R) have finite Tor-amplitude and B a bounded below R-
bimodule which has finite Tor-amplitude as a left R—module. Show that
B ®r M also has finite Tor-amplitude as a left R—module. Hint: note that
N ®r (B®r M) ~ (N ®r B) @z M and induct on the number of homotopy
groups of N @ g B by way of (2).

Proposition 5.7.10 ([Lurl7, Prop. 7.2.4.23 (4)]). Let R € Alg(Sp)>o and let M €
LMod(R) be almost perfect. Then M is perfect if and only if M has finite Tor—
amplitude.

Proof. The only if direction is an immediate consequence of Exercise 5.7.9 (4). For
the converse, suppose M is almost perfect and of finite Tor—-amplitude. Since M was
almost perfect, we know that M € LMod(R)> for some k, by definition, and so by
Exercise 5.7.9 (1), we may assume that M was connective. We will prove by induction
on the Tor-amplitude n, where the case n = 0 is given by [Lurl7, Prop. 7.2.4.20].

Now since M is almost perfect, by using that moM is a finitely presented left mgR—
module from Exercise 5.7.1, there exists a free left R—module P of finite rank and a
fibre sequence

M —P—M

where P — M is mg—surjective. Since P was free of finite rank, it is perfect and
so it suffices to argue that M’ is perfect. To this end, we will show that M’ has

131



5 Algebraic K—theory: the family tree and devissage

Tor—amplitude < n — 1, since this would imply that M’ is perfect by the induction
hypothesis.

For this, we wish to show that (N ®gr M') = 0 for k¥ > n. Consider the exact
sequence of homotopy groups

Tt (N @r M) — mp(N @ M') — m,(N @g P).

The first term vanishes since M has Tor-amplitude < n. On the other hand, since
P was free of finite rank, we know that 7(IN ®p P) is given by a finite sum of
copies of mp N, which are all zero since £ > n > 0 and N was in the heart. Hence,
(N ®@r M') =0 for k > n as was to be shown. O

Coherence

Definition 5.7.11. Let R be an associative ring. We say that it is left coherent if
every finitely generated left ideal of R is finitely presented as a left R—module.

Definition 5.7.12. Let R € Alg(Sp)>o. We say that R is left coherent if moR is left
coherent in the sense of Definition 5.7.11 and for each n > 0, the homotopy group m, R
is a finitely presented left w9 R—module.

Definition 5.7.13 ([BL14, Def. 1.1]). Let R € Alg(Sp) be left coherent and M €
LMod(R). We say that M is truncated if m, M = 0 for m > 0. We say that M is
coherent if it is both truncated and almost perfect. We write Coh(R) C LMod(R) for
the full subcategory of coherent modules.

Exercise 5.7.14 (Finitely presented is closed under extensions). Let R be a discrete
associative ring. Suppose we have a short exact sequence 0 — M’ — M — M" — 0 of
left R—modules. Show that:

(1) If M’ and M" are finitely generated, then M is finitely generated too.
(2) If M’ and M" are finitely presented, then M is finitely presented too.

Hint: use the snake lemma to prove (1), and then use the snake lemma again to prove
(2) with (1) as an input.

Exercise 5.7.15 ([Lurl7, Lem. 7.2.4.15]). Let R be a left coherent discrete associative
ring. Show that:

(1) Every finitely generated submodule of R®" is finitely presented,

(2) Every finitely generated submodule of a finitely presented left R-module is
finitely presented,

(3) If f: M — N is a map of finitely presented left R—modules, then ker(f) and
coker(f) are finitely presented.
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Proposition 5.7.16 ([Lurl7, Prop. 7.2.4.17]). Let R € Alg(Sp) be left coherent and
M € LMod(R). Then M is almost perfect if and only if M is bounded below and for
all n, m,M s a finitely presented left my R—module.

Proof. We will only show the “only if” direction. Without loss of generality, suppose
M is connective. We prove this by induction on n, where the base case of n = 0 is
given Exercise 5.7.1. Given the base case, choose a map a: P — M where P is a free
R-module of finite rank and « is a mg—surjection, and consider the fibre sequence

K—P-% M.

Since a was mg—surjective, K is connective, and by Observation 5.7.6, K is almost
perfect. Thus, by induction, we know that m; K is finitely presented for 0 <1 < n.
Now consider the short exact sequence

0 — coker(m, K — m, P) — mpM — ker(mp_1K — mp—1P) — 0.

The first term is finitely generated since it admits a surjection from 7, P, a finitely
generated mo R—module. The last term is finitely presented by the inductive hypothesis
and Exercise 5.7.15 (3). Hence, the middle term 7, M is finitely generated. By the same
reasoning again but with M replaced with K, we see that 7, K is finitely generated too,
so that coker(m, K — m, P) is finitely presented. Therefore, by the short exact sequence
above and Exercise 5.7.14, we see that m, M is finitely presented, as desired. O

Corollary 5.7.17 ([Lurl7, Prop. 7.2.4.18]). Let R € Alg(Sp)>o be left coher-
ent. Then the t-structure on LMod(R) restricts to a t-structure (LMod(R)*f N
LMod(R)>g, LMod(R)**™ N LMod(R)<g) on LMod(R)**. In this case, we have an

identification of (LMod(R)*)Y with the category of finitely presented left modules
over moR.

Proof. Since the functor 7<qo clearly preserves perfect objects by definition, we only
have to check that if M is almost perfect, then 7>0M is almost perfect. But this is
clear from the characterisation of almost perfectness in terms of the homotopy groups
from Proposition 5.7.16. The final statement about the heart is also an immediate
consequence of Proposition 5.7.16. O

Regularity

Definition 5.7.18. Let R be a discrete left coherent ring. We say that it is regular
if all finitely presented discrete left R—module M admits a finite length projective
resolution.

Observation 5.7.19. Let R be a discrete left regular coherent ring and M a discrete
finitely presented left R—-module. Suppose N is a discrete right R—-module. Then
mi(N ®pr M) = Tor;(N, M), and so since M has a finite length projective resolution,
this group vanishes for ¢ > 0. That is, M has finite Tor-amplitude.
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The following definition was given in [BL14, Def. 1.2, Def. 14].
Definition 5.7.20. Let R € Alg(Sp)>o be left coherent. We say that it is:

o almost regular if any coherent left R—module has finite Tor-amplitude. Equiva-
lently by Proposition 5.7.10, every coherent left R—module is perfect,

e reqular if moR is a regular ring (in the sense of Definition 5.7.18), and moR has
finite Tor-amplitude as an R—module.

Proposition 5.7.21 ([BL14, Prop. 1.3]). Let R € Alg(Sp)>o be left coherent. If it is
regular, then it is almost reqular.

Proof. Since the perfect objects form a thick subcategory, it suffices to prove that an
almost perfect module M in the heart is perfect. That is, by Proposition 5.7.16, we
need to show that for any finitely presented discrete left moR—module M, we have
that M has finite Tor—amplitude over R. Since mgR is a regular discrete ring, we
know by Observation 5.7.19 that M has finite Tor—amplitude over mgR. Now, let
N € RMod(R) be discrete. Since moR has finite Tor-amplitude as an R-module, we
get that N ® g moR has finitely many homotopy groups. On the other hand, we have
N ®r M ~ (N ®g moR) @z,r M. Hence, by induction on the number of homotopy
groups of N ®g mpR and using that M has finite Tor-amplitude over mgR, we obtain
that N ® g M has finitely many homotopy groups, as required. ]

Proposition 5.7.22 (Criterion for regularity, [BL14, Prop. 1.5]). Let R € Alg(Sp)>o
be left coherent and moR be reqular. Then R is reqular if and only if the left 1o R—module
moR Qg moR has finite Tor-amplitude.

Proof. The “only if” direction is immediate by Exercise 5.7.9 (5). The converse is also
immediate from the observation that N @g moR ~ N ®x,r (TR ®r mR). O

Next, we record the following oft—used result (cf. also [BL22, Prop. 2.4]).

Proposition 5.7.23. Let R € Alg(Sp)>o be left almost reqular coherent. Then the
t-structure on LMod(R) restricts to a t-structure (Perf(R) N LMod(R)>0, Perf(R) N
LMod(R)<o) on Perf(R). In this case, we have an identification of Perf(R)% with the
category of finitely presented left modules over myR.

Proof. By the argument as in the proof of Corollary 5.7.17, we are left to showing that
if M is perfect, then 7>9M is perfect. By the aforementioned proof, we know at least
that 7>9M is almost perfect. Therefore, by Proposition 5.7.10, if we can show that M
has finite Tor—amplitude, then we would get that M is perfect as desired.

To see this, since M was compact, we know that there exists a k such that M €
LMod(R)>k. We will prove by induction on |k| that 7>¢M has finite Tor-amplitude.
If £ > 0, then 7>0M ~ M, and so there is nothing to prove. Suppose k < 0. Define C
to be the cofibre in

TZkM — TZk—lM — C.
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Now, C' is concentrated in one degree and is almost perfect. Hence, by almost reg-
ularity, we know that C' has finite Tor-amplitude over R. On the other hand, by
induction, we know that 7>, M has finite Tor-amplitude. Hence, from the fibre se-
quence and Exercise 5.7.9 (2), we see that 7>, M also has finite Tor-amplitude,
completing the induction. Finally, the statement about the heart is immediate from
the characterisation of Exercise 5.7.1. ]

5.8 Blumberg—Mandell regularity localisation sequence

Our goal in this section is to prove Barwick’s formulation of a celebrated localisation
sequence of Blumberg and Mandell [BMO8]. For this section and the next, we will need
to the following fantastic recent result of Antieau—Gepner—Heller, which is heavily built
upon the ideas of Schlichting. We will unfortunately not have the space and time to
prove it in this course.

Theorem 5.8.1 ([AGHI18, Thm. 1.1, Thm. 1.2]). If £ € Cat®™ admits a bounded
t-structure, then K_1(£) = 0. Moreover, if EY is Noetherian, then K_,(E) = 0 for all
n>1.

Recall first by construction of nonconnective K—theory from Theorem 4.5.46 that
for an idempotent—complete small stable category C, Q*°K(C) ~ K(C), and hence
K(C) ~ m>0K(C). We will also need the following piece of language.

Terminology 5.8.2. Let R € Alg(Sp) and R — L a map of E;—algebras. We say that
L is a smashing R—algebra if the left adjoint basechange functor

L ®g —: LMod(R) — LMod(L)

is a Bousfield localisation, i.e. its right adjoint is fully faithful. Additionally, we
say that the smashing R-algebra L has compact fibre if the fibre LMod(R)*~ts of
the Bousfield localisation L ® p — is generated by compact objects and the inclusion
LMod(R)—t C LMod(R) preserves compact objects.

We are now ready to state and prove the main result of this section.

Theorem 5.8.3 (Regularity localisation sequence, [Barl5, Thm. 8.8]). Let R €
Alg(Sp)>o0 be a left reqular coherent ring and L a smashing R-algebra with compact
fibre!. Suppose that a perfect left R-module is L—acyclic if and only if it is truncated.
Then there is a fibre sequence of connective spectra

K(moR) — K(R) — K(L)

! Apparently, [Barl5, Thm. 8.7] says that this is automatic but I have not been able to figure out
why. Also, [BL14, Thm. 2.1] used a slightly different hypothesis, which was what I followed in this
theorem. I have a feeling that the hypothesis used in [Barl5, Thm. 8.7] is too strong, since one
can take infinite direct sums of truncated acyclic objects, which is no longer acyclic.
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Proof. By the compact generation hypothesis, we may apply (—)“ to the Verdier se-
quence of large categories LMod(R)*~t" < LMod(R) — LMod(L) to obtain via The-
orem 4.5.35 the Karoubi sequence Perf(R)%~t™ — Perf(R) — Perf(L) of idempotent—
complete stable categories. Hence, by Theorem 4.5.46, we get a fibre sequence

K(Perf(R)L~t) — K(R) — K(L)
of spectra. Applying 7>¢ gives a fibre sequence in CGrp
K(Perf(R)X %) — K(R) — K(L). (5.9)

By Proposition 5.7.23, we have an induced t-structure on Perf(R). On the other
hand, by our hypothesis that perfect L—acyclic objects are precisely the truncated
ones and by definition of almost regularity, we have an identification of Perf(R)F—tors
with Coh(R) (c.f. Definition 5.7.13). Furthermore, it is then clear that the inclusion
Coh(R) C Perf(R) under this identification restricts the t—structure on Perf(R) to a
bounded on Coh(R). Now, by Proposition 5.7.16, we know that Coh(R)" is identified
with the category FPres(moR) of finitely presented discrete mgR-modules.

On the other hand, since my R is left regular coherent, we know by Proposition 5.7.23
that the ¢t—structure on LMod(moR) restricts to one on Perf(myR), which must neces-
sarily be bounded since mgR was connective and coconnective. By Exercise 5.7.1, we
learn that Perf(moR)" is identified with FPres(moR).

All in all, by two applications of Theorem 5.6.10, we identify K(Perf(R)L ") as

K(Coh(R)) ~ K(Coh(R)") ~ K(FPres(moR)) ~ K(Perf(myR)") ~ K(mR).

Furthermore, by Theorem 5.8.1, we know that K_;(Coh(R)) = 0. Hence, by Exer-
cise 4.4.7, the sequence (5.9) yields the required fibre sequence in spectra. O

Lemma 5.8.4. Let R € CAlg(Sp)>o such that there exists an n > 0 and a class
B € mp R such that the induced map B: TR — Tmin R is an isomorphism for m > 0.
Let M be a perfect R—-module. Then B: mpM — 71 M is an isomorphism for k > 0.

Proof. The property of interest is satisfied by R, and so if we could show that the
subcategory of objects satisfying the property is a thick subcategory, then we will
have shown that all perfect modules satisfy it. It is clearly preserved by taking
(de)suspensions and retracts and so we are left to show that this property is closed
under taking cofibres, i.e. if A — B — C'is a cofibre sequence with A and B satisfying
said property, then so does C. Without loss of generality, suppose r > 0 such that
B: X — mgynX is an isomorphism for all k¥ > r when X € {A, B}. Then by the
long exact sequences of homotopy groups associated to the map of cofibre sequences

A B C

7| o o

XT"A —— NT"B —— X7C
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we see that §: m,C — 7,1, C is an isomorphism for all k¥ > r + 1, as desired. O

Corollary 5.8.5. Let R € CAlg(Sp)>o such that there exists an n > 0 and a map
B: X"R — R of R—modules which is an equivalence. Let M be a perfect R—module.
Then it is R[B~Y~acyclic if and only if it is truncated.

Proof. Suppose M is truncated. To see that R[3™!] ®xr M =~ 0, we show that
(R[] ®g M) = 0 for all k. Fixing a k, we note that

Wk(R[ﬁ_l] QR M) = COll\lim(WkM i TkanM ﬁ) ThtonM ﬁ) o )

Hence, since M was truncated, mymnM = 0 for m > 0, and so (R[] ®r M) =0
as required. For the converse, suppose for contradiction that M is not truncated.
By Lemma 5.84, 8: mpM — w1, M is an isomorphism for & > 0. Since M is not
truncated, let £ > 0 be such such that 7yM # 0 and §: 7, M — w4, M for all & > £.
Then we get

0 = (R[] @ M) = colim(m, M meraM S mpponM Dy =M £ 0

[

which is a contradiction, as wanted. O

Recollections 5.8.6 (Topological K—theories). There are the connective spectra of
complex and real topological K—theories ku and ko respectively, which are defined as

ku = (Vectgd"g)gp and ko := (Vectgdwﬁ)gp

There are naturally endowed with the structure of E,—ring spectra by virtue of Con-
struction 3.1.5 and using the tensor products to view Vectéd": and Vectgd"2 as objects
in CAlg(CMon(Cat)). A famous fundamental result about these objects is the Bott pe-
riodicity, which states that they are 2—periodic and 8—periodic in nonnegative degrees,
respectively. The homotopy groups look as follows:

r>0|2n 2n+1
mku | Z 0

r>0(8 8 +1 8&+2 8&+3 &n+4 8 +5 &+6 8n+7
mko | Z Z)2 Z)/2 0 y4 0 0 0

Upon inverting the generators € mku and 8* € mgko,we obtain the E.,-ring spectra
KU :=ku[8™'] and KO =ko[(8")71],

called the 2—periodic complex K—theory and 8—periodic real K-theory, respectively.
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Theorem 5.8.7 ([BMO08, Localization Theorem],[BL14, Cor. 3.2]). The maps of Exo—
rings ku — KU and ko — KO induce fibre sequences of connective algebraic K—theory

K(Z) — K(ku) — K(KU) K(Z) — K(ko) — K(KO)
in Sp.

