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GALATIUS-MADSEN-TILLMAN-WEISS

SOREN SKEIE

ABSTRACT. In [3], Galatius, Madsen, Tillman, and Weiss determined the
homotopy type of the classifying space of the embedded cobordism category.
This result is now known as the Galatius—Madsen—Tillman—Weiss theorem or
GMTW for short. We give a partial exposition on the proof of GMTW given in
[4, §3], without tangential structures. The proof relies on certain moduli spaces
of manifolds, defined using a family of sheaves W ,, of topological spaces, which
allow us to restate GMTW. Using these sheaves, the proof can be broken into
three steps, we call: scanning, GMTW, and delooping. Unfortunately, due to
lack of time, we have resorted to a rougher sketch, especially of the delooping
argument, than the author would have wanted.
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INTRODUCTION

This thesis attempts to give a detailed exposition of some parts of a proof of the
Galatius-Madsen-Tillman—Weiss theorem without tangential structures (GMTW)
determining the homotopy type of the classifying space of the embedded cobordism
category Cy:

Theorem (GMTW). The spaces BCq and Q"1 MT(d) are weakly equivalent.

GMTW was originally proven in [3] by Sgren Galatius, Ib Madsen, Ulrike Tillman,
and Micheal Weiss from 2009, by constructing such a weak equivalence. This deter-
mines the homotopy type of BCy, as standard machinery computes the homotopy
type of the space Q®°~1MT(d).

Our exposition follows a different proof, given in [4, §3] by Sgren Galatius and
Oscar Randal-Williams from the following year of the, slightly stronger:

Main Theorem (4.2.1). There is a weak equivalence BCq(R™) ~ Q"~! Th(vj:n).

We give a mathematical outline of the proof in the following section, which serves
as our mathematical introduction to the thesis providing an overview of the main
sections. Let us here account for the appendices: the proof we give, relies heavily
on the use of certain moduli spaces, constructed using a family of sheaves ¥4 ,. A
detailed exposition on these sheaves is given in appendix C. For the most part, we
will take the language of categories for granted, though the first two subsections of
appendix A contains definitions from the less common and more topological dialect
we use. The rest of appendix A defines E,-algebras, allowing us to address our
shortcomings on the “delooping” argument of the proof. Appendices A and B, the
former on categories and operads and the latter on sheaves, are barren deserts of
definitions only meant for venturers with a specific goal in mind. Finally, appendix D
contains some of the theory, the author of this thesis found most fun to re-formulate,
from when he was trying to follow the original proof given in [3].

We would be amiss, if we did not mention that this thesis is also very inspired
by unpublished lecture notes on diffeomorphism groups of manifolds by Alexander
Kupers, and that applications of GMTW include: the Barratt—Priddy—Quillen—Segal
theorem, Madsen and Weiss’ generalized Mumford conjecture, as well as classifying
(invertible) topological quantum field theories.

Notation & terminology. In this thesis, A C B means a € A = a € B. We will
use & to denote ) when we think of () as a manifold and remark that & has every
dimension.

Disclaimer. The author does not claim any originality in this project. He chose this
topic for his thesis simply out of the desire to understand some of it. Hence the goal
was never to attempt to write a “great” exposition on this proof of GMTW. There
has also not been any attempt from the author to be historical. Being unaware of
the proof of GMTW given in [4], he originally attempted to follow the proof given
in [3]. It was not until 26" October, 2024 he first laid eyes on [4], which is a major
reason this thesis only contains a partial exposition.
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OUTLINE

We begin with a sketchy outline of the proof of our main theorem, given in the
following sections. For this, we must first introduce cobordisms:

Definition. Let d € N and let My and M; be closed (d — 1)-dimensional smooth
submanifolds of R™. A d-dimensional cobordism W of length t from My to M,
is a d-dimensional, compact, smooth submanifold of [0,¢] x R™ for some t € R
satisfying
1) Wn ({0} x R") = {0} x My and W N ({t} x R") = {t} x Mq;
’LZ) oW = {0} x My U {t} X Mpy;
#4t) there exists € > 0 such that

WnN([0,e) xR") =[0,e) x My and WN((t—et] xR") = (t—¢,t] x M. J

Classically, cobordisms can be used to define a coarse equivalence relation on
manifolds: the existence of a d-dimensional cobordism between manifolds forms an
equivalence relation on the set of closed (d — 1)-dimensional smooth submanifolds
of R™.