Proof. Since moku =2 Z = mgko, we are left to argue that the maps ku — KU and
ko — KO satisfy the hypothesis of (5.9). We only do the case of ko since the case
of ku is similar (and slightly easier). Since KO =~ ko[(8%*)~!], we see that it is clearly
smashing. Next, we show that it has compact fibres by showing that ko/3% is a compact
generator and using Proposition 2.1.33. To do this, let M € Mod(ko)XO~t™_ Suppose
map(ko/3%, M) ~ 0. Hence, the map 3*: ko — £ 8ko is an equivalence. But then this
implies that 0 ~ KO ®y, M ~ M[(8*)~!] ~ M. Hence, ko/3% is a compact generator,
as wanted. Furthermore, by Corollary 5.8.5, we know that the perfect acyclics are
precisely the truncated perfect ko-modules. Finally, we need to argue that ko is left
almost regular coherent. That it is coherent and that mgko & Z is regular are clear,
and we use the criterion Proposition 5.7.22 to show that it is even a regular ring. By

the cofibre sequences (the first of which is a well-known theorem of Wood’s)

Yko — ko — ku ZQku—'B—>ku—>Z

in Mod(ko), we see that Z = mpko is a perfect ko-module, and so has finite Tor—
amplitude over ko by Proposition 5.7.10. This completes the proof. O

5.9 Burklund-Levy unipotent devissage

This is the theory set up in [BL21]. For brevity, we will provide here a minimal account
of their theory sufficient to state and prove the fundamental theorems. These results
are best viewed in the language of noncommutative geometry of the two authors from
[BL22] to which we refer the interested reader.

Notation 5.9.1. Let CatP*™ C Cat®™ be the full subcategory of idempotent—complete
stable categories.

Definition 5.9.2 ([BL22, §1]). Let Catgegf be the category whose objects are pairs
(C,C>p) where C € CatP®™! and C>¢ C C full subcategory which is idempotent—complete
and closed under finite colimits and extensions.

Construction 5.9.3. Since Ind(C) is presentable, we can apply Proposition 5.5.18 to
obtain a t-structure on Ind(C) such that Ind(C)>o = Ind(C>0) (note that this is not
stable since we are not allowing loops!).

Definition 5.9.4 ([BL21, Def. 3.4]). Let C € Cat;eorf and D € CatP!, We say that:
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5 Algebraic K—theory: the family tree and devissage

e C is regular if the t—structure from Construction 5.9.3 restricts to one on C (i.e.
the truncation functors restrict to C).

o C is bounded if each ¢ € C is bounded in the ¢-structure on Ind(C).

e an exact functor C — D is quasi—affine if its image generates D under finite
colimits and retracts,

e a quasi-affine functor C — D is unipotent if it is fully faithful on C¥.

Notation 5.9.5. Let F': C — D be an exact functor of small stable categories. Then
using the left Kan extension, we have an adjunction

Fi: Ind(C) = Ind(D) : F*
where we have a commuting square
C

Ind(C) — Ind(D)

_F P

In general, checking the unipotence condition is hard, and before proceeding with the
main content of this subsection, we provide a more usable criterion for this condition.

Lemma 5.9.6 ([BL21, Lem. 3.8]). If for every ¢ € CY, cofib(c — F*Fi(c)) €
Ind(C)<_1, then the map F: C — D is unipotent.

Proof. We only prove the if direction (as this is easier and is the more interesting
direction anyway). Let ¢,¢’ € C¥. We want to show that the map F': Mapg(c,c’) —
Mapp (Fe, Fc') is an equivalence. But then Mapp(Fe, Fe') =~ Mapy,gp)(Fic, Fic') ~
Mapy,q(c) (¢, F! *Fic’), and so the map of interest sits in a fibre sequence

Mape(c, ') = Mapp(Fc, Fc') — Mapy,qc) (¢, cofib(¢’ — F*Fc'))
where the last term is contractible by hypothesis, and so we are done. O

The following pair of Lemmas 5.9.7 and 5.9.11 are the key inputs given in the paper
to descend bounded regularity along unipotent maps. The main idea is to construct
the desired t—structure by enlarging via the Ind—completion, for which we have a good
presentable theory for t—structures.

Lemma 5.9.7 ([BL21, Lem. 2.3]). Let C be bounded and F': C — D be a unipotent
map in CatP™ . If we equip Ind(D) with the t-structure associated to F(Csq), then
Fy: Ind(C) — Ind(D) is t-ezxact.
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5 Algebraic K—theory: the family tree and devissage

Proof. By construction, F sends connectives to connectives. To see that Fi also pre-
serves coconnectivity, note first that the connective part of the t—structure on Ind(D)
is generated by F(C>o) and t-structures are overdetermined by Lemma 5.5.9. Hence,
we just need to show that for all ¢ € C>; and = € Ind(C)<p, the mapping space
Mapy,q(p)(Fic, Fiz) is contractible. Moreover, since coconnectivity in Ind(C) is tested
by mapping out of compact objects, the inclusion Ind(C)<¢ C Ind(C) preserves filtered
colimits, and so = can be written as a filtered colimit of compact coconnectives because
the Bousfield localisation 7<¢: Ind(C) — Ind(C)<( preserves compact objects and ev-
erything in Ind(C) may be written as a filtered colimit of compacts. Since Fj preserves
colimits, it thus suffices to show that Mapy,q(p) (Fic, Fix) ~ % when z is compact, i.e.
x € C<o. By boundedness of the t-structure on C, we can reduce both variables to
the case where ¢ and x are both concentrated in one degree, so suppose without loss
of generality that ¢ € CV = C>nNC<y and x € C¥. Now consider the map of fibre
sequences

Mape (¢, 4~ 1a) ——— Mape(c, 0) ———— Mape(c, *a)

J H J

Mapp(Fe, FX*12) —— Mapp(Fc, FO) —— Mapp(Fc, FXFr).

When k = n we have an equivalence by the unipotence hypothesis, and hence by
downward induction it is an equivalence also when k£ = 0. But then Map,(c, z) ~ *,
and so we are done. O

Our next goal is to explain the key Lemma 5.9.11 of Burklund and Levy which
says that unipotence guarantees a devissage situation. The arguments in therein are
organised efficiently and beautifully with a noncomputational use of spectral sequences,
and for this we will need three preliminary setups.

Proposition 5.9.8 (Filtration pasting for extensions). Let B be an abelian category
and A C B an exact inclusion of abelian categories. Suppose A,C € B admit finite
filtrations of lengths n and m, respectively, whose filtration quotients are in A. Then
for any extension A — B — C, B admits such a filtration also with length n+m + 1.

Proof. Without loss of generality by induction, we may suppose that the filtration on
C'is of length 1, i.e. we have 0 — Cy — C where C; and C/C are both in A. Writing
P, =B x¢gCyand P, := B x¢ 02 A, consider the solid part of the diagram

PQHO

7]
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5 Algebraic K—theory: the family tree and devissage

Since the right horizontal arrows are surjective, the pullbacks are also pushouts and so
B/pP=C/Cy and P/P=C4
are both in A. Now concatenating with the filtration on A we obtain the finite filtration
0—A,—- - A — A2 P P — B
with the required property on associated graded. O

Construction 5.9.9 (Filtration pasting for cofibres, [BL21, Proof of Prop. 2.4]). Let
A, B € DY be objects in the heart of a stable category equipped with finite filtrations
and suppose r: A — B is a map. In this construction, we explain how to obtain a
finite filtration on the cofibre cofib(r) in a slick way.

We first explain how to view r as a map on the filtrations. For X € {4, B}, write
Xo: Z — D for the datum of the filtration, where X,, = X and X_,, = 0 for n > 0.
As such, note for example that the associated graded gr(X,) is nonzero in only finitely
many degrees. Furthermore, since the filtrations on A and B are finite, we may shift the
gradings os that whenever gr; B and gr;A are nonzero, then j < i. Using this, we may
then canonically lift the map r: A — B to a map re: Ae — B, which schematically
looks like

.0

.0
By may now obtain the desired finite filtration on cofib(r) by considering cofib(re) €
Fun(Z,D).

Pkl

— O
«—
3

Next, we recall that we have spectral sequences associated to filtered objects.

Recollections 5.9.10 (Spectral sequences from filtered objects). Suppose we are given
a filtered object X € Fun(Z,C)

...gx_lﬂx()i)xlﬁy..

in a stable category C equipped with a t—structure. Lurie then constructs in [Lurl?7,
§1.2.2] a spectral sequence

EP9 = 1, cofib(f,) € C¥

which converges to m, colim,, X, for example when X} = 0 for k¥ < 0 (c.f. [Lurl?,
Prop. 1.2.2.14]). For example, when we have a finite filtration B, of an object B, as
in Construction 5.9.9, we obtain a spectral sequence whose Ej—page is given by the
homotopy objects of the associated gradeds converging to 7, B.
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We are now ready to state and prove the key lemma.

Lemma 5.9.11 (Unipotence guarantees devissage, [BL21, Prop. 2.4]). In the situation
of Lemma 5.9.7, the induced t—structure on Ind(D) restricts to a bounded t—structure
onD. Moreover, each d € DY has a finite filtration with associated graded in the image
Of chCD .

Proof. Let £ C D be the subcategory of objects d € D such that d is bounded in the
t-structure on Ind(D) and ﬂ? (d) admits a finite filtration with quotients in F(C").
Clearly, F(C) C £. Note that since C¥ has compact image in Ind(D), each such 7[‘? (d)
and d itself will be compact also. Hence, if we can show that £ C D is in fact all of
D, we would have simultaneously shown the two statements in the proposition since
this would say that the ¢t—structure truncations on Ind(D) restrict to functors on D,
i.e. that D inherits the t—structure from Ind(D), and moreover that this is bounded.
Thus, by quasi—affineness, it would suffice to show that £ C D is thick.

Here is a trick observation: taking finite colimits and retracts only effect taking
kernels, cokernels, and extensions on homotopy groups (for instance, for a retract a

of a d € £, we obtain the associated idempotent map e: d — d such that on m

70
coker(ker(e)) yields w?a). Hence, since the conditions in the definition of £ are stated

purely in terms of homotopy groups, it would now suffice to show that the condition
d € DY has a finite filtration whose associated gradeds lie in F(CY). (5.10)

is closed under taking kernels, cokernels, and extensions, since this would mean that
£ is stable under taking finite colimits and retracts, i.e. thick. By Proposition 5.9.8,
we may paste filtrations to handle the case of extensions, so we are left to deal with
kernels and cokernels. These cases will be dealt with simultaneously.

Let r: A — B be a map in Ind(D)” where A and B have filtrations of the re-
quired form. Let C' = cofib(r) be equipped with the finite filtration Co from Con-
struction 5.9.9. Note that by construction, this has associated gradeds are given first
(counting from the left) by gr(B,.) and the by Ygr(A,). By the spectral sequence con-
struction Recollection 5.9.10 applied to C,, we obtain a spectral sequence converging
to the associated gradeds of a finite filtration on 7,C' whose FE1—page is given by the
7, of gr(B,) and Ygr(A,), which are objects in C¥ by hypothesis.

Now, since F' is t-exact and fully faithful on C¥, kernels and cokernels of maps
between objects in the image of F|,» remain in the image of F|,o. Thus, as we
turn the page of the spectral sequence by computing kernels and cokernels from the
differentials, the terms remain in the image of F'|,». Since the filtration was finite,
the spectral sequence terminates in a finite amount of steps to yield an E,,—page with
objects in the image of F|so. This gives a finite filtration of the desired type on
ker(r) = 7y cofib(r) and coker(r) ~ w5 cofib(r) as required. O

We can now collect and amplify these results in the following, which is the main
theorem of [BL21].
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5 Algebraic K—theory: the family tree and devissage

Theorem 5.9.12 (Burklund-Levy unipotent devissage, [BL21, Thm. 1.3]). Let C be
bounded and F: C — D be a unipotent map in CatPt. Then there is a correspoing
bounded t—structure on D for which F is t—exact. Moreover, the induced maps on

connective K—theory

K(CY) —— K(D")

J J

K({C) —— K(D)
are all equivalences. Additionally, K_1(C) = 0 =K_1(D).

Proof. By Lemmas 5.9.7 and 5.9.11 we know all the statements about t—structures.
By Theorem 5.8.1, we then have also that K_1(C) = 0 = K_1(D). Hence, we are left to
prove the statement about the equivalences in the square. By Barwick’s Theorem 5.6.10
the vertical maps are equivalences, and so we only need to show that the top horizontal
map is an equivalence. For this, we want to apply Quillen’s Theorem 5.4.1. By
unipotence, C¥ — DY is fully faithful, and Lemma 5.9.11 already shows the required
filtration condition. Thus, it remains to check that if d € DY is a subobject of ¢ € C7,
then d € CY. By exactness of the inclusion, it suffices to show that ¢/d € C¥. Let

O—dir—dy— - —dp—d

be the a filtration on d with associated graded in C¥. Since ¢/d,, = (¢/dn—1)/(dpn/dn—1),
and since by induction both the numerator and denominator on the right hand side
are in C¥, we get by induction that c¢/d is in CY also, as required. O

Lemma 5.9.13 ([BL21, Prop. 3.9]). Let f: A — B be a map of E;—rings such that:
1. Perf(A) is bounded and regular,
2. cofib(f) has Tor—amplitude in [—oo,—1] as an A-right module.

Then Perf(B) is bounded and reqular, and the basechange functor —®4 B: Perf(A) —
Perf(B) is t-exact inducing an equivalence K(A) — K(B), and moreover, K_1(A) =
K_1(B) = 0.

Proof. Condition (2) on Tor—amplitudes guarantee that cofib(f) ®4 N ~ cofib(N —
F*FN) is coconnected when N € LMod(A)". Hence, the condition of Lemma 5.9.6
is satisfied, and since B ® 4 —: Perf(A) — Perf(B) is clearly quasi-affine as A is sent
to B, we can apply Theorem 5.9.12 to obtain the desired statement. O

Theorem 5.9.14 ([BL21, Thm. 1.1]). Let R be a coconnective Eq—algebra such that:
1. moR is left reqular coherent,

2. T7<_1R has Tor-amplitude in [—oo,—1] as a moR-right module.
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5 Algebraic K—theory: the family tree and devissage

Then the natural map K(mgR) — K(R) is an equivalence and both my and R have
vanishing K_1.

Proof. Condition (1) ensures, via Proposition 5.7.23, that the ¢-structure on
RMod(mgR) restricts to a bounded one on Perf(mgR), and condition (2) ensures that
we can apply Lemma 5.9.13 to obtain the desired conclusions. O

Using Theorem 5.9.14, we may obtain another proof (different from the standard
one, which we did not cover in the lectures) of the Quillen localisation sequence.

Theorem 5.9.15 (Quillen’s localisation sequence, [BL21, Ex. 1.2]). There is a fibre
sequence of connective spectra K(F,) — K(Z) — K(Z[1/p]).

Proof. Write Perf(Z)Z11/pl=tors .— (Mod(Z)Zl1/Pl—tors)w  Applying Theorem 4.5.46 to
the Karoubi sequence Perf(Z)Z11/pl=tors <y Perf(Z) — Perf(Z[1/p]), we obtain a fibre
sequence of spectra

K(Perf(Z)?1/Pl=torsy 4 K(Z) — K(Z[1/p]).

Since all the categories involved are idempotent—complete, applying 7>¢ to these non-
connective K-theory spectra yields a fibre sequence in Sps, =~ CGrp of connective
K-theories. Hence, by Exercise 4.4.7, to obtain the fibre sequence of connective spec-
tra as in the statement, we need to argue that K_j(Perf(Z)Zl1/Pl=tors) — () and that
K(Perf(Z)?[1/Pl=torsy ~ K(F,). For this, first note that Mod(Z)?~™! ~ Mod(Endz(F,)).
Indeed, by Theorem 2.6.6, we only need to show that F, € Mod(Z)Zl/Pl=tors g 5
compact generator. That it is compact is clear, and to see that it generates, sup-
pose mapy(Fp, X) =~ 0 for some X € Mod(Z)?[1/Pl=t*s  Then the map p: X =~
mapz(Z,X) — mapz(Z,X) ~ X is an equivalence. Thus, X € Mod(Z[1/p]) also,
and so X =~ 0 as required. Having shown this, since Endz(F,) ~ F, & Fy[—1],
the conditions of Theorem 5.9.14 clearly hold and we can apply the theorem to
get simultaneously that K(Perf(Z)Z[M/Pl=tors) ~ K(Endz(F,)) ~ K(F,) and that
K_1(Perf(Z)#[L/pl=tors) > K (Endz(F,)) = 0. O
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6 Algebraic K—theory: Land—Tamme
circle—dot excision

6.1 Overview

We have seen in §4.5 that nonconnective K—theory K satisfies excellent descent prop-
erties (i.e. it is a localising invariant valued in spectra). In doing actual calculations
in K—theory, one is naturally led to ask the following:

Questions 6.1.1 (Milnor descent). Suppose we are given a square of rings

A—— B

l l (6.1)

A —— B,

which is either a pullback or a pushout, when does it happen that the induced square
of (nonconnective) K—theory spectra

K(A) —— K(B)

J J

K(A") —— K(B')
is a pullback in Sp?
Such a pullback of K—theories would yield a long exact sequence
co = Ko(A) @ Ke(B) — Ko(B') — Ky (A) — -

of abelian groups, which is very powerful for computations, and the search for such
long exact sequences has a distinguished history. However, as pointed out in the
introduction to [LT19], Swan showed that there are no functors “K5” from rings to
abelian groups fitting into such a long exact sequence of abelian groups.

This descent question was the fundamental question which formed the basis of the
celebrated twin papers [LT19; LT23] of Markus Land and Georg Tamme. Their key
insight is that one does have a pullback of K—theories by universally replacing either
A or B’, as the following theorem makes more precise:

Theorem 6.1.2 (Theorem 6.5.10). Suppose we have a pullback square and a pushout
square of E1—-rings
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A—— B R—— S
J

17 -

A —— B R — 9.

Then there is are associated natural Ey—rings A’ QE, B and R'Xg S and refined com-
muting diagrams of Eq—rings

A—— B R

| ST

A —— A eop B R’@g/S%S

N Lo

whose inner squares are sent to pullback squares by K-theory (in fact, by any localising
invariant valued in a stable category). The underlying spectrum of A’@EIB 18 equivalent
to A'®@a B and the underlying spectrum of R'®g/ S is equivalent to the pullback R' x ¢ S.
The underlying diagrams of spectra are the canonical ones.

This theorem provides a very general strategy to answer the Question 6.1.1: since
we already have pullback squares of spectra

K(A) —— K(B) K(R' Hg S) — K(S)
K(A') —— K(A' O B) K(R') —— K(S"),

the problem now is to show that K(A’ ®p B) — K(B’) and K(R) — K(R' Kg S)
are equivalences. In other words, this turns a question about pullbacks of rings into
a question about pushouts of rings and vice versa. These are surprisingly tractable
problems — essentially by virtue of the concrete descriptions of A’ ®g B and R’ Kg S
given in the theorem — that can be dealt with in many concrete situations, and indeed
[LT19; LT23] go to great lengths in showing us how to approach such questions by
unifying and generalising many famous old results with their theory.

The goal of this chapter is to state and prove the main theorems of these papers
in the form of Theorems 6.5.1, 6.5.4, 6.5.9 and 6.5.10. The decisive construction of
these papers is the circle—dot—construction, which in turn rests upon the notion of
oriented pullbacks. The key magic of all these things turn out to be quite simple, as
encapsulated by Proposition 6.5.2. We will treat all of these in detail in the coming
sections before coming to the proofs of the main results. To end the chapter, we will
see a selection of very cool applications as presented in [LT19; LT23].

6.2 The technology of oriented pullbacks

This is mostly based on the theory developed in [Tam18].
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6 Algebraic K—theory: Land-Tamme circle-dot excision

Construction 6.2.1 (Oriented pullbacks). Given a cospan A & C <& B of stable
categories, we can define the oriented pullback as the pullback in the diagram

—> Al
Axp7c7q8 — C

| - l

AxB — (CxC
pXq

Note that there is an asymmetry in lax pullbacks that are not seen in ordinary pull-
backs. As such, objects in .A;gpvc’qli' look like triples (X,Y, f) where X € AY € B,
and f: pX — qY. If the maps p,q are clear, we will also often opt for the shorter
notation AXcB.

Note that an oriented pullback canonically fits into a lax square

—> prB
AXpc B >

prAl / Jq (6.2)
A C

p

where the transformation f is given by the map f: pX — ¢Y) associated to the object
(X,Y,pX > V).

Observation 6.2.2. Unwinding the formula for mapping anima in pullbacks, for

(A, B,pA EN qB), (A", B', pA’ TN ¢B') € AX¢B, we have the formula

Mapy; ((A7 B,pA ER qB), (A, B’ pA’ f—/> qB’)) —— Mapg(B, B’)

| [

Map 4(A4, A") Mape (pA, ¢B’)

flop

Using this, we see that we have fully faithful inclusions
ji: A AXeB i A (A,0,pA —0)

jo: B AXeB i B (0,B,0 = ¢B)

Moreover, by [Lurl2, Lem. 5.4.5.2, Lem. 5.4.5.4] colimits are formed pointwise. In
particular, for every (A, B,pA i) gqB) € .A;ZCB, we have the key fibre sequence

(0,B,0 — qB) — (A, B,pA L ¢B) = (4,0,pA — 0)

Proposition 6.2.3 ([Taml18, Prop. 10], [LT19, Lem. 1.5]). There is a right—split
Verdier sequence

B < ARoB — s A

~_ ~ ~_ 7

2 J1
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Moreover, if p: A — C had a right adjoint r, then ji1: A — AXcB admits also a right
adjoint, which is concretely given by

(A, B,pA EN gB) — fib(A — rpA o, ugB)

Proof. For the first part, by the usual yoga of Verdier sequences, it is enough to show
one of the adjoints, and this is not hard using the mapping anima formula above. To
see the second part, let A’ € A. Then by the formula in Observation 6.2.2 we have

Maps ((A7,0,pA’ = 0), (4, B,pA L5 qB)) ——————— Mapy(0, B) ~ 0
I - |

Map 4(A’, A) Map¢(pA’, ¢B) ~ Map 4(A4',r¢B)

whence the desired conclusion. O

Lemma 6.2.4 ([LT19, Lem. 1.9]). If A and B are generated by a sets of objects S and
T respectively, then AX¢B is generated by the set {(X,0,0)|X € S}U{(0,Y,0)|Y € T?}.

Proof. This is because we have fibre sequences (0, N,0) — (M, N, f) — (M,0,0). O

Lemma 6.2.5 ([LT23, Lem. 2.2]). Suppose that the functor p: A — C admits a right
adjoint r: C — A. Then there is a canonical equivalence

AQP,QQB = A;id,A,rqB (X,Y,pX i> V) — (X,Y, X L rqY)

where ]? is the adjoint of f. Similarly, if ¢ admist a left adjoint s: C — B, then there
s a canonical equivalence

AR peaB = A ppaB = (XY, pX L gv) = (X, v, spx L v)
where again f is the adjoint of f.

Lemma 6.2.6 ([LT23, Lem. 2.3]). Let A L ¢ & B be a diagram of stable categories
and assume that A, B are compactly generated presentable, and C is cocomplete, and
that p, q preserve small colimits, and moreover that p preserves compact objects. Then
A;ZCB is compactly generated presentable stable and (A>—<>CB)“’ ~ A‘”;{cBw.

6.3 The circle-dot—construction for rings

Throughout, k will be a base Ep-ring spectrum. We write Cat® = MOdPerf(k)(Catperf)
for the category of small, idempotent—complete, k—linear categories.
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The construction

Definition 6.3.1 (Milnor contexts, [LT23, §2.2]). A Milnor context (over k) consists
of a triple (A", B, M) where A’ and B are objects in Algg, (Mod(k)) and M is a pointed
(B, A")-bimodule in Mod(k), i.e. a (B, A")-bimodule equipped with maps a k-linear
map k — M and maps A’ = M <> B where the first map is right A’-linear and
the second is left B-linear. Equivalently, it is a (B, A’)~bimodule M equipped with a
(B, A’")-bimodule map B ®; A" — M.

Construction 6.3.2 (A’ X, B, [LT23, Cons. 2.5]). By Morita theory (c.f. [Lurl?7,
Rmk. 4.8.4.9]), the datum of a bimodule M is equivalent to the datum of a colimit—
preserving and k-linear functor M = (—) ® g M : RMod(B) — RMod(A’). We define

RMod(A')X yyRMod(B) == RMod(A’) X4 rmod(a) ;y RMod(B)

so that an object consists of a triple (X,Y, f) where X € RMod(A4’), Y € RMod(B),
and f: X - Y ®g M is a map of right A’~modules.

We have yet to use the basepoint structures so far, and we utilise them now. We
m

define A == (A’, B, A’ ™% M) € RMod(A4’)X y,yRMod(B) and
A= A"y B :=Endz(A). (6.3)

By Lemma 6.2.6, we see that A is a compact object. Thus, by Theorem 2.6.6, we
obtain a fully faithful colimit—preserving functor

i: RMod(A4) — RMod(A’)X yRMod(B) (6.4)
sending A to A.
Lemma 6.3.3 ([LT23, Lem. 2.7]). There is a canonical pullback diagram

A— B

L

A" M
of (A, A)-bimodules, where the maps A — A’ and B — B are ring maps.

Proof. By Observation 6.2.2, we have the following pullback of spectra

mapyz (A, A) —— mapp(B, B)

J J

map 4 (A', A") > map 4 (A", M).

It is then straightforward to see that this pullback square identifies with the square in
the statement. O
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Observation 6.3.4. Note that the compositions
i1: RMod(A) <5 RMod(A') % yRMod(B) 2% RMod(A')
i2: RMod(A) <y RMod(A’);ZMRMod(B) Proj, RMod(B)
are effected by basechanging along the ring maps from Lemma 6.3.3.

Construction 6.3.5 (Circle-dot category and ring, [LT23, Cons. 2.8, Prop. 2.9]).
We define RMod(A") ® RMod(B) to be the Verdier quotient in the Verdier sequence

RMod(A4) —— RMod(A4") Xy RMod(B) —2 RMod(A’) ®3; RMod(B)
using the inclusion map ¢ from (6.4). We then define A’ ®5; B to be the k—algebra

A" ©p B = Endgmod(an e, mMod(B) (2(0, B, 0)).

Note that since (0, B,0) € RMod(A")X yRMod(B) was compact by Lemma 6.2.6, we
see that p(0, B,0) € RMod(A’") ®y RMod(B) is compact too.

Proposition 6.3.6 ([LT23, Prop. 209]). As a cocomplete k-linear category,
RMod(A") ®p RMod(B) is generated by p(0,B,0). In particular, RMod(A’) O
RMod(B) ~ RMod (A" ®ys B).

Proof. By Lemma 6.2.4, it is immediate that (0, B,0) and (A’,0,0) is a set of compact
generators for RMod(A’)X yyRMod(B). Furthermore, observe that (A’, B, m) is in the

image of the inclusion (6.4) by construction of A. Now, observe that we have a fibre
sequence in RMod(A’)X yyRMod(B)

(0, B,0) — (A’, B,m) — (4,0,0)

and so since p(4’,B,m) ~ 0 € RMod(4’) ®y» RMod(B), we see that p(0,B,0)
Qp(A’,0,0). Hence, p(0, B,0) is a compact generator in RMod(A") ®y RMod(B) as
claimed. The last statement is just an application of Theorem 2.6.6. O

1

Construction 6.3.7. Recall the maps 71,2 from Observation 6.3.4. We write also
j1: RMod(A’) — RMod(A")X yyRMod(B)
j2: RMod(B) — RMod(A4’)X yRMod(B)

for the inclusion functors from Observation 6.2.2. Now consider the diagram

RMod(A) ——2 5 RMod(B)

ill / jjz pi2

RMod(4') - RMod(A’)X ,yRMod(B)

I
Qpji RMod(A4") ®y RMod(B)
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where k1 and ko are just defined to be the appropriate composites, and where 7: €2j; o
11 = jg 013 comes from the rotated sequence of Observation 6.2.2

QX ®4 A',0,0) — (0, X @4 B,0) — (X ®4 A, X @4 B,m)

where m is the map id@m: X @4 A - X @4 M ~ (X ®4 B) @ M. As we saw in
Construction 6.3.5, the functor p sends 7 to an equivalence, and so the outer square
commutes.

Ezample 6.3.8 (Pullback of rings). Here is the key example that formed the basis of
[LT19]. Suppose we have a pullback of E;-rings

A— B

J - J (6.5)

A —— B

giving rise to a Milnor context (A’, B, B") whose associated ring A’ Xp/ B agrees with
the pullback ring A given in (6.5) by virtue of Lemma 6.3.3.
There is then a functor c¢: Perf(A’ );Perf( p)Perf(B) — Perf(B’) given by

(M,N, M ENS Y ®@p B') — cofib(M @4 B’ ERS N ®@p B'). This moreover fits into a
diagram

Perf(A) B Perf(B)

ill / [jg

Perf(A’) o Perf(A’);perf(B/)Perf(B)

v \

k1 Perf(B’)

where ki and kg are the maps induced by the ring maps A’ — B’ and B — B’, and
where the lax/commutation structures are given by:

e 7:()jj 0i1 = jy 01y comes from the rotated sequence of Observation 6.2.2
(QM @4 A’,0,0) — (0, M ®4 B,0) — (M ®4 A', M ®, B, can)
where can is the equivalence (M ®4 A’) ®'y B' ~ (M ®4 B) ®p B/,
e ai: coQj; = ky is given by
a1: ¢(QM,0,0) ~ cofib(QM &'y B' = 0)~ M @y B' = M @4 B’
e as: cojy = ko is given by

az: ¢(0,N,0) ~ cofib(0 - N @3 B') = N @p B’
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Observe that these natural transformations paste to give the datum of a commuting
square equivalent to the canonical one obtained by applying Perf(—) to (6.5). This is
tantamount to checking that the diagram of natural transformations

Qrin(M) —=— kyig(M) ~ (M ®4 A') @4 B

CTMJ/ :lcan

cjoia(X) —2—s kig(X) ~ (M ®4 B) ®p B’
commutes naturally in M. To see this, consider the defining cofibre sequence
(QM ®4 A',0,0) 25 (0, M ®4 B,0) — (M ®4 A', M ®4 B, can)

Applying the cofibre construction in the definition of ¢ on this cofibre sequence, we
obtain the required identification of c¢rp; with can by virtue of the following diagram
of cofibre sequences

QM @4 A @4 B’ 0 (M @4 A") @4 B’
0 ——————— (M®4B)®p B —— (M ®4 B)®p B’

J H J

(M o4 Ao B 5 (M®4B)®g B ———— Q

where @ is both cofib(c7ys) and cofib(can).

Moreover, note that c: Perf(A’ );Zperf( p)Perf(B) — Perf(B’) vanishes on the
full subcategory Perf(A). Hence, we obtain a unique factorisation of ¢ through
¢: RMod(A’ ®p B) — RMod(B'), so that as in Construction 6.3.7, we obtain a com-
muting diagram

RMod(A) —2—— RMod(B)
i1l jpjz ko
RMod(4') g RMod(4’ Oy B) (6.6)

! RMod(B’)

where, by virtue of the previous paragraph, the outer diagram is the one induced by
(6.5).

In order to analyse this construction, it would be beneficial to record the following
highly structure version of Schwede-Shipley. For this, recall that Algg is just an
object in a symmetric monoidal category together with a map from the tensor unit.
In particular, Algg, (CatPe™) consists of pairs (C,C) where C € CatP*™ and C € C.
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Lemma 6.3.9 (Functorial Lurie-Schwede—Shipley, [LT19, Lem. 1.10]). The associa-
tion R+ (Perf(R), R) extends to a fully faithful functor Algg (Sp) — AlgEO(Catperf)
whose essential image consists of pairs (C,C) for which C generates C, and its inverse
is given by (C,C) — map.(C,C).

Corollary 6.3.10 ([LT19, pg 11]). We have a commuting diagram of categories

RMod(A) —2—— RMod(B)

i |

RMod(4) 225 RMod(A' o B)
extracting the endomorphism rings of which yields a commuting square of E1-rings

A—— B

J l (6.7)

A —— A B.

In the situation of a Milnor context arising from a pullback of rings as in Exam-
ple 6.3.8, the square of rings (6.7) refines the commuting square (6.5), i.e. there is a
commuting diagram of E1—rings

A— B

J J

A —— AR B

Proof. Immediate from Construction 6.3.7 and Lemma 6.3.9. The second part in the
case of pullbacks of rings is obtained by applying Lemma 6.3.9 to (6.6). O

Identifying the circle—dot ring

In this subsection, we will identify the abstractly defined circle-dot ring.

Notation 6.3.11. Taking the appropriate fibres in Lemma 6.3.3, we have the diagram

I I
L]
J A——B
I e
J A M
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Then [ is automatically a (B, A)-bimodule. Viewed as the fibre of A — A’ I is the
(A, A)-bimodule obtained by forgetting the (B, A)-bimodule structure to an (A, A)—
bimodule. Since I and B have canonical (B, A)- and (A, B)-bimodule structures,
I ®4 B has a canonical (B, B)-bimodule structure. We can similarly define J =
fib(A” — B') with all the attendant bimodule considerations.

Proposition 6.3.12 ([LT19, Prop. 1.13, 1.14]). Let (A’, B, M) be a Milnor context.
Then:

(1) The underlying k—module of A’ ©p B is A’ ®4 B.
(2) Under (1), we have a fibre sequence of (B, B)—bimodules

I®sB— B — A Oy B.

(8) Under (1), the ring map A" — A'®p B induced by the functor Qpjy is the obvious
map A" — A’ @4 B. Moreover, the underlying (A’, A")-bimodule of A’ ®pr B sits

i a cofibre sequence

A@sd — A — A oy B.