More importantly for this thesis, d-dimensional cobordisms form the morphisms
of a category: We can form a category with objects the closed (d — 1)-dimensional
smooth submanifolds of R™, with non-identity morphisms the cobordisms between
them as just defined, and with composition given by “concatenation” of cobordisms.
In this thesis, we will work with a more sophisticated version of this cobordism
category, which we denote C4(R™). Our version is a topological category, and its
full construction is given in construction 1.2.6.

The main theorem of this thesis, is that there is a weak equivalence

BC4(R™) ~ Q""" Th(vz,),

where Th(vj-’n) is the one-point compactification of the space of d-dimensional affine
subspaces of R™. This equivalence is natural in n. There are standard techniques to
compute the homotopy type of Th(q/j:n), so we will view this as determining the
homotopy type of BCq4(R™).

Using naturality in n, GMTW follows by noting that

BC4 = B colim Cy(R™) = colim BCy4(R™) ~ colim Q"' Th(v;,) = Q®° "1 MT(d).
n—00 n—00 n—00 ’

We will follow the proof given in [4, section 2-3], which uses moduli spaces. In
our case, this means we will use spaces in which every point is a d-dimensional
smooth manifold embedded in an open subset of euclidean space: For an open subset
U C R™, we construct a space ¥,;(U) with underlying set the set of closed subsets
of U which are smooth d-dimensional manifolds without boundary. The spaces
U4(U) have a rather technical-to-construct topology by Galatius—Randal-Williams,
which the author has taken to calling the myopic topology. Due to the opacity of
these technicalities we have moved them to an appendix, namely appendix C, and
refer the thorough, or morbidly curious, reader to it. For now, we hope the more
impatient reader will content themselves with the following overview of the most
relevant qualities, for this thesis, of the topology, as well as how we will use it.

1



2 SOREN SKEIE

Relevant qualities of the myopic topology. As mentioned, the topologies assemble to
a sheaf W, on R™. Aside from this, for a topological space X, continuity of a map
X — Uy(U), is equivalent to continuity of the compositions

X — \I/d(U) ﬂ—K> (\I/S|U)K

for every compact subset K C U, where (U%|y)x is the space of germs near K,
i.e. two manifolds project to the same germ near K, if they agree on an open
neighbourhood of K. In this sense, the myopic topology only sees what happens on
compact subspaces; hence the name. We will also use theorem C.2.8 which states
that the function

Emb(U,V) x Uy(V) — ¥4(U) given by
(4, M) — j~H(M)

is continuous.

An essential quality of the topology on W4(U), is that it allows continuously
pushing parts of a manifold to infinity, making them “disappear”. A simple,
illustrating example is the 0-dimensional manifold {t} C R for ¢t € R, which, as
t —» oo, converges to & in ¥y(R). Indeed, for every compact subset K of R, the
projection of this path is eventually constant, as the path leaves K.

The myopic topology plays an absolutely crucial réle in the proof we present; It
is what allows our geometric manipulations in each of the three major steps:

Scanning. Our first use of the myopic topology, after constructing C4(R™), is to use
a scanning argument to deform ¥4(R™) to Th('yjl-,n)7 essentially by stretching the

manifolds to become affine d-planes or the point co € Th(vin).

Delooping. We let ¢4(n, k) denote the subspace of ¥4(R™) consisting of those sub-
manifolds M which satisfy M C R* x (—1,1)""*. One can think of 14(n, k) as the
subspace of those manifolds only allowed to be non-compact in the first k£ directions.
We give ¥4(n, k) the base-point @ and identify ¥4(n,n) = ¥4(R™). As mentioned,
the delooping argument will only be sketched, leaving no reason to also sketch it
here. Instead we state the result of the argument: there is a weak equivalence
Ya(n, k) =~ Qpg(n, k + 1) when k > 0.