Proof. The strategy is to first prove the cofibre sequence in (2) and then use it to
deduce (1). To establish notations, recall that by construction that we have a right
split Verdier sequence

RMod(A) —“— RMod(A’) X,y RMod(B) —2 RMod (A4’ ®y; B)
F\_/ \/’

S T
where by general Verdier sequence yoga, the right adjoint r sits in a cofibre sequence
in RMod(A’)X 3y RMod(B)
is = id = rp (6.8)

For the fibre sequence in question, note that the E;—ring map (and hence also a
(B, B)-bimodule map) B — A’ ®j B can also be described as mapy (jo B, j2B) —
map, (pjeB,pjeB). Using the p 4 r adjunction and the sequence (6.8) we obtain a
cofibre sequence of (B, B)-bimodules

mapy(j2B,isjoB) — mapy (jo B, joB) — mapy(jo B, rpj2B)

Now, sjoB = 5(0,B,0) = 0 xpgzm B ~ 0 X B ~ I as an A-right module. Hence,
using the adjunction js = me from Proposition 6.2.3, the first map in the preceding
sequence becomes

mapg(B,I ®4 B) — mapg(B, B)

Now it is a general fact that if X is a (B, B)-bimodule, then X ~ mapg(B, M) as a
(B, B)-bimodule. Hence this map is identified, as (B, B)-bimodules, as I ® 4 B — B,
yielding the claimed sequence I ®4 B —+ B — A’ @ﬁl B of (B, B)-bimodules.

154



6 Algebraic K—theory: Land-Tamme circle-dot excision

Next, we prove point (3). The strategy is to first repeat the arguments of point (2)
to get the desired (A’, A")-bimodule cofibre sequence, and then carry out an extra step
of showing that this identification is compatible with the identification already made
in (1). Recall that we had the map (7: Qj1i14 — jaizA) ~ (7: Q(A’,0,0) — (0, B,0))
which becomes an equivalence upon applying p. Consider the following map of vertical
cofibre sequences

*

mapz (1A', Q1 A') «Z— mapz (jo B, rphj1 A') —— maps(j2B,rpj2B)

T T T

map3 (1A', Qj1A’) «——— map3(j2B, U1 A') ——— map3(j2B, j2B)

T T T

mapy (Qj1 A4, isQj1 A") «—— mapy(j2B,isQj1A’) —— mapy(j2B, isj2B)

The inclusion ji: RMod(4’) < RMod(A’)Xrpoed(pyRMod(B) induces an Ei-
identification
A" ~map 4 (QA", QA") ~ mapz (1 A", Q1 4")

and so the E;-map A’ — A’ ®@F B induced by Qpj; is equivalent to the top left
vertical map. By the same methods as in the proof of point (2) and now using also
the concrete description of the adjunction j; - r from Proposition 6.2.3, analysing the
left vertical cofibre sequence gives the desired cofibre sequence in point (3). Now, the
identification of point (1) expresses the top right term as A’ ® 4 B and our task is to
show that, together with the new identification of the top left term as A’ ® 4 B, the
top horizontal composite is the identity. For this, note that the bottom two pullback
squares can be identified as

A 0 B

T T T

A4 «—— QA @4 B —— I 4B

and hence taking vertical cofibres, it becomes the identity on A’ ® 4 B. O

Proposition 6.3.13 ([LT19, Prop. 1.15]). In the situation of a Milnor context arising
from a pullback of rings as in Example 6.5.8. Under Proposition 6.3.12 (1), the ring
map A' OB B — B’ from Corollary 6.3.10 is given by the obvious map A' @4 B — B’
mduced by the ring maps A’ — B', B — B’, and the multiplication on B’.

Proof. By Corollary 6.3.10, the composite E;-maps A’ — A’ 0§ B — B’ and B —
A @ffl B — B’ are the given ring maps. In particular, the first composite implies that
A'®% B — B’ is A'-left linear. But then by point Proposition 6.3.12 (3), as an A’left
module, A'®% B is equivalent to A’ ®4 B, and so A’®% B — B’ is the unique A’-left
linear extension of the obvious map B — B’, as required. O
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Observation 6.3.14 ([LT19, Rmk. 1.16]). Suppose we have a pullback square of E;—
rings as in (6.5). Write I := fib(B — B’). By Proposition 6.3.13, the map A’ ©% B ~
A’ ®4 B — B’ is also the unique B-right linear extension of the ring map A" — B'.
Hence, together with Proposition 6.3.12 (2), we obtain a map of cofibre sequences

I®aB —— B —— Aol B

I
1 B B’
where the left vertical map is the B-right module structure on I.

Proposition 6.3.15 ([LT23, Prop. 2.10]). Let (A', B, M) be a Milnor context. Then
the k—algebra map A — A’ ©pr B extends uniquely to an (A', B)—bimodule map A’ ® 5
B — A" ©p; B which is an equivalence. Under this equivalence, the ring maps A" —
A" Oy B and B — A’ ®pp B correspond to the canonical maps A' — A’ @4 B and
B — A’ ® 4 B, respectively.

Proof. Firstly, note that via the ring maps from Corollary 6.3.10, A’® ;B is canonically
an (A, A)-bimodule and the map A — A’ ®; B is an (A, A)-bimodule map. Since
A" ®4 B is the free (A’, B)-bimodule on the (A, A)-bimodule A, there is a unique
(A’, B)-linear extension A’ ®4 B — A’ ©®p B as claimed. The last statement in the
proposition is then clear from this construction.

To see that A’ ®4 B — A’ ©®) B is an equivalence as (A’, B)-bimodules, consider
the fibre sequence of (B, B)-bimodules

I®q4B—B— A oy B

from Proposition 6.3.12 (2). On the other hand, we also have a fibre sequence of
(A, A)-bimodules I — A — A’ and so by extension of scalars, a fibre sequence of
(A, B)-bimodules
I®AB—>B—>A,®AB.

Thus, comparing with the previous fibre sequence, we obtain a canonical equivalence
A @4B = Aoy B as (A, B)-bimodules. To see that this map is (A’, B)-linear, since
we know already that it is (A4, B)-linear, this map is the unique (A4, B)-linear extension
of the (A, A)-linear composite A’ M9B, A9 B = Ay B. By Proposition 6.3.12 (3),
this composite is the k—algebra map A’ — A’ ®js B constructed above. In particular, it
is (A’, A)-linear. To finish, it is just now just a general fact that extending an (A’, A)—
linear map as an (A4, A)-linear map to an (A, B)-linear map yields an (A’, B)-linear
map. This completes the proof. O

6.4 The circle-dot construction for categories

In this section, we use the circle-dot—construction to provide a candidate category that
we will later prove in Theorem 6.5.1 to compute the pushout in Cat¥. This illustrates
the second instance of the usefulness of the circle-dot philosophy.
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Notation 6.4.1. Let k be an Ey-ring. We write Prl (k) for the nonfull subcategory
of LModp,z(Mod(k)) on the compactly generated categories and compact—preserving
functors. Note that since Mod(k) is stable and Sp is an idempotent algebra in Pr’,
being a module over Mod(k) automatically implies being a stable category.

Proposition 6.4.2 ([HSS17, Prop. 4.5 and 4.9]). Let k be an Ea—ring. The equivalence

Ind: CatPe! = Pré’w . (=)¥ induces an equivalence Ind: Cat® = PrL(k): (—)~.

Construction 6.4.3 (Pushouts in Cat®, [LT23, §3.1]). Consider a span A’ <~ Ay > B
in Cat®. Using the functor v* from the adjunction v : Ind(Ap) = Ind(B) : v*, we may
form the oriented pullback

Al?id,u;v*B = A/;id,lnd(ﬁl’),uw*g (69)

whose objects consists of triples (X,Y, X — uwv*Y) with X € A" and Y € B. Consider
the canonical functor

io: Ag — AXiquB 1 Z = (w(Z),0(Z),u(Z = v*u(Z))) (6.10)

and let A C A’ Qidﬂw*B denote the thick subcategory generated by the image of this
functor. Furthermore, we define A" © 4, B to be the Verdier quotient fitting in the
Verdier sequence

A s AXiqu- B —L> A O, B = (A XiqupwB). (6.11)

Writing
g A — A X w0 B da: B — A B

for the inclusion functors and
. — P 4/ . — pr
21 A‘—)A/Xid7U!v*B—A>A/ 29! A‘—)A/Xid7U!v*B—B>B

for the compositions, we obtain as in Construction 6.3.7 a diagram

(6.12)

Qpja
where 7 is induced by the natural fibre sequence

Q(X,0,0) — (0,Y,0) — (X, Y, /).
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By construction, p(7) is a natural equivalence between functors 4 — A" © 4, B, we so
we obtain commuting diagrams

Ay —*— B A—"2 B
q | i [ (6.13)
A/WA/@AOB A,WAIQAOB.

Example 6.4.4 ([LT23, Ex. 3.1]). If the span A’ < Ay — B is obtained from a span
A’ «+ Ay — B of k—algebras by applying Perf(—), then the oriented pullback (6.9) in
this case is the oriented pullback associated to the Milnor context (A’, B, B ®4, A).
Moreover, A in this case, as defined in Construction 6.4.3, identifies with Perf(A)
where A is as in (6.3), since by a straightforward unwinding of definitions, io(Ag) from
(6.10) is given precisely by A from Construction 6.3.2.

Here is a string of lemmas which are instructive and not overly difficult to work out
yourself. The proof of Lemma 6.4.5 also utilises the formula for the right adjoint of j;
given in Proposition 6.2.3.

Lemma 6.4.5 ([LT23, Lem. 3.3]). Suppose we have a span A' <~ Ay = B in Cat".
Then there is a canonical equivalence

®: Ind(B) Xy o+ Ind(A’) = Ind(A") Xig 0 Ind(B)

given by

(Y, X,v*Y L w* X) = (6b(F),Y, ib(f) — wv*Y).

Moreover, this fits into a commuting diagram

Ind(A') <A Ind(B) Xy o+ Ind(A") 25 Ind(B)
| Ry |
Ind(A") < Ind(A) X ique Ind(B) 25 Tnd(B)
where ji1. denotes the right adjoint of ji.
Lemma 6.4.6 ([LT23, Lem. 3.5]). The right adjoint of the functor iy : Ind(Ag) —
Ind(A") Xid,u-Ind(B) is given by

so: (X, Y, X ER wv'Y) = U X Xy ey UYL

Construction 6.4.7 (Passing to right adjoints). Given a pair of adjunctions
(F,G,e,n) and (F',G’,¢,n') and a natural transformation 7: F = F’, we may ob-
tain an adjoint natural transformation given by

T

o < ara 2 ara 29 q.
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Thus, by passing to the Ind—completions and right adjoints of all maps in (6.12) and
using the identifications provided by Proposition 6.2.3 and Lemma 6.4.5, we get the

lax square

Ind(Ao) v Ind(B)

uT / [pre (6.14)

Ind(A') 5 nd(B)X - Ind(A')

where the transformation ¢’ is given by
' Grer /
o G'® 1 GFG'd 9 GFGP S G (6.15)

with
F = leU!, F/ = jZ/U!a G = U*Ejl*) G, = ’L)*pI‘2B.

Here, we have temporarily used the notations
pry: Ind(B) X+ o+ Ind(A’) — Ind(B) pr: Ind(A") Xid,ue-Ind(B) — Ind(B)
to disambiguate the two instances of projections.

With these preparations in place, we will state and prove the key lemma that will
allow us to compute the pushout in Cat® of A’ < Ay 2 B as A’ G4, B.

Lemma 6.4.8 ([LT23, Lem. 3.4]). The diagram (6.14) identifies with the canonical

lax square (6.2) associated to the oriented pullback A’ v, Ao LB In particular,
restricted to the full subcategory of Ind(B) X+ o+ Ind(A’) C Ind(B)X = o+ Ind(A’) on the
objects (Y, X,v*Y i> u*X) where f is an equivalence, the transformation o’ becomes

an equivalence and so the resulting diagram is a pullback in Cat.

Proof. We analyse the transformation ¢’ from (6.15). By unwinding definitions, we
obtain canonical identifications

Yj1sje 2 wv®,  Xj1.® >~ pry, prg® ~ pry (6.16)
which computes the transformation ¢’ from (6.15) as
VT — uru v pr —— wtuy (v o)v prg — upr 4 (6.17)

where the first two maps are identified with the appropriate adjunction units.

To understand the last map in (6.17), by (6.15), it is obtained by applying
u*Sj1.(—)® to the counit of (' 4 G') = (jov - prgv*), which factos as the counit
of (v, 4 v*) followed by the counit of (jo» - prg). Therefore, using the canonical
identifications (6.16), the final map in (6.17) is given by the composite

u*uv*e «
wruv* (0ot pry ——— uruvpry — upr y
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where the map « is to be determined below. In any case, fitting this composite into
(6.17), we obtain that the map of interest is given by

v pry —5 utuvtpry —— wpr 4. (6.18)

To complete the proof, we analyse . This is induced by the adjunction counit for
(j2 1 pr%) on the functor @, or equivalently, the adjunction counit of (iﬁl Jo A prg =
prg®). We first note that on an object (F,Y,F — wv*Y) of Ind(A’) Xiq,u,,+Ind(B),
the counit of the adjunction (j2 4 pr%) is the canonical map (0,Y,0) — (F,Y,F —

wv*Y'). Thus, under the identification ® from Lemma 6.4.5, the adjunction counit for

(@~ 1jo 4 prg) on an object (Y, X, v*Y EN u*X) is the canonical map

o~ ~

(0,Y,0) — (fib(f), Y, fib(f) == wv*Y).

Now, applying 3714 to this natural transformation and using the formula of ji, from
Proposition 6.2.3, we obtain uyv*Y — coﬁb(ﬁb(f) E ww*Y) ~ X. Thus, applying
u* to this and precomposing with the unit of (u; 4 u*), we obtain the map f. That is,
the map (6.18) applied to an object (X,Y,v*Y EN u*X) is given by the map f. This
completes the first part of the lemma, and the claim that we obtain a pullback square
by restricting to the full subcategory of Ind(B) >_<)v*7u* Ind(A") where f is an equivalence

is now immediate. O

6.5 The main theorems of Land—Tamme

We can now combine the harvest of the previous sections to give the main theorems
of [LT23] in the form of Theorems 6.5.1, 6.5.4, 6.5.9 and 6.5.10. We first present the
abstract categorical pushout result.

Theorem 6.5.1 ([LT23, Thm. 3.2]). The square

Ay —2 B

ill lmz
!/ /
A W A @AO B
from Construction 6.4.3 is a pushout square in Cat®.

Proof. By the equivalence Cat® ~ PrZ (k) from Proposition 6.4.2, we may equivalently
show that the Ind—completed square

Tnd(Ao) Ind(B)

ill [pjz

Ind(A/) m Ind(.A’) ®Ind(.A0) Ind(B)
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is a pushout in PrZ(k). We first claim that it suffices to show that this is a pushout
in Prk. To this end, note that by construction, Ind(.A’) Ornd( Ao) Ind(B) is a Verdier
quotient of Tnd(A") Xiq ueInd(B), and by Lemma 6.2.6, Tnd(A’) Xiq v+ Ind(B) is com-
pactly generated by the images of the compact objects from Ind(A’) and Ind(B). Hence,
if we are given a functor ¢: Ind(A’) Orq(4,) Ind(B) — & in Prl(k) such that both re-
strictions to Ind(A’) and Ind(B) preserve compact objects, then so does the functor ¢.
Therefore, it suffices to show that the square above is a pushout in Pr”(k). But then,
since fgt: Pri(k) = LModMOd(k,)(PrsLt) — Prl is conservative and preserves colimits
because (co)limits in module categories over presentably symmetric monoidal cate-
gories are computed underlying, it thus suffices to show that the square is a pushout
in Pr% as claimed.

Now, by Observation 2.2.10, our problem is now equivalent to showing that the
square of right adjoints

Ind(Ag) v Ind(B)
v ]prgp*

Ind(A') 222 Ind(A) Ona(a,) Ind(B)

is a pullback in (/]a\t, that is, we need to show that the canonical map Ind(A") Oryq(.4,)
Ind(B) — Ind(A") Xy» »+ Ind(B) is an equivalence.
By construction, we have a right—split Verdier sequence

Ind(A) —— Ind(A') Xid,ue-Ind(B) —> Ind(A) Oraa(a,) Ind(B).
\5/ \/

D=

In particular this identifies Ind(A’) Omaca,) Ind(B) with ker(s).  We write
S0: Ind(.A’) Xiduv+Ind(B) — Ind(Ap) for the right adjoint of ig. Now, by construc-
tion, the map i: Ind(Ap) — Ind(A’)Xiqu~Ind(B) factors through i: Ind(A) —
Ind(A’) Xiq up+Ind(B) and Ind(Ag) — Ind(A) generates the target under colimits, and
so the right adjoint of Ind(Ap) — Ind(.A) is conservative and hence ker(sg) = ker(s) ~
Ind(A’) Orna(4,) Ind(B). We claim that the top equivalence ® from Lemma 6.4.5 in

Ind(B) X+ o Ind(A') —2— Ind(A") Xid 4,0~ Ind(B)

] ] (6.19)

Ind(B) X+ 4+ Ind(A") ker(sg)

restricts to the bottom equivalence. Here we have viewed, by virtue of Lemma 6.4.8,
the pullback on the left hand side as the full subcategory of the oriented pullback
consisting of those objects (X,Y, f) where f is an equivalence. By Lemma 6.4.8, the
desired result will then be an immediate consequence of the claim.

To prove (6.19), note that obviously @ restricts to an equivalence ker(sp o ®) —»
ker(sg), so we just need to determine ker(sy o ®). We thus have to show that
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(Y, X,v*Y ERN u*X) € ker(sp o ®) if and only if f is an equivalence. This is now a
straightforward application of the formula for ® from Lemma 6.4.5 and the formula for
so from Lemma 6.4.6, since these formulas imply that we have the left pullback/pushout
square in

s50® v*Y cofib(sp® — v*Y')

R

~ u*

uw ib(f) —— vy ———— u*X

which implies that the right vertical is an equivalence. Hence, so® ~ fib(f), and so
so® ~ 0 if and only if fib(f) ~ 0. O]

Next, it would be good to isolate the standard motivic manoeuvre common to many
of the results in the section.

Proposition 6.5.2 (Circle-dot descent, [LT19, After Lem. 1.11]). Suppose we have a
span A <& Ay 2 B in CatF. Then the square

A—" B

y [

/ /
A WA@AOB

is a motivic pullback square.

Proof. Let E: CatP®f — & be a localising invariant. By the Verdier sequence defining
A" © 4, B from (6.11), we get a fibre sequence in the stable category &€

B(A) — E(A’?idw B) s B(A @4, B). (6.20)
By Proposition 6.2.3, we obtain the equivalence in

B(ir) & E(iz): B(A) — (A ig 0 B) Pt B0, poary & B(B).

Hence, the fibre sequence (6.20) shows that the square in the statement gets sent to a
pullback by the functor F, as was to be shown. O

Corollary 6.5.3 ([LT23, Cor. 3.6]). Suppose we have a pushout square in Cat”

Ay —2— B

1]

A —— Q.

Then with A as constructed in Construction 6.4.3, the induced square

162



6 Algebraic K—theory: Land-Tamme circle-dot excision

A—

:

O—

s

18 a motivic pullback square.

Proof. By Theorem 6.5.1, we know that @ ~ A’ ® 4, B. Hence, the statement about
the motivic pullback square is then obtained by Proposition 6.5.2. O

Theorem 6.5.4 ([LT23, Thm. 1.1]). To a Milnor context (A’, B, M), there are natu-
rally associated k—algebras A = A'Xy; B and A’ ©p; B, and a motivic pullback diagram

AXyB— B

l J (6.21)

A — A oOp B.

of k—algebras. Moreover, the underlying (A, A)-bimodule of A’y B canonically iden-
tifies with the pullback A’ xy; B, the underlying (A’, B)-bimodule of A’ ®p B canon-
ically identifies with A’ ® o4 B, and the underlying diagram of (A, A)-bimodules is the
canonical one.

Proof. The last three statements are supplied by Lemma 6.3.3, Proposition 6.3.15,
and Corollary 6.3.10. The statement about motivic pullback squares is by the argu-
ments in Proposition 6.5.2. O

Definition 6.5.5 (Tensorisers). Let (A’, B, M) be a Milnor context and A := A'X,; B
as in Construction 6.3.2. A tensoriser for (A’, B, M) consists of k—algebra maps Ay —
A’ and Ay — B together with a commuting diagram

A0*>B

L]

A — M

of (Ap, Ag)-bimodules, such that the induced (B, A’)-bimodule map B ®4, A" — M
is an equivalence. We will often abuse terminology and call Ay the tensoriser.

In fact, tensorisers fit into the larger context of maps between Milnor contexts, which
captures the functoriality of the circle-dot—constructions on rings.

Definition 6.5.6. A map of Milnor contexts (C', D, N) — (A’, B, M) over k consists
of k—algebra maps C’ — A’ and D — B, a map of (D, C’)-bimodules N — M, and a

commuting diagram

N——M

~N 7

k.
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Ezxample 6.5.7. Using the notion of a map of Milnor contexts above, we may then phrase
the datum of a tensoriser as that of a map of Milnor contexts (Ag, Ao, Ao) — (A, B, M)
which has the further property that the (Ag, Ag)-bimodule map Ay — M induces an
equivalence B ®4, A" — M of (B, A’)~bimodules.

Maps of Milnor contexts also allows us to articulate the functoriality of the construc-
tions we have seen, which we will not prove in these notes and we refer the interested
reader to the appropriate reference.

Lemma 6.5.8 ([LT23, Lem. 2.14]). Given a map of Milnor contexts (C',D,N) —
(B', A, M), we obtain a canonical map of commutative squares of k—algebras

C'Xy D —— D AXyB— B
| I = |
o C/(DND A — A’@M B.

Theorem 6.5.9 ([LT23, Thm. B]). Let (4’, B, M) be a Milnor context with tensoriser
Ag. Then the canonical commuting square

Ay —— > B

J |

A/%AIQMB

from Theorem 6.5.4 and the map Ag — A from Lemma 6.5.8 is a pushout diagram in
Alg(k).

Proof. First, observe that the functor Perf(—): Alg(k) — Cat® factors as the composite
Alg(k) — (Catk)*/ 8% Catk where the fist functor sends A to the pair (Perf(A), A).
As in Lemma 6.3.9, we know that the first functor is a fully faithful left adjoint with
right adjoint given by sending (C, ¢) to End¢(¢). On the other hand, the second functor
preserves contractible colimits by Exercise 2.1.22 and is conservative, and so in total
the composite Perf(—): Alg(k) — Cat” is conservative and preserves pushouts. All in
all, it suffices to show that the diagram

Perf(Ayg) —— Perf(B)

J J

Perf(A’) —— Perf(A’ ©y B)

is a pushout in CatF.

To this end, note that since Ay was a tensoriser so that B ®4, A’ = M as (B, A’)~
bimodules, by Example 6.4.4, the pushout square in Theorem 6.5.1 is identified with
the square
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Perf(Ap) Perf(B)

J J

Perf(A") —— (Perf(A’)?MPerf(B))/Perf(A) = Perf(A’) ®ps Perf(B).

But by Proposition 6.3.6, we have Perf(A’) ®)s Perf(B) ~ Perf(A’ ®p B). This thus
completes the proof. O

Theorem 6.5.10 ([LT19, Main Thm.], [LT23, Thm. A]). Suppose we have a pullback
square and a pushout square of E1—k—algebras

A—— B R—— S
_I

L7 L

A —— B R —— 8.

Then there is are associated natural E;—k—algebras A’ @ﬁl B and R' Kg S and refined
commuting diagrams of k—algebras

e R\)
A —— A op B RXg S —— S

N Lo

whose inner squares are motivic pullback squares. The underlying k—module of A’@ﬁlB
is equivalent to A’ ® 4 B and the underlying k—module of R' Wg S is equivalent to the
pullback R' x g S. The underlying diagrams of k—modules are the canonical ones.

Proof. The first diagram is an immediate consequence of Theorem 6.5.4 and Corol-
lary 6.3.10, and the second of Theorem 6.5.4 and Theorem 6.5.9, using the Milnor
context (R',S,S ®p R') with tensoriser R. O

6.6 Application: quantitative K—theory descent for pullbacks

In this section, we explore various quantitative forms (in terms of connectivities) of
descent afforded to us by the main theorems.

Definition 6.6.1. Suppose we have a commuting square

X ——Y

I

J —— W

of spectra. We say that it is n—cartesian if the map X — Y Xy Z is n—connective (i.e.
T ib(X =Y xyw Z) =0 for r < n).
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Observation 6.6.2 (Interchanging connectivity questions, [LT19, Rmk. 2.2]). Suppose
we have a commuting square

in a stable category. Then by the equivalence (which we will prove below)
Qfib(ZUx Y - W) ~fib(X - Z xy Y), (6.22)

we deduce that the square above is n—cartesian if and only if the canonical map Z Ux
Y — W is (n + 1)—connective.

To see the equivalence, we note first that the total fibre tofib := fib(X — Z xy Y)
may be equivalently computed as the fibre in

tofib
l f
fib(f) X Y
QJ g’

fib(f) — Z —— W.
This is because tofib := X Xy, 7 0 is equivalent to
>~ (X Xz Z) XY xwZ (O X0 O) >~ (X Xy 0) X Zxw0 (Z Xz O) ~ ﬁb(f) Xﬁb(f/) 0.

Similarly, the total cofibre tocofib := cofib(Z Ux Y — W) is equivalently computed as
cofib(cofib(f) — cofib(f”)). Thus, by the equivalences

cofib(f) ~ X fib(f) cofib(f') ~ L fib(f") fib(ZUx Y — W) ~ Qtocofib,

we obtain the required equivalence (6.22) as claimed.

Definition 6.6.3 ([LT19, Def. 2.5]). A spectrum valued localising invariant E is said
to be k—connective if for every map A — B of connective E;—rings that is n—connective
for some n > 1 (in particular, it is a mp—isomorphism), the induced map E(A) — E(B)

is (n + k)—connective.

Theorem 6.6.4 (Abstract quantitative descent, [LT19, Thm. 2.7]). Suppose we have a
pullback of E1—rings as in (6.5) where all rings are connective, and E is a k—connective
spectrum~—valued localising invariant. If A’® 4 B — B’ is n—connective for somen > 1,
then
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is (n+ k — 1)—cartesian.
Proof. By Theorem 6.5.4, we get a pullback square
E(A) —— E(B)

J J

E(A) —— E(A' 0% B)

of spectra. Thus, by Observation 6.6.2, we are left to argue that E(A’®% B) — E(B)
is (n + k)—connective. But this is precisely supplied by the hypothesis on E. O

Now we want to fit K—theory into the situation above to obtain a quantitative descent
statement for K—theory.

Theorem 6.6.5 ([BGT13, Thm. 9.53]). Let R € Alg(Sp) be connective. Then the
ring map R — moR induces an equivalence T<oK(R) = T<oK(moR).

Construction 6.6.6 ([BGT13, pg. 819]). Let R € Algg, (Sp) which is connective.
Let GL,(R) == Autr(R®") and M,, := Mapp(R®", R®™) be the E;—anima of automor-
phisms and endomorphisms of R®™ in LMod(R), respectively, where GL,,(R) is even
a grouplike E;—anima. Then observe that we have a pullback of E;—anima

GL,(R) ———  M,R
| - J
(}Ln(ﬂofz)‘gggga A4ﬁ(ﬂ0]%)f: ﬂoﬂ4ﬁ}{
Moreover, there are natural maps GL,(R) — GL,11(R) and M,(R) — M,41(R)
which are compatible, induced by — @ R. We then define GL(R) = colim,, GL,(R)
and M (R) = colim,, M, R, and so by the compatibility aforementioned, we obtain a

map of E;—monoids
GL(R) — M(R).

Now note that, writing Freeg C LMod(R) for the full subcategory spanned by the
finite direct sums of R, the anima [[, -, BGL,(R) ~ (Freeg)™ naturally attains an
Eo—monoid structure using the direct sum. Thus, by Theorem 3.2.21, we obtain that

(Z x BGL(R))" = (][ BGLa(R)[(— @ R)7']* = (]| BGLA(R))®
n>0 n>0

is an Eoo—group. In particular, BGL(R)" is also an E,—group, i.e. a connective
spectrum.

Theorem 6.6.7 ([BGT13, Lem. 9.39]). Let R € Alg(Sp) be connective. Then there is
an equivalence Q° K(R) ~ Ko(moR) x BGL(R)" in CGrp ~ Spsq. In particular, we
have an equivalence Q> 7>1K(R) ~ Q*° 7>1K(R) ~ BGL(R)™.
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Theorem 6.6.8 (“K—theory bumps up connectivity by 17, [LT19, Lem. 2.4]). Suppose
A — B is a map of connective Ej—rings which is n—connective for some n > 1 (in
particular, it is a 7o—isomorphism). Then the map K(A) — K(B) is (n+1)—connective.

Proof. Since 7<oK(—) of R depends only on myR by Theorem 6.6.5, it thus suffices to
show the statement for 7>1K(—) ~ 7>1K(—). By Theorem 6.6.7, we have equivalences

0 751K(A) ~ BGL(A)* Q> 751K(B) ~ BGL(B) ™.

By inspecting the construction of GL in terms of pullbacks and using that mgA — moB

is an isomorphism, we obtain an equivalence
fib (GL(A) — GL(B)) — fib (M(A) — M(B)).

Since GL ~ QBGL because GL is already grouplike, and since m,M(R) ~ M (m.R),
the equivalence above and our hypothesis implies that the map

BGL(A) — BGL(B)

is (n+ 1)—connective, i.e. the fibre F' has m;F = 0 for ¢ < n. In particular, since n > 1,
this means that F' is simply connected and so we may apply the Hurewicz theorem to
get that I:Q(F ;Z) = 0 for © < n. Thus, by a simple application of the Serre spectral
sequence, we get that

H;(BGL(A); Z) — H;(BGL(B);Z)

is an isomorphism for ¢ < n and a surjection for ¢ = n+ 1. Since the plus—construction
is a homology isomorphism by Proposition 3.2.19 (1), we thus get that

H;(BGL(A)*;Z) — H;(BGL(B)™";2)

is an isomorphism for ¢ < n and a surjection for ¢ = n + 1. Hence, if we write
G = fib(BGL(A)"™ — BGL(B)™), then by standard Serre class arguments using the
Serre spectral sequence for the defining fibre sequence for G, we get that H;(G) =
0 for i« < n. Now, since BGL(A)' and BGL(B)" are infinite loop spaces and the
map BGL(A)* — BGL(B)" is a map in CGrp, we thus get that G is also naturally
an object in CGrp. In particular, this means that mG = H;(G) = 0, and so we
may apply the Hurewicz theorem to obtain that G is (n 4+ 1)-connective. Hence, the
map Q> 7>1K(A) ~ BGL(A)" — BGL(B)" ~ Q> 751K(B) is (n + 1)-connective, as
desired. O

Theorem 6.6.9 (Quantitative K-theory descent, [LT19, Thm. A = Thm. 2.8]).
Suppose we have a pullback of E1-rings as in (6.5) where all rings are connective. If
the map A’ @ 4 B — B’ is n—connective for some n > 1, then the induced diagram
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K(A) —— K(B)

J J

K(A") —— K(B')
18 n—cartesian.

Proof. Immediate combination of Theorem 6.6.4 and that K—theory is 1-connective
by Theorem 6.6.8. O

6.7 Examples and complements on the circle-dot ring

It is a fact (c.f. Remark after Main Theorem in [L'T19]) that if A — B and A — A’ are
maps of Ep—algebras, then the tensor product A’ ® 4 B carries a natural E;_;—algebra
structure. In particular, when k > 2, we see that A’ ® 4 B carries a natural E;—algebra
structure. In this section, we explore the divergence of this Ej—algebra structure from
the E;—algebra structure on the circle-dot ring A’ ®p; B from Theorem 6.5.4.

We first work out an instructive sample calculation of the circle-dot ring which
illustrates that, as rings, the circle-dot ring is different from the tensor of rings, even
though they are equivalent as bimodules. The idea here is that, even though the circle—
dot ring is mysterious in general, we may use the fibre sequences in Proposition 6.3.12
to figure out enough of its multiplicative structures by sandwiching it between objects
with better understood such structures.

Ezample 6.7.1 ([LT19, §4]). Let k be a discrete commutative unital ring and let « be
an element of k. The obvious ring maps then give us a pullback of E,—rings (which
may be checked on underlying k—modules, for which it is clear by checking on the
associated long exact sequences of homotopy groups)

l (6.23)
klz] —— k[z,y]/(yz — a).

Thus, by Theorem 6.5.4 we obtain an Ej-ring k[z] Oz (ya—a) kly] with underly-
ing spectrum k[z] ®; k[y]. The following calculation shows that it is not, however,
equivalent to k[z] ® k[y] as E;-rings.

First of all, observe that, since the ring map k& — k[z] is flat (the underlying k-
module of k[z] is just @,5¢k), the Ei-ring k[z] O y)/(ya—a) kly] is discrete with
underlying k—module k[z] ® k[y]. Secondly, note that in the Eo—ring k[z] ®f k[y], we
have the datum of an equivalence (z®1)- (1®y) ~ (1®y) - (x ®1). In particular, we
get that (z®1)- (1®y) — (1®y) - (z®1) has the property of being 0 (even though we
have forgotten the datum of this equivalence!) in the underlying E1—ring of k[x] @y k[y].
We show now that (r® 1) - (1®y) — (1®y) - (z® 1) fails to be equivalent to 0 in the

Ei-ring k[z] Oz g1/ (yo—a) kY-
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To see this, since by Theorem 6.5.4 we know that k[z] Op(z41/(ye—a) k[y] s equivalent
to klz] ® k[y] as (k[z], k[y])-bimodules, we know that (z ®1)- (1®y) ~ z® y in
k2] Okfz,y]/(yo—a) kly]. To compute (1®y) - (z®1), we need a sufficient understanding
of k[z] Oz /(ya—a) kly] as a k[y]-left module. So let I be the fibre of the right
vertical map in (6.23). By Proposition 6.3.12, we have the (rotated) cofibre sequence
of (k[y], k[y])-bimodules

k[y] — klz] Oy kly] -1 SI @ kly].

z,y]/(yz—a)

Representing this as chain complexes, this cofibre sequence may be rewritten as the
following diagram of complexes of left k[y]-modules

0 0 Ely] @ Ely]
J( can®id J( _j_) J(
kly] klx] @ k[y] klz,yl/(yz — a) @k kly].