GMTW. Scanning and delooping reduces our main theorem to showing that BCy4(R™)
and ¥4(n, 1) are weakly equivalent. To show this, we first construct another, simpler,
topological category Dy(R™) which models the cobordism category, in the sense
that BC4(R™) and Dg(R"™) are weakly equivalent. This D4(R™) is a topological
poset, whose underlying set is the subset of R x 1¢4(n,1) consisting of the pairs
(t, M) satisfying that t is a regular value of the projection x1: M — R to the first
coordinate, and whose partial order is defined by

(t, M) < (t,M') ifand only if M =M"andt <t

A morphism in Dy4(R"™) therefore corresponds to a manifold M and an interval
[to,t1]. Showing that BC4(R™) ~ BD4(R™) involves using the topology to note
that the parts of the manifold whose first coordinate falls outside the interval are
contractible datum, again essentially pushing everything outside this interval away
to infinity.

Finally, unravelling the definition of BD4(R"™) allows us to model BD4(R"™) as
a space in which a point is a manifold M € 14(n,1) along with regular values
to <t; <...<tgof x1: M — R each regular value having non-negative weights
agp, ..., ar € R>g such that ag + -+ + a5 = 1, up to forgetting regular values with
weight 0. With this model for BD4(R™), we have a forgetful map

u: BDd(Rn) — ’(/)d(n, 1),
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defined by forgetting the regular values and their weights. We then end the proof
by showing u is a weak equivalence.

Warning. From now on, we will take the construction of ¥; as a sheaf of topological
spaces given in appendix C for granted.



1. THE COBORDISM CATEGORY

1.1. SKETCHING THE DEFINITION OF THE UNDERLYING CATEGORY

Since the cobordism category is our main object of study in this thesis, we will
attempt to give a detailed while understandable description of our main model of it.
Our model is as a topological category, but to introduce it more gently, we will first
sketch it as an ordinary category, in this section, and then give it a topology, in the
next section.

We want C4(R"™) to be a topological model for the cobordism category sketched
in the outline, namely a topological category with d-dimensional cobordisms as
morphisms, closed (d — 1)-dimensional manifolds embedded in R™ as objects, and
concatenation as composition. The category Cq4(R™) will be very similar to this
category. The topology of C4(R™) will come from the myopic topology on ¥ of
Galatius—Randal-Williams, which does not consider manifolds with boundary. So,
instead of usual cobordisms, as defined in the outline, we can record the length of
each cobordism and then extend the cobordisms cylindrically at either end, obtaining
a manifold without boundary (see fig. 1). Clearly, this does not add any information.

FIGURE 1. Extending cobordisms in the case of the classic “pair
of pants” cobordism of length ¢ (where d = n = 2, My = S!, and
M; = S' U St) shown in fig. 1a to the manifold shown in fig. 1b.

0 t 0 t
(A) The ordinary cobordism embed- (B) The extended cobordism embed-
ded in [0,#] x R ded in R x R?.

We can now define composition of these “extended” cobordisms as the extension of
the concatenation of the “underlying” ordinary cobordisms giving us our cobordism
category, where all manifolds involved are without boundary. Since all manifolds,
in this new description, are without boundary, giving this category a topology is
rather straight-forward using the myopic sheaf of Galatius—Randal-Williams.

1.2. AS A TOPOLOGICAL CATEGORY

Now, for the precise construction of C4(R™) with its topology. We begin, by
defining what will become the structure maps of C4(R™):

Definition 1.2.1. Define the function o’: ¥4_; (R*™1) — ¥ 4(R") by:
M—Rx M. J

Definition 1.2.2. Let M € ¥ (R"). If a € R is a regular value of z1: M — R,
then M, := M Nz '(a) is a smooth (d — 1)-dimensional manifold. Thus we can
4



GMTW 5

define the partially defined function
5% We(R™) —-» ¥y 1 (R™1) by
M — M,,
defined for each M € ¥4(R™) for which a is a regular value of z1: M — R. N
Lemma 1.2.3. The functions
o Wy (R — Wy(R™)  and §%: Wy(R™) --» Uy (R™1)
are continuous (where defined) for all a € R.

Proof. Omitted due to lack of time. This is stated in definitions 3.1 and 3.3 of [4]
with tangential structure and should be possible to check “by hand”. O

Now, we introduce the spaces ¥4(n, k), which play a crucial role in this thesis.

Definition 1.2.4. Let n, k € Ny such that k£ < n. Define ¢4(n, k) as the subspace
of W,4(R™) consisting of those M satisfying M C R¥ x (—1,1)""% where we identify
RO x (—1,1)" and R"™ x (—1,1)% with (—1,1)" and R" respectively. N

One can think of 14(n, k) as the d-manifolds in R™ possibly non-compact in the
first k& directions.
Definition 1.2.5. We let
ok Ya—1(n— 1, k) — g(n, k+ 1)
denote the (co)restriction of o’. We will not use ¢’ again in the rest of the thesis.

We will now give a formal construction of our topological category of d-dimensional
cobordisms in R™:

Construction 1.2.6. We let C4(R™) denote the topological category with space of
objects and morphisms given by

obCq(R™) = g—1(n—1,0) and
mor C4(R™) = {0} x imog U A,
where .4, the space of non-identity morphisms, is defined as the subspace
A C (0,00) X Yg(n,1)

consisting of those (¢, W) for which there exists ¢ > 0 and M’, M" € ¥4_1(n —1,0)
such that

W (—so,e)xrr—1 = (00(M'))|(—s0,e)xrn—1  and
Wl (t—e.00)xrn—1 = (00(M"))](t—e,00) xRn~1,

S0, in particular, 0 and ¢ are regular values of z1: W — R.
The structure maps of C4(R™) are defined as follows:

50: Ya_1(n —1,0) 2% imog = {0} x im ¢ < mor C4(R™),
dy: {0} x imog U A — ¢g_1(n — 1,0),
by di|{0} xim, being the left-inverse of ¢ and
di(t, W) =8°(W), for all (W,t) €.,
and similarly, do by do|{0}xim o, Deing the left-inverse of o¢ and
do(t, W) = 6"(W), forall (W,t) € A .
We define the composition by
(t,W)o(t', W)= (t+t ,W"),
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where W is the unique element of ¢4(n, 1) such that
W//|(—oo,t]><]R”_1 = vV'(—oo,t]X]R"_1 and
W//l[taOO)XR"‘l = (W/ + tel)|(—oo,t]><]R"—l' J

Again, one should check that the composition is continuous, which we do not
have time for.



2. SCANNING

2.1. THE HOMOTOPY TYPE OF THE MODULI SPACE OF d-MANIFOLDS

In this section we define the space Th(’yj-’n) and construct a weak equivalence
Uy(R™) ~ Th(ygm) by a scanning argument. There is standard theoretical machinery,
which computes homotopical data about Th(’ydl’n) and we will therefore consider

this as “determining” the homotopy type of ¥,(R"™).
We begin with the definition of Th('yj:n):

Definition 2.1.1. We let Gry(R™) denote the d-dimensional Grassmannian of R™
and let yj:n denote the orthogonal complement of the tautological bundle over

Grg(R™) i.e.: the (n — d)-dimensional vector bundle with base space B(Vj:n) =
Grg(R™), total space E(vg,,) = {(v,V) € R" x Grg(R") | v € V*}, and projection
map
T(Van): E(vi,) — B(vi,) defined by
(v, V) —V,

forall (v,V) € E (yin). Finally, we define Th(vin) as the one-point compactification
of £ (’}/j’n).1 J

We will follow the proof given in [2, §6] which works by constructing a map
q: Th(’yj:n) — Uy(R"™) and showing it is a weak equivalence.