Since j was a map of k[y]-left modules, we learn that
(l®y) @el)=Eyel) @el)=yrol=a01l=jal®1)).
Thus, we see that in k[z] Oz )/ (ya—a) kY]
1oy -@2el)=a(l01)+1® f(y)

for some f(y) € k[y]. In particular, (1®y) - (z®1)—(z®1)- 1®y)=(1®y) - (z®
1)—z®y #0in k[x] Oklz,y]/ (yz—a) k[y], whose underlying k—module is k[z] @ k[y], as
claimed.

Remark 6.7.2. Land—Tamme proved something stronger in [LT19, Prop. 4.1], namely
they identified the whole E;—ring structure of the circle-dot ring as k{x,y)/(yz — «)
where k(x,y) is the free noncommutative polynomial ring on two generators. But I did
not manage to understand their arguments (specifically, they claimed that the map j
was injective), so I have refrained from stating the full result in the example above.

Next, we record the following complementary situation where the circle-dot ring is
given by the tensor of rings. This was exploited by [LT23] in their Examples 2.19
and 2.20 to obstruct the existence of higher commutative refinements of the square of
Ei-—rings (6.21).

Proposition 6.7.3 ([L'T23, Prop. 2.18]). Let (A’, B, M) be a Milnor context. Suppose
that the diagram

A—— B

J J

A/%AIQMB
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from (6.21) refines to a diagram of Eo-k-algebras. Then A’ @ o4 B naturally attains an
E,—k-algebra and this is equivalent to A’ ©®pr B as E1—k—algebras.

Proof. Suppose that the diagram commutes as Es—k—algebras. Then the Es—map A —
A’ makes A’ an E;—A-algebra: this is since it induces an adjunction

—®4 A': Mod(A) = Mod(4’) : fgt

where the left adjoint refines to an E;—monoidal functor and hence the right adjoint
becomes lax Ej-monoidal. Applying Algg (—) to this adjunction and extracting the
adjunction unit then gives A" as an object in Algg, (Mod(A)). Similar arguments show
that we may view the Eo-map A" — A’ ©p B as a morphism in Algg (Mod(A)).
By similar arguments again, we obtain an adjunction — ®4 B: Algg, (Mod(A)) =
Alge, (Mod(B)) : fgt which gives A" ®4 B a canonical E;—B-algebra structure. More-
over, since we may also view A’ ®ys B as an object in Algg, (Mod(B)), the adjunc-
tion above extends the morphism A" — A’ ®p; B in Algg (Mod(A)) to a morphism
A'®y B — A" Op B in Algg, (Mod(B)). But by Proposition 6.3.15, the morphism
A" ®4 B — A’ ) B is an equivalence on underlying k—modules. Hence, it must also
be an equivalence as E;—k—algebras, as was to be shown. ]

6.8 Application: the theory of truncating invariants

The following is the key example of interest in this section:

Ezample 6.8.1 ([LT19, Proof of Thm. 2.25]). Let A be a discrete unital ring and I C A
a square—zero two-sided ideal, i.e. I? = 0. Consider the pullback of E;-rings

A— 5 AT

l lincl@can

coming from the theory of square—zero extensions (c.f. [Lurl7, §7.4.1]).

We claim that the map A/I ©®4/rexr A/I — A/I @ X1 exhibits the target as a
1-truncation of the source. To see this, note first that both sides are connective since
the underlying spectrum of the source is given by A/I ® 4 A/I by Proposition 6.3.12
and the target is clear. In fact, it is also clear that the target is 1-truncated. Now, by
Observation 6.3.14, we obtain a map of cofibre sequences

IToa A/l A/l AT ©ajrexs A/I
I A/l A/T &SI,

Since 11 = 0, the left vertical map is clearly m;-surjective. Furthermore, since I? = 0,
the right exact sequence of abelian groups I®ZI A I(X)S?1 A=1— I®§ A/I — 0 shows
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that the map I — I®§ A/I is an isomorphism, and thus mo(I ® 4 A/I) = I®X A/l —
mol = I is an isomorphism. All in all, by the 5-lemma, we see that the right vertical

map is a mg and 7r; isomorphism, as claimed.
Definition 6.8.2 ([LT19, Def. 3.1]). Let E be a localising invariant. We call it:

e truncating if for any connective ring spectrum R, the map E(R) — E(moR) is

an equivalence,

e nilinvariant if for every nilpotent two—sided ideal I C A in a discrete unital ring
A, the canonical map E(A) — E(A/I) is an equivalence,

e cxcisive if it sends squares of E;—rings

A— B

l l (6.24)

A —— B

to pullback squares, provided the square of rings satisfies the following two con-

ditions:
(E1) the square (6.24) is cartesian and all E;-rings in it are connective,

(E2) the induced map mp(A’ ®4 B) — moB’ is an isomorphism.

Theorem 6.8.3 (Truncating invariants are excisive and nilinvariant, [LT19, Thm. 3.3,
Cor. 3.5]). Any truncating is excisive and nilvariant.

Proof. Let E be a truncating invariant. To see excision, suppose we have a square
(6.24) of Ej-rings satisfying (E1) and (E2), then E(A’ ©p B) ~ E(mA’ ©p B) —
E(myB') ~ E(B') is an equivalence. Hence, by Theorem 6.5.4, we see that E sends
(6.24) to a pullback, as required.

To see nilinvariance, let n > 1 be the smallest number such that I = 0. Note that
for each k, J;, := ker(A = A/I* — A/I*71) is a squarezero two-sided ideal of A/I*.
Hence, if we can deal with the case n = 2, then all the maps in

E(A) = E(A/I") — E(A/I"Y) — ... — E(A/I?) — E(A/I)

are equivalences, thus implying the case for general n > 1. To deal with the case n = 2,
we apply that E is excisive from the first part to the pullback square in Example 6.8.1
together with the fact that A/ @;‘1/[@2[ AJ/I — A/I @ X1 is a mp—isomorphism by

Example 6.8.1 and that E' is truncating to obtain a pullback square
E(A) — E(A/I)

J |

E(A/I) —— E(A/I®XI).
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Again, using that F is truncating and that A/I — A/I @ XI is a my—isomorphism
yields that the bottom map is an equivalence, whence the top horizontal map is an
equivalence too, as desired. O

Proposition 6.8.4 (A circle-dot Blakers—-Massey principle, [LMM-+20, Lem. 3.2]).
Suppose we have a pullback of rings as in (6.5) where A is moreover connective. If A —
A’ is n—connective and A — B is m—connective, then the induced map A’ @ﬁl B— DB
is (m + n + 2)—connective.

Proof. Recall the notation for the fibres from Notation 6.3.11. By the identification of
A @E/ B in Proposition 6.3.6, we have a map of cofibre sequences

I®aB —— B —— A% B

| J

I B B’

and hence an identification
fib(A' o B — B') ~Sfib(Ies B4 1) (6.25)

where p is given by the B-right module structure on I. Note that p has a section
o: 1 — I ®4 B induced by the map A — B. By definition, we have fib(o) ~ I ®4 J
which is (n+4m)—connective as A is connective. In other words, o is an isomorphism in
degrees < m+n—1 and surjective in degree m+n. On the other hand, poo ~ idy, and so
1 is surjective in every degree and o is injective in every degree. In particular, together
with our connectivity conclusions about o above, we see that p is an isomorphism in
degrees < m + n and surjective in degree m +n + 1, i.e. p is (m 4+ n — 1)—connective.
Thus, by the identification from (6.25) we see that A’ ©F B — B’ is (m +n + 2)-
connective as desired. O

Recall the notion of M—acyclity with respect to M € Sp from Construction 2.5.18.

Definition 6.8.5. Let M be a spectrum and F a localising invariant. We say that
E is truncating on M —acyclic ring spectra if it is truncating on M—acyclic connective
ring spectra.

Observation 6.8.6. Note that if R is M—acyclic, then so is 7<; R for all k since we have
a ring map Ly R — Ly7<iR.

Lemma 6.8.7 (Rigidity of acyclic truncating invariants, [LMM+20, Lem. 3.3]). Let
E be a localising invariant. Suppose there exists a k > 0 with E(R) — E(1<iR) being
an equivalence for any M —acyclic connective ring spectrum R. Then E is truncating
on M —acyclic ring spectra.
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Proof. If will suffice by induction to show that for £ > 0 as in the hypothesis, the map
E(r<pR) — E(1<k—1R) is an equivalence for all M—acyclic connective ring spectra.
For this, first recall that 7<; R — 7<;_1R is a square-zero extension. Hence, as in
Example 6.8.1, by [Lurl7, Prop. 7.4.1.29] there is a pullback of rings

T §kR > T. gk—lR

i

Jincl@cam
incl®0

T<p—1R — 7<) 1 R® 2k+1ﬂ'kR

Note that all ring spectra in the square are connective and M-acyclic. By Theo-
rem 6.5.10, we have a pullback of spectra

E(r<kR) E(r<g-1R)

J ’ | (6.26)

E(t<ty—1R) — E(Tgk_lR Orc i ROSF IR Tgk_1R>.

Hence, we want to show that the right vertical map is an equivalence. Consider the
commuting triangle of rings

Tgk_lR

<k 1RO 1< 1R —— 7<) 1RO XM R

By the Blakers-Massey principle Proposition 6.8.4, the bottom map is (2k + 2)-
connective and so in particular, an equivalence upon applying 7<;. On the other
hand, the diagonal map is also an equivalence upon applying 7<;. Hence, the verti-
cal map is a 7<j—equivalence. Furthermore, since the circle-dot ring has underlying
spectrum 7<;_1R ®-_, r T<x—1R, it is also M-acyclic. Thus, by our hypothesis on E,
the right vertical mai) in (6.26) is an equivalence, and so the left vertical is an equiv-
alence. Consequently, E satisfies that E(R) — E(7<;x—1R) is an equivalence for all
M-acyclic ring spectrum R. Thus, by induction, we obtain that E(R) — E(myR) is
an equivalence for all M—acyclic ring spectrum R as required. O

Remark 6.8.8. The proof we have presented here is slightly modified from that of
Land—Mathew—Meier—Tamme since they used a slightly different pullback square from
square zero extension theory which is not the one immediately supplied by [Lurl?7,
Prop. 7.4.1.29)].
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7 A recent celebrated result: chromatic
purity

7.1 Prelude: chromatic homotopy theory

In the following we will fix a prime number p and work in the oo-category of p-local
spectra Sp(,)-
Small world and K

Recollections 7.1.1 (Morava K-theories). For every n > 1, let K(n) denote the nth
Morava K-theory spectrum with

K (n) = Fplog ],

n

where |v,| = 2(p™ — 1). By convention, set K(0) = HQ and K (oo) = HF,. For n > 1,
the spectrum K (n) admits the structure of an E;-ring spectrum and there is a map of
spectra MU,y — K (n) which equips K (n) with a complex orientation. The associated
formal group law has height exact n.

Definition 7.1.2. Let X be a finite p-local spectrum and let n > 1.
1. The spectrum X has type > n if K(i) ® X ~ 0 for every i < n.
2. The spectrum X has type n if it has type > n and K(n) ® X is nonzero.

w

Let Spy;>,, denote the full subcategory of the co-category Sp(p) of finite p-local spectra
spanned by those which are of type > n.

Exercise 7.1.3. Let S(,) denote the p-local sphere spectrum.
1. Prove that S,) is of type > 0 but not of type > 1.

2. Let S, /p denote the cofiber (formed in Sp) of the map given by multiplication
by p. Show that S,)/p is of type > 1 but not of type > 2.

Exercise 7.1.4. Let X € Sp“é). Prove that if X is nonzero, then X there is an n such
that K(n) ® X # 0. Hint: Observe that for i > 0, the Atiyah—Hirzebruch spectral
sequence for K (i) degenerates for degree reasons for a fized finite spectrum X.

Exercise 7.1.5. Prove that Spy;,, is a thick subcategory of Sp‘("p).
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Remark 7.1.6. Let X be a finite p-local spectrum. If K(n)®X ~ 0, then K(i/)® X ~ 0
for i < n (cf. [Rav84, Theorem 2.11]). Consequently, we may equivalently have defined
a finite p-local spectrum X to be of type > n if K(n — 1) ® X ~ 0. Note that it also
follows that if X is of type n, then K (i) ® X is nonzero for i > n. We remark that the
cited result [Rav84] crucially relies on the assumption that X is finite, in which case
the result ensures that the so-called support set

supp(X) = {1 > 0 | K(i) ® X # 0}
is the ray {ig,i0 + 1,...}, where ig is the smallest natural number such that K (i) ® X

is nonzero. For a general p-local spectrum the support set of X might not be a ray.

It follows from Remark 7.1.6 that we obtain a sequence of thick subcategories
e Spﬁtznﬂ — Spﬁtzn o Spﬁtg — Spﬁtzo = SPU(JP)-

Mitchel proved that these inclusions are proper (cf. [Mit85]), namely that for every
n > 0, there exists a finite p-local spectrum of type n. We will later deduce this from the
periodicity theorem of Hopkins—Smith [HS98]. Furthermore, Hopkins-Smith [HS98]
proved that these thick subcategories exhaust the thick subcategories of the co-category
of p-local finite spectra:

Theorem 7.1.7 (Thick subcategory theorem). If C is a thick subcategory of Spfp)
which is nonzero, then C = Spy-,, for some n > 0.

To end this primer on the K (n) spectra, we record the following extremely powerful
theorem of Hopkins—Smith which says that the K (n)’s jointly detect nilpotence. This
is a vast generalisation of Nishida’s famous nilpotence result that says that all elements
of m,S where x > 0 are nilpotent.

Theorem 7.1.8 (Nilpotence theorem, [HS98, Thm. 3 (i)]). Let R be a p—local ring
spectrum. Then an element o € w R is nilpotent if and only if for all 0 < n < oo, the
image o € (K (n) ® R) is nilpotent.

Big world

We will next study the filtration discussed above on the entire co-category of p-local
spectra without imposing any finiteness conditions.

Notation 7.1.9. Let Spy>, denote the smallest stable subcategory of Sp(, which
contains Spy;,, and which is closed under colimits. In other words, Spyi>, is the
smallest localising subcategory of Sp(,) containing SPht>n-

As before, we obtain a filtration of the oco-category of p-local spectra

> SPht>nt1 < SPht>n < 0 <> SPhe>1 < SPhe>0 = Sp(p)

and the goal of chromatic homotopy theory is to understand the graded pieces.
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Definition 7.1.10. The category Sp,, of v,-periodic spectra is the Verdier quotient

SPy,, = SPht>n/SPht>n+1
for each n > 1.

This means that Sp,, is a stable category which receives an exact functor Spy~,, —
Sp,,, such that for every stable oo-category &, the restriction functor

Fun™(Sp,,,, £) = Fun™(Spyy>n, )

is fully faithful whose essential image is spanned by those exact functors which vanish
after precomposition with Spy;>,, 1 <> Spyg>y,- This is a somewhat abstract charac-
terisation and we will now explain how one can obtain a more concrete description of
Sp,,, using the periodicity theorem of Hopkins—Smith [HS98].

Definition 7.1.11. Let X be a finite p-local spectrum and let n > 1. A v,-self map
is a map v: X¢X — X for some integer d > 0, satisfying the following properties:

1. The induced map on K (n)-homology K (n)«(X) — K(n).(X) is an isomorphism.
2. For i # n, the induced map K (7).(X) — K(i)«(X) is nilpotent.

A vp-self map is a map X — X which acts by multiplication with a rational number
on K (0).(X) = H.(X,Q).

Definition 7.1.12. A pointed anima X is of type > n if 3*°X is of type > n in the
sense of Definition 7.1.2 above. A wy,-self map of X is a map v such that X*v is a
vp-self map of X°X.

Multiplication by p is an example of a vg-self map of S. The cofiber S/p is of type 1
and, bulding on work of Barratt, Adams [Ada66] constructed a vi-self map on S/p. The
famous periodicity theorem of Hopkins—Smith [HS98] ensures that we can inductively
continue this procedure:

Theorem 7.1.13 (The periodicity theorem). Let n > 1. The following holds:
1. If X s a finite p-local spectrum of type > n, then X admits a v,-self map.

2. If f: X =Y is a map of finite p-local spectra with v,-self maps v: 21X — X
and w: XY — Y, respectively, then there exists M, N > 0 such that the square

sMax I, yNey

},M JMN

f

X ——Y

commutes.
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Exercise 7.1.14. Let X be a finite p-local spectrum. Prove that if v and w are v,,-self
maps of X, then there exists M, N > 0 such that vM ~ .