Construction 2.1.2. Since Th(v;,,) is the one-point compactification of E(vy7,,),
we will write Th(vyg4,,) = E('yj"n) U {o0}. Now, define ¢: Th(vj:n) — \I/d(R”)yby
letting

(v, V)=V 4o
for all (v, V) € E('yj-,n) and ¢(o00) = @. We will use that g restricts to an embedding

of E(vj:n), which is stated on [2, p. 765]. That ¢ is continuous at oo is a routine
check. |

To show ¢ is a weak equivalence, we use the following homotopical lemma:

Lemma 2.1.3. Let X be a topological space. If Uy, Uy C X form an open cover of
X, then the pushout

UNU; —— Uy
U1 — X
18 a homotopy pushout.

Proof. This is lemma 32.1.5 of the lecture notes of Alexander Kupers on diffeomor-
phism groups of manifolds and a proof is given there. O

1The notation Th(vj-n) is due to Th('yj-n) being the Thom space of 'yj-n, but in the interest of
brevity we will not elaborate on this further, though we, of course, encourage the reader to explore
this, if they have not already.

7



8 SOREN SKEIE

We would have wanted to cover ¥4(R™) by the subspaces Uy, U; C ¥4(R™) where
Uy is the subspace of manifolds not containing the origin and U; is the subspace
of those manifolds with a unique point closest to the origin. Unfortunately, in this
case U is not open. Instead, we tweak the definition of U; slightly:

Construction 2.1.4. We define Uy C ¥4(R™) as the set of those manifolds not
containing the origin and we define U; as the subspace consisting of those M €
U4(R™) such that the map

M — R defined by
z— ||z||* forallz e M
has a unique minimal value, which is the value of a non-degenerate critical point.

We will need the following technical lemma, whose proof is probably best skipped
by the reader who has skipped appendix C:

Lemma 2.1.5. The subspaces Uy and Uy of construction 2.1.4 form an open cover
Of \Ild(R")

Partial proof. Due to lack of time, we will not show, that U; is open. To show
Uy UU; = ¥yu(R™) it suffices to show, that if M € ¥4(R™) contains 0, then 0 is
a non-degenerate critical point of ||—[*: M —s R. This follows from the inverse
function theorem.

For each compact K C R", let Ux denote the subset of ¥ (R™) consisting of
those manifolds that are disjoint from K and note that Uy = Uyoy. We will show the
more general result that Uy is open for all compact K C R™, because we will use it
in a later proof: Let K C R™ be compact. Pick a manifold M disjoint from K and
a neighbourhood A of M in ¥ (R™) sufficiently small for every point of A to be
disjoint from K. Now, since mg: U®(R") — (P®|gn )k is open (lemma C.2.3) we
get that mx (A) = {7k (2)} is open and so Ux = 7' (1x(2)) is open in WK (R")
and therefore also in ¥4(R™).

For specific choices of M and A: use that K is compact and therefore bounded
to choose a k € R+ such that K C By, where By denotes the ball centered at the
origin with radius k. Now choose

M=8"+((k+1)-e; and A=cpy({sele(va) | |s(x)] <1}). O
The following theorem is [2, lemma 6.1].
Theorem 2.1.6. The (co)restrictions
g ' (Up) — Uy, q "(Uh) — U1, and q '(UgNUy) — UpNU;

of q are weak equivalences. Consequently q: Th(fyj:n) — Uy(R"™) is a weak equiva-
lence.

Partial proof. This proof uses two homotopies H and S. Checking that these are
continuous is a bit cumbersome and involves using the myopic topology. Therefore,
we postpone showing H and S are continuous to the very end of the proof and,
due to lack of time, we will not show that S is continuous when ¢ = 1 though
showing this only involves the defining property of smooth manifolds and the myopic
topology.

First, we show why the last statement follows from the first: By lemma 2.1.3 and
lemma 2.1.5 we have that

qil(Uo NnU) —— qil(UO) UyNU; —— Uy

[ [ ] |

¢! (Uh) — Th(vz,) U —— Wa(R")



GMTW 9

are homotopy pushouts, so, by homotopy invariance of the homotopy colimit, ¢
must be weak equivalence.