Remark 7.1.15. It follows from Theorem 7.1.13 that the thick subcategories Spy,, are
distinct. We explain how we can inductively construct a finite p-local spectrum of type
n for every n > 0. First note that S, is of type 0 and multiplication by p is a vg-self
map of S(,). The cofiber S(p)/p is of type 1 but not of type 2. By Theorem 7.1.13,
the cofiber S,,)/p supports a vi-self map v; which we may use to form the spectrum
S(p)/(p,v1) which is of type 2 but not type 3. Inductively, if X is of type n, then it
supports a v,-self map v, such that X /v, is of type n + 1 but not type n + 2.

Let V,, denote a pointed anima of type n > 1 and let v, denote a v,-self map of V,,.

Definition 7.1.16. For X a pointed anima or spectrum, the v,-periodic homotopy
groups of X with coefficients in V,, are defined by

U (X5 Vi) = Zlog ] @z, meMap, (Vo X).
for n > 1. The vg-periodic homotopy groups of X are defined by
vy T (X) = m(X)[1/p).
Exercise 7.1.17. Consider the telescope
v, 1V = colim(V,’ iy »-dyY Yny ),
where V,/ denotes the Spanier-Whitehead dual of V;,. Prove that
0 M (X5 V) ~ (0,1 VY @ X)),

The thick subcategory theorem ensures that the construction of the wv,-periodic
homotopy groups is independent of the choice of V,,, and the asymptotic uniqueness
of vy,-self maps ensures that it is independent of the choice of v,,.

Definition 7.1.18. A map of spectra X — Y is a v,-periodic equivalence provided
that v, 17 (X) — v, !7(Y) is an isomorphism.

Terminology 7.1.19. Set T7'(0) = S[1/p]. For every n > 1, the nth telescope is given
by T'(n) = v, 'V,Y, where v, denotes a v,-self map of a finite anima V;, of type n. Let
Spr(n) denote the full subcategory of spectra spanned by those which are T'(n)-local
via the Construction 2.5.18. This means that there is a symmetric monoidal Bousfield

localisation
L)

such that the following are satisfied:

1. The functor Ly,) inverts the T'(n)-local equivalences, that is those morphisms
f such that T'(n) ® f is an equivalence.
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2. The functor Ly, carries the T'(n)-acyclic objects to zero, that is if X ®@T'(n) ~ 0,
then Ly, X ~0.

3. Every Y € Spy(y) is T'(n)-local in the sense that Mapg,(X,Y) ~ 0 for every
T'(n)-acyclic spectrum X.

The unit of the Bousfield localisation provides a map X — L)X for every spectrum
X which is a T'(n)-local equivalence.

Terminology 7.1.20. Recall that LY denotes localisation at Q & T(1) & - -- & T(n).
Following [LMM+20, Def. 2.5], we denote by L&7 the localisation at T(0) & - - - &
T(n). Note here that the difference between LY and L%’ is that we have used

Q ~ S(P)[z%] for the former whereas in the latter we used 7'(0) = S[%]. Following
[CMN+20, Rmk. 2.10], by periodic localisations we mean any one of the localisations
Ly(ny, Lic(n) L, 15 L. Tt is a fact that I2Y and L are smashing localisations.

We can now describe the category of v,-periodic spectra in terms of the v,-self maps
as promised:

Proposition 7.1.21. The category Sp,, of vn-periodic spectra is equivalent to:
1. The Dwyer—Kan localisation of Sp(y,) at the vy-periodic equivalences.
2. The co-category Spy,) of T'(n)-local spectra.

Proof. First note that (1) and (2) are equivalent since v,-periodic equivalences equal
the T'(n)4-equivalences by definition. We prove that Sp, is equivalent to (1).

Note that if W is a finite spectrum of type > n + 1, then W — 0 is a v,-periodic
equivalence. It follows that the composite of exact functors

SPhtsni1 < SPhtsn < SP(p) — SP()[vn ']

is equivalent to the zero functor. Thus, we obtain an exact functor Sp,,, — Sp ) [v71]
such that the following diagram commutes

SPhisn —— SP() [y ']

/Z
-
-
-
P
-
-
-

SpPy,,

by the universal property of Sp,, . This functor admits an inverse since the composite

L
SP(p) = SPht>n — SPy,
canonically factors over the Dwyer—Kan localisation Sp, [v,, . O

The following exercise is a wonderful way to familiarize yourself with the definitions
(cf. [LMM+20, Lemma 2.2]).
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Exercise 7.1.22. Let X denote a spectrum.
(1) Prove that if X is bounded above, then Ly, X =~ 0 for every n > 1.
(2) Prove that 7>, X — X is a T'(n)-local equivalence for all k£ and every n > 1.
(3) Prove that K(m) is T'(n)-acyclic if m # n.

(4) Prove that if X ® T'(n) ~ 0, then X ® K(n) ~ 0. Hint: use that every module
over K (i) is a direct sum of shifted copies of K (i).

(5) Prove that if X ® S/p ~ 0, then X ® T'(n) ~ 0 for every n > 1.

(6) Prove that the p-completion map X — Xl/,\ is a T'(n)-local equivalence for every
n > 1. Hint: Show that the fiber of the p-completion map is S/p-acyclic.

Exercise 7.1.22 establishes two important features of chromatic homotopy theory.
First of all, note that (2) ensures that we may always replace a spectrum with its highly
connective cover for the purposes of studying a spectrum in Spy,). Furthermore, for
the purpose of chromatic homotopy theory, we may always replace a spectrum with
its p-completion by virtue of (6).

Observation 7.1.23. Let n > 1. It will be useful to observe that we may always
assume that T'(n) admits the structure of an E;-ring. Recall that T'(n) is defined by
T(n) = Vy[v™Y], where V;, is a finite spectrum of type n and v is a v,-self map. We may
replace V,, with W, =V, ® DV,, = End(V,,) which canonically carries the structure of
an Ei-ring and oncemore is of type n. The v,-self map v defines a v,-self map w of
Wh. By [HS98, Thm. 11], a power of w lies in the center of m.(W),), so the localisation
W, [w™!] admits the structure of an E;-ring.

The following result provides a converse to Exercise 7.1.22 (4) in the case of rings.

Lemma 7.1.24 ([LMM+20, Lem. 2.3]). Let R be a ring spectrum and n > 1. Then
R is K(n)—acyclic if and only if it is T (n)—acyclic.

Proof. We have already seen the direction that T'(n)-acyclic implies K (n)-acyclic in
Exercise 7.1.22 above. As explained in Observation 7.1.23, we may assume that T'(n)
carries the structure of an E;-ring. Now a ring spectrum like 7T'(n) ® R is zero if and
only if its unit is nilpotent. By the Hopkins—Smith nilpotence Theorem 7.1.8, this is
the case if and only if K(m)®T'(n) ® R~ 0 for all 0 < m < co. If m # n, then K(m)
is T'(n)—acyclic by Exercise 7.1.22. When m = n, we have that K(n) @ T(n) ® R ~ 0
by hypothesis that R is K (n)-acyclic. Then T'(n) ® R ~ 0. O

Lemma 7.1.25. The co-category of Ly -acyclic spectra is equivalent to Ind(Spfi>p11)-

In particular, Lﬂ’f s smashing.

180



7 A recent celebrated result: chromatic purity

Proof. We will give an indication of the proof (cf. [LMM+20, Lemma 2.6]). If X €
Ind(Spji>,41), then X can be written as a filtered colimit of finite p-local spectra of
type > n + 1 from which we conclude that X is T (i)-acyclic for every ¢ < n and thus
Lﬁ’f -acyclic. For the converse, we proceed by induction on n. First let n = 0 and
assume that X is 7'(0) = S[p~!]-acyclic. There is a cofiber sequence

X5 XoSph Y= XoS/p™,

where S/p™ ~ colim,,S/p"™ which implies that X ~ ¥~1(X ®S/p™) by our assumption
that X is S[p~!]-acyclic. We may write X as a filtered colimit of finite spectra and
after tensoring with S/p™ this becomes a filtered colimit of finite spectra of type 1 as
desired. The induction step is similar using the cofiber sequence

X®S/p" — X®S/p"[v1_1] - X ®S/(p",v1°)

to obtain the case of n = 1 and so on, where we employ the periodicity Theorem 7.1.13
to obtain v,—self maps for n > 1. O

As a consequence, we obtain the following fracture square principle from a standard
exercise, c.f. [LMM+20, Lem. 2.8] for the generic statement.

Lemma 7.1.26 (Periodic fracture square). For every 0 < m < n, there is a pullback

of functors
L%f - LT(m+1)@~~-@T(n)
y ——s LglbfLT(erl)@---EBT(n)
Proof. See [LMM+20, Lemma 2.7 and Lemma 2.8]. O

The Bousfield-Kuhn functor

Finally, we will need the Bousfield—-Kuhn functor. The existence of this functor is an
important and surprising structural feature of telescopic chromatic homotopy theory.

It means that the T'(n)-localisation of a spectrum X only depends on the underlying
anima Q2 X.

Construction 7.1.27 (See for instance [Lurl8a, Lec. 5 and 6]). Let V,, be a finite
spectrum of type n and let v, : XtV,, — V}, denote a v,-self map of V,,. Note that if we
write (®y;, (X))o for the colimit

By, (X) = colim (Map, (Vi, X) 255 Map, (574, X) =~ S~ Map, (Va, X)),

we see that the self map v, induces an equivalence v: (®y, (X))o — QH(Py., (X))o.
Hence, this assembles to an 2-spectrum, and so we obtain a functor ®y;, : An, — Sp.
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By definition, we have that v, !7m.(X;V,) ~ m®y, (X). In fact, it turns out (c.f.
[Lurl8a, Lec. 6]) by the Periodicity Theorem 7.1.13 that we can functorialise this
construction across different choices of (V;,,vy,) to yield a functor

R SPht>, — Fun(Any, Sp)

determined as follows: for E' € Spiy,,, there exists some d and a type n pointed anima
Vi, € An¥ such that ¥°V,, ~ £¢E. Then ®>"(E) ~ L®y, . Let

q)!zn: Sp — Fun(An,, Sp)
denote the left Kan extension of ®=": SPhi>n — Fun(Any, Sp) along Spy,, < Sp.
Definition 7.1.28. Let n > 1. The Bousfield-Kuhn functor
®,: An, — Sp
is defined by ®,, = ®;7"(S). Explicitly, we find that
®,,(X) =~ limsy,,. 5v—s8y (X).

Theorem 7.1.29 (Bousfield-Kuhn, [Kuh08, Thm. 1.1]). There is an equivalence
©,0% >~ Ly, so we obtain a commutative diagram of categories

Ly
Sp —% SPT(n)

N

An,

The following result is proved in [LMM-+20, Proposition 2.9], where it is attributed
to Gijs Heuts.

Proposition 7.1.30. Let f: X — Y be a map of spectra and let i > 1. If X°0>°f is
a T'(i)-local equivalence, then f is a T(i)-local equivalence.

Proof. Consider the following commutative diagram
QXX —— QF¥EXQCX —— QX
QXY —— QX¥N*Q°Y —— QY
where the horizontal rows are equivalences. Applying the Bousfield-Kuhn functor ®;

we obtain a commutative diagram

(2

J = J

where the horizontal composites are equivalences and the middle vertical map is an
equivalence by assumption. This proves that Ly f is a retract of Lp;)X°°Q> f which
is an equivalence. O
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Remark 7.1.31. The functor ¥°°Q°° does not preserve T'(i)-local equivalences. Indeed,
the Eilenberg—Mac Lane spectrum HZ is T'(i)-acyclic since it is bounded above but
¥2°0°Z is a sum of spheres, thus not 7'(7)-acyclic.

The following ensures that 3°°Q* preserves sufficiently connective Lﬁ’f -equivalences:

Proposition 7.1.32 ([LMM+20, Prop. 2.11]). Let n > 1 be an integer. Then there
exists an integer m > 2 such that the following hold:

1. If F is an m-connective pointed anima such that v;lw*(F; Vi) ~0 for0<i<mn,
then LB/ Yo F ~ 0.

2. Let f: X =Y be an m-connective map of anima. If f is a v;-periodic equivalence
for 0 < i <n for each choice of basepoint, then X*°f is an Lﬁ’f—equivalence for
each choice of basepoint.

3. The functor X°°Q> preserves m-connective Lﬁ’f—equivalences.

Proof. This relies on work of Bousfield. See [LMM+20, Proposition 2.11]. O

7.2 Telescopic purity of K—theory

Before we descend into the meat of the content, let us point out that, for C € CatPe™,
by virtue of Exercise 7.1.22 (2), we have the first equivalence in

LT(n)K(C) = LT(n)TZOK(C) = LT(n)K(C)

where the second equivalence is by Theorem 4.5.46. Hence, in this section we are
free to pass between nonconnective and connective K—theory. It is often important
to use K since this is the version of K-theory that is a localising invariant (it is even
Karoubi-localising by Theorem 4.5.46).

To start with, let us note the following trick observation, which is apparently due to
one of Mathew or Clausen.

Proposition 7.2.1 (Delooped +=Q, [LMM+20, Pf. of Lem. 3.6]). Let C € CatP®,
Then X1>0K(C) =~ [k(Se(C)™)| € Spxo-

Proof. Recall by construction that we have an equivalence in CMon
Q% (Z7>0K(C)) = Q% (E750K(C)) =~ [Se(C)7|

where, as usual, the first equivalence is by construction of nonconnective K—theory
Theorem 4.5.46 and since C was idempotent—complete. Hence, since the left hand

term in this equivalence is grouplike and |S¢(C)~[8P =~ |(S¢(C)™)8P| =: |k(S«(C)~)],
we get that 0 (270K (C)) =~ |k(Se(C)™)| and so an equivalence in the statement as
required. O
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Recall from Theorem 6.6.7 that for a connective ring spectrum A, Q°° 7>;K(A) can
be described as a plus—construction, so that there is a map

BGL(A) — Q> m>1K(A)
exhibiting the target as the plus—construction on the source.

Lemma 7.2.2 (Suspensions as plus—construction, [LMM+20, §2.3]). Let A be a con-
nective ring spectrum. Then the map ¥°BGL(A) — £ Q> 751K(A4) is an equiva-
lence.

Proof. By Proposition 3.2.19 (1), we have an equivalence S[BGL(A)] =
S[2%° 7>1K(A)]. But since for pointed anima Z and pointed maps, we have a functorial
splitting S[Z] ~ ¥¥°Z ~ ¥*°Z ® S, we see that the map of interest is a retract of an
equivalence, whence also an equivalence. ]

Proposition 7.2.3 (Highly connective case, [LMM+20, Prop. 3.1]). Let n > 1.
There exists N > 1 such that the following holds: let A — B be an N —connective Lf{ff
equivalence between connective ring spectra. Then the induced map K(A) — K(B) is
again an Lﬁ’f —equivalence.

Proof. We take N := m — 1 where m is the integer in Proposition 7.1.32. Since
A — B is in particular a T(0) = S[p~!]-equivalence, by [LT19, Lem. 2.4] (which is
just a slightly generalised version of Theorem 6.6.8 with essentially the same proof),
we know that K(A) — K(B) is a T(0)-equivalence. Hence, it remains to prove that
the map K(A) — K(B) is a T'(i)—equivalence for 1 < i < n. By the general fact that
7>, X — X is a v,-—periodic equivalence for all k and n > 1 (cf. Exercise 7.1.22 (2)),
it suffices to show that 7> K(A) — 7>1K(B) is a T'(i)-local equivalence for 1 < i < n.
We consider the commuting square

N*°BGL(A) —— Y®°BGL(B)

L ;

5% Q% 72, K(A) —— $%° 0% 75,K(B)

where the equivalences are by virtue of Lemma 7.2.2. By Proposition 7.1.30 we need
to show that the bottom horizontal map is a T'(i)—equivalence for 1 < i < n, and so
by the square above, it would suffice to show that the top horizontal map is a T'(i)—
equivalence. To this end, by virtue of Proposition 7.1.32, we would be done if we could
show that the map BGL(A) — BGL(B) is m—connective and induces an isomorphism
on v;—periodic homotopy groups for i < n.

For this claim, recall the construction of GL and M from Construction 6.6.6 where
M(A) = colim, Q®End(A") ~ @V Q> A. As in the proof of Theorem 6.6.8, we
know that fib(GL(A) — GL(B)) ~ fib(MA — MB). Hence, GL(A) — GL(B) is
(m — 1)—connective whence BGL(A) — BGL(B) is m—connective.
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Since QBGL(A) ~ GL(A), we just need to show that GL(A) — GL(B) is a v;—
periodic equivalence for 1 < i < n. By definition of GL, we have 7>1GL(A) ~
7>1M(A). Moreover, since A — B is r 2 —equivalence, it induces v;—periodic equiva-
lence for ¢ < n. Hence, also M(A) — M(B) is a v;—periodic equivalence, and finally
by Exercise 7.1.22 (2) which implies that

T(i) @ GL(A) ~T(i) ® 7>1GL(A) ~T(1) @ T>1 MA ~ T(i) ® MA,
also GL(A) — GL(B) is v;—periodic equivalence for i < n, as desired. O

Proposition 7.2.4 (Truncating property of T'(n)-local K—theory, [LMM+20, Prop.
3.4]). Forn > 1, Ly, K(—) is truncating on L%ffacyclic ring spectra.

Proof. Letting N be the number provided in Proposition 7.2.3, the map R — <y R
is an Ly (,)K-equivalence by Proposition 7.2.3 for any Lﬁ’f —acyclic ring spectrum R
since the ring map R — 7<ny R becomes the equivalence between the zero rings upon
application of L%f . Now apply Lemma 6.8.7 to conclude. 0

Corollary 7.2.5 (T'(i)—vanishing of primary torsions, [LMM+20, Cor. 3.5]). For any
r>1, LppyK(Z/p") =0 fori > 1.

Proof. Let 7 > 1 and ¢ > 1. Since Lp(;K is truncating on Lf’f—acyclic E;-rings by
Proposition 7.2.4, we conclude in particular that Lp;K is nilinvariant on L? o -acyclic
classical rings by Theorem 6.8.3 (or rather, a word-to—word modification of its proof
but now just for o —acyclic classical rings). Since Z/p” is bounded above, it follows
that it is T'(k)-acyclic for every k > 1 by Exercise 7.1.22 (1). Moreover, Z/p"[p~!] = 0.
Hence, Z/p" is LY o -acyclic for any 7. Hence, by nilinvariance, we see that

Ly K(Z/p") =~ Ly K(Fp).

By Quillen’s computation Theorem 7.3.4 and the +=S Theorem 5.3.17, we have that
K(F,), ~ k(F,), ~ HZ, which is T'(i)-acyclic since it is bounded above, again by
Exercise 7.1.22 (1). Since the map K(F,) — K(F,); is a T'(i)-local equivalence by
Exercise 7.1.22 (6), we conclude that Ly;K(Z/p") ~ Ly K(Fp) >~ 0 as desired. [

We will unfortunately not prove the following “standard” result in this course since
it will require a digression into weight structures. For the interested reader, we note
that it is proved by a combination of the +=S Theorem 5.3.17 and the weighty theorem
of the heart Theorem 5.1.5.

Theorem 7.2.6 ([LMM+20, §3.3]). If R is a connective ring spectrum and Proj*(R)
is the category of finitely generated projective modules over R (i.e. the full subcate-

gory of Perf(R) generated by R under finite direct sums and retracts), then we have
k(Proj“(R)) ~ K(R).
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The next result illustrates a very cool manoeuvre of showing K—theoretic vanishing
by showing vanishing at the level of endomorphism rings. In essence, this goes back to
the categorification philosophy that K—theory is the study of rings via a multi—object
version thereof, namely categories.

Proposition 7.2.7 ([LMM+20, Prop. 3.6]). Let C be an additive category such that
Map¢ (X, X) € CGrp =~ Sp is annihilated by LY for every X € C. Then:

1. Lyk(C) =0 for 1 <i<mn,
2. LpK(C) =0 for 1 <i<n ifC is stable.

Proof. For (1), observe that C can be written as a filtered colimit of its full subcategories
generated by finite direct sums and retracts by finitely many objects. Hence, passing
to the direct sum of the finitely many generators and using that k commutes with
filtered colimits, we may assume that C is generated under finite direct sums and
retracts by a single object X. Hence, by an additive version of Schwede—Shipley, we
get C ~ Proj”(Map (X, X)) the category of finitely generated projective modules over
Mape (X, X) € Algg, (CGrp) ~ Algg, (Sp>(), which is L2 _acyelic by hypothesis.

Now note that K(map(X, X)) is T'(i)—acyclic: this is because Proposition 7.2.4
says that Ly K(mape(X, X)) =~ Ly K(mmape (X, X)). On the other hand, as
mape (X, X) is L5/ ~acyclic, in particular this means that 7 mapg(X, X)[p~!] = 0 and
so the unit (and hence the whole associative unital ring) is p-power torsion, thus it
is a module over Z/p/ for some large j. All in all, Ly K(mape(X, X)) is a module
over Lp;K(Z/p’) for some big j, and this is zero by Corollary 7.2.5. Then, since
k(C) ~ K(mapy(X, X)) by Theorem 7.2.6, we conclude that k(C) is T'(i)-acyclic for
1 <1 < n as required.

For (2), recall from Proposition 7.2.1 that we have an equivalence in Spy
YK(C) ~ [k(Se(C))].

Now note that Fun(A7,C) still satisfies the mapping anima Lﬁ’f —acyclicity condi-
tion: this is because for any two X,Y € C, the mapping spectrum map.(X,Y) is
a left module over the Ej—ring spectrum mape(Y,Y’), which was assumed to be .
acyclic, whence the Lﬁ’f —acylicity of mapy(X,Y'); now use that the mapping anima
in Fun(A7,C) may be computed as a finite limit of mapping anima in C, and so they
must be Lﬁ’f —acyclic also. Therefore, we can apply part (1) to get that the right hand
side is T'(i)—acyclic as required. O

Before proceeding further, let us record the following standard situation of a split
Verdier sequence associated to idempotent algebras.

Construction 7.2.8 (Split Verdier sequences from idempotent algebras). Let C €
CA]g(PrSLt) be a presentably symmetric monoidal stable category, and so in particular
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it admits internal homs Hom¢(—, —). Let 1 — A be an idempotent algebra, and we
write the associated fibre sequence as

I —1— A

Since A~ A®1— A® A was assumed to be an equivalence, we obtain also that
AT ~0 Il =1

Now write
Ca = {X €C : X > X ®A is an equivalence }

Cr—tors = {X €C : I®X — X is an equivalence }
Thus, by the relations above, we easily see that we have Verdier sequence

Ca 2= Cr .
Observe importantly that an object in C4 may also be characterised as those X € C
such that Map,(I ® Y, X) ~ x for all Y € C.

Now, since A ® —: C — C4 is a smashing localisation (and in particular a Bousfield
localisation with the inclusion as the right adjoint), by the yoga of split Verdier se-
quences [CDH+20, Lem. A.2.5], we see that the Verdier sequence above is right—split,
i.e. the inclusion C; < C admits a right adjoint also. Moreover, by the alternative
characterisation of C4 above, it is easy to see that the inclusion C4 C C also admits a
further right adjoint given by the internal hom Homg¢ (A, —). Another application of
[CDH+20, Lem. A.2.5] then yields the following split Verdier sequence

AR— I®—
m /_\
CA B C Ly C]
ﬁ\_/ \_/
Home (A,—) Home (I,—)

where it follows formally that the right adjoint of L; must be Hom¢ (7, —). Here, we
set C; =C [{I® X — X};(lec} and L;: C — Cj is the associated Bousfield localisation,
and we have used the identification C; ~ C;_ios. To see this, we just note that the
functor I ® —: C — Cy_tors Satisfies the universal property of Cj since for any functor
@: C — D that inverts the maps I ® X — X must factor through I ® —: C = Cr_tors
since p(I ® X) = o(X).

Note that in the situation above, while C4 sits in C in one way, C; embeds into C in
two distinct ways. Via the top inclusion I ®—, we are viewing Cy as the full subcategory
Cr—tors as defined above. On the other hand, via the bottom inclusion Home (7, —), we
are viewing Cy as the full subcategory Cr_cp1 of I-complete objects consisting of those
objects X such that Map,(A®Y,X) ~« forall Y € C.
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Exercise 7.2.9. Show that, under Construction 7.2.8, the fibre sequence
Y1S/p® — S — S[p~ ]

from the proof of Lemma 7.1.25 gives rise to the p-local arithmetic fracture stable
recollement.

Exercise 7.2.10. It is a fact that if L: C = D : R is an adjunction between presentable
categories where R itself admits a right adjoint, then for any €& € Pr’, the given
adjunction induces an adjunction

L®ide:CRE=DRE: RRidg.
Show using this fact that, if L 4 R was a Bousfield (co)localisation, then so is L ®idg
R ®idg.

Notation 7.2.11. To avoid cluttering notation in the proof, we write F~, = Spf>, 11
for the category of p-local finite spectra of type > n+1, i.e. which are K(0)®---®K (n)—-
acyclic.

Lemma 7.2.12 ([LMM+20, Lem. 3.7]). For any ring spectrum A, there is a Verdier
sequence
Fon @ Perf(A) — Perf(A) — Perf(LP/ A)

and the endomorphism spectrum of every object in F~,, & Perf(A) is Lﬁ’ffacyclz'c.

Proof. By Lemma 7.1.25 and Construction 7.2.8, we have a right split Verdier sequence
Ind(Fs,) — Sp — Modg,(LP/'S)

all of whose right adjoints themselves admit further right adjoints. Hence, tensoring
with Mods,(A) and using that 27 s smashing, again from Lemma 7.1.25, we get by
Exercise 7.2.10 the Verdier sequence

Ind(Fs,) ® Modgp(A) — Mods,(A) — Mods, (L7 A).

Applying (—)“ to this Verdier sequence and using the symmetric monoidal equivalence
Theorem 2.2.7 then yields the required Verdier sequence.

Finally, F-,, ® Perf(A) is generated by A-modules of the form A ® F for F' € F~,,
and these have endomorphism spectra DF ® F'® A, which are L%f —acyclic, and hence
the endomorphism spectrum of every object is too. O

Exercise 7.2.13. Use [LT19, Lem. 2.4] to show that K(S[p~!]) — K(Z[p7!]) is a
p-local equivalence. Hint: use that S[pil](p) ~Q~ Z[pfl](p).

With everything set up, we may now proceed to give the proof of the main theorem
in [LMM+20).
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Theorem 7.2.14 (LMMT purity, [LMM+20, Thm. 3.8]). Let A be a ring spectrum.
Then the map A — L27 A induces an equivalence on LpK(=) for 1 < i < n. If
n > 2, the map A — Lpyg...armn)A induces an equivalence on Ly, K(—).

Proof. By Lemma 7.2.12, we have
fib(K(A) = K(LES A)) ~ K(Fsp, @ Perf(A))

which is T'(i)-acyclic for 1 < i < n by Lemma 7.2.12 and Proposition 7.2.7. For the
second statement when n > 2, consider the pullback from Lemma 7.1.26

L%fA — Lryg-er(n)4

J J (7.1)

A[%] - (LT(I)EB---@T(n)A)[I%]

where we have used that L2 X ~ Ly X ~ X[1]. Now, observe that
0 (0) D

Fso @ Perf(LT A) — Fuo ® Perf(Lr(1ye..armn) A)

is an equivalence. To see this, we need to show that for M € Fs¢ ® Perf (Lﬁ’f A),
the map M — Lp)g..er(n)M is an equivalence. As in the proof of Lemma 7.2.12,
everything in Fuo @ Perf(LEY A) is generated by F ® LY A for some F € Fsq. Hence,
it is enough to show that F' ® Lﬁ’fA — F'® Lpyg..ern)A is an equivalence (here we
have commuted F' ® — with the localisations since this is just a finite colimit): this is
an immediate consequence of (7.1) since F’ [%] ~ 0. Therefore, all in all, together with
Lemma 7.2.12, we get a pullback square of spectra

K(LhTA) —— K(Lr@)e--oTmn)4)

| |

K(A[,%D - K((LT(I)@---GBT(n)A)[%D'

By the first part of the theorem, it suffices to show that the top horizontal is a T'(i)—
equivalence for i > 2. Now the bottom terms are modules over K(S[%]) which is
p-locally equivalent to K(Z[%]) by Exercise 7.2.13, and hence vanishes after T'(i)—
localisation for ¢ > 2 by Mitchell’s Theorem 7.3.6. O

This provides one half of the telescopic purity theorem. The other one is supplied
by Clausen—-Mathew—Naumann—Noel as a special of their more general [CMN-, Thm.
C] regarding equivariant descent of chromatically localised K—theory. This provides
the replacement for Mitchell’s theorem in higher heights.

Theorem 7.2.15 (Clausen-Mathew-Naumann-Noel, [LMM+20, Thm. 1.1]). For
n>2, Ly K(L2!,S) ~o0.
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Combining Theorem 7.2.14 and Theorem 7.2.15, we obtain the full purity result
sought after.

Theorem 7.2.16 (Telescopic purity of K—theory, [LMM+20, Purity theorem]). Let
n > 1 and A — B be a map of Ey—ring spectra which is a T'(n—1) & T (n)—equivalence.
Then K(A) — K(B) is a T(n)—equivalence.

Proof. The proof is very similar to the one of Theorem 7.2.14. First note that we have
a pullback of rings

Lﬁ’fA — Lrp—permA
LZTJL{2A N LJZ{QLT(TL*UEBT(")A

Instead of proceeding as in the aforementioned proof using elementary but tedious
arguments via Lemma 7.2.12, we use now Theorem 6.6.9: since Lfb’f o is smashing, the
hypothesis of Theorem 6.6.9 is immediately satisfied, giving a pullback

K(LH A) ——— K(Lr(n—yermn)4)

| J

K(LDT yA) —— KBy Ly nyarmA)-

By Theorem 7.2.14, it suffices to prove that the top horizontal is a T'(n)—equivalence.
Now each term in the bottom row is a module over K(Lﬁ’f 5S), which vanishes T'(n)-
locally by Theorem 7.2.15, and so we are done. O

7.3 Redshift for E. -rings

The work of [LMM-+20] forms a crucial part of the recent resolution of the redshift
conjecture in algebraic K-theory for E.-rings. In this section, we wish to give an
overview of this story.

Definition 7.3.1. An E-ring R has height n > 0 if Lp(,)R 2 0 and Lp(,4.1)R =~ 0.

Remark 7.3.2. For an Ew-ring R, we have that if Ly R ~ 0, then Lp;R ~ 0 for
j > i by Hahn [Hah16]. In other words, we have that

supp(R) = {n >0 | Ly R # 0} = [0,n]

whenever R has height n. Compare this with Remark 7.1.6 where we see the opposite
phenomena for finite spectra. It is also possible to define the height of an E;-ring using
the notion of fp-type of Mahowald—Rezk [MR99] but it is more subtle since Hahn’s
vanishing result does not hold for E;-rings.
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Example 7.3.3. We will say that F, has height —1 since F,[1/p] = 0. Note that Z,Q, C,
and Z, have height 0. Furthermore, we have that KU, ku, KO, and ko have height 1.
The Eoo-ring tmf has height 2. In general, the nth Lubin—Tate spectrum E, and the
nth Morava K-theory K (n) have height n.

We have the following examples:

Theorem 7.3.4 (Quillen). k(F,)) ~ Z,.

Theorem 7.3.5 (Suslin). K(C)) ~ ku)).
Theorem 7.3.6 (Mitchell). If R is a classical commutative ring, then LpgK(R) =~
fori > 2.

Based on empirical evidence, Ausoni—-Rognes formulated their redshift philosophy:

Principle 7.3.7. If R is an E,-ring of height n, then K(R) has height n + 1.

An equivalent way of phrasing Principle 7.3.7 is that Ly, R ~ 0 if and only if
Lpn+1)K(R) 2~ 0. The results stated above provide empirical evidence at low heights
for this principle to be true. For instance, Mitchell’s result verifies the redshift principle
for n =1 since discrete commutative rings are 7'(1)-acyclic.

Theorem 7.3.8 ([LMM+20; CMN-+]). Let R be an Exo-ring. If Lpgy)R =~ 0, then
Lrn+1)K(R) =~ 0. In particular, if R is of height n, then K(R) is of height <n + 1.

Proof. It Ly R ~ 0, then Ly(,11)a7m) R == 0 by the theorem of Hahn above, so it
follows from Theorem 7.2.16 that

L) K(R) = Ly K(Lpms1)erm) R) = 0
which proves the desired claim. O

Theorem 7.3.9 ([Yua2l)). If E,, denotes a Lubin—Tate theory of height n, then

Remark 7.3.10. As a consequence of the work of Hahn-Wilson [HW22], we also find
that there is an E3-BP-algebra form of BP(n) such that Ly(,4.1)K(BP(n)) % 0.

Theorem 7.3.9 proves that K(E,) has height > n + 1. Combining this with Theo-
rem 7.3.8, we obtain that K(F, ) has height precisely n+ 1. This verifies Principle 7.3.7
for R = E,.

Observation 7.3.11. If R — S is a map of E-rings and S % 0, then R 2 0. This is
because a module over the zero ring is necessarily zero.

The redshift principle for E,-rings can therefore be verified by producing an E.-
ring map into something of height n. This can be done by the following deep result of
Burklund-Schlank—Yuan [BSY22, Corollary 5.2].
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Theorem 7.3.12 ([BSY22]). If R is a non-zero T'(n)-local Ex-ring, then there is a
map of T'(n)-local Exo-rings R — E,,, where E,, is a Lubin—Tate theory of height n.

Corollary 7.3.13. Let R be a non-zero Eo-ring with height(R) > 0. Then
height(K(R)) = height(R) + 1.
Proof. Assume that height(R) =n > 0. By Theorem 7.3.12 there is a map of E-rings
R— FE,
for some Lubin—Tate theory of height n. This induces a map of E-rings
K(R) - K(Ey),

where the source has height n + 1 by Theorem 7.3.9. It follows that K(R) has height
n + 1 by Observation 7.3.11. O
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