We now show the mentioned (co)restrictions of ¢ are weak equivalences: For a
point p € R™ and a real number ¢ € R, let i, ,: R" — R™ denote the map defined
by scalar multiplication by ¢ at p i.e.:

pep(x) =t-(x—p)+p
for all z € R™. Note that i , is a diffeomorphism when ¢ # 0. We will let y; denote
peo for all t € R.
First, we show that Uy and ¢~!(Up) are both contractible, implying the (co)restriction
q 1 (Up) — Uy of q is a weak equivalence. We do this by giving contractions of Uy
to {@} and of ¢~(Up) to {oo} by “pushing infinitely away”: The homotopy

H:[0,1] x Uy — Uy defined by

prs (M) t#1
%) t=1

(t,M)»—>{

is a contraction of Uy to {@}.
Similarly, using that ¢~ (Up) = {(v,V) € E(vz,,) | v # 0} U{oo}, we get that
the map
[0,1] x ¢~ ' (Uo) — ¢ " (Up), given by
oo — oo, and
(ﬁ v, V) t 7é 1

for all (v,V) € E(vz,)
00 t=1, ’

(v, V) — {
is a contraction of ¢=(Up) to {oo}.
Secondly, we define a deformation retraction of the (co)restriction ¢=1(Uy) — Uy

of ¢: For each M € Uy, let pp; € R™ denote the unique point minimizing ||a:\|2 on
M. Define

S: [0,1]XU1—>U1 by

(Ml—t,PM)_l(M) t#1

(t,M)—

for all (¢, M) € [0,1] x Us.
Thirdly, we note that the (co)restriction [0,1] x (UpNUy) — Uy NU; of S is a
deformation retraction of the (co)restriction ¢~(Uy N U;y) — Uy N Uy of q.

Finally, we show that H and S are continuous beginning with H: Note that
the function p: [0,1) — Emb(R"™,R"™) given by ¢ + p;_4 is continuous, so the
restriction of H to [0,1) x Uy can be factored as the composition of the continuous
maps

0,1) x Uy 2% Emb(R™, R™) x Uy & U,
where p is the map from theorem C.2.8, so it is continuous. Checking, that H is
continuous when ¢ = 1 is equivalent to checking, that the composition

(2.1) 0,1] x Uy 25 Uy = Ty(RY) L 0K (R7) 5 (99
is continuous near ¢ = 1 for all compact subsets K C R™. Let K C R™ be a compact
subset and let M € Uy. Use that K is compact and therefore bounded, to pick
a k € Ry such that K C By, where By denotes the ball centered at the origin
with radius k. Let € = dist(M, 0) (note that € > 0 since M € Up) and let A be the
neighbourhood ([0, 1] N (1 — €/2k, 1]) x U, ,, of (1, M) in [0, 1] x Uy, where Ug, , is
the neighbourhood of M in Uy using the notation of the proof of lemma 2.1.5. It

Rn )K
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now suffices to check continuity on the neighbourhood A and here (2.1) is constantly
7k (D) (because the minimal distance to the origin of any point in H(A) is greater
than k), finishing the proof that H is continuous.

Similarly for S: Note that the function a: Uy — R™ given by M — pjs is
continuous and that the function f: R® — Diff (R") given by = — tr,, where
tr,: R™ — R"™ denotes translation by x € R™, is continuous. Once we note that
Mt =ty 0y otr, 1, it is clear that the restriction of S to [0,1) x U; can be factored
as the composition

[0,1) x U, \PoOCPT2HOPr FoaoPTs PIa), 1y gy o Diff(R™) x Diff(R™) x U,

A, Diff (R™) x Diff (R") x Diff (R™) x Uy

294 Diff(R™) x U,

— Emb(R",R") x U

2, Uy (from theorem C.2.8)
of continuous maps, where inv: Diff(R") — Diff(R") is the map sending f to f~*
for all f € Diff(R™) and ¢: Diff(R™) x Diff(R™) x Diff(R"™) — Diff (R") is given
by composition of functions i.e. (z,y,z) — x oy o z (that inv and ¢ are continuous
are general facts of the Whitney C*°-topology). Therefore, S is continuous on
[07 1) X Ul-

As mentioned, we omit the proof that S is continuous when ¢ = 1. We hope it is,

at least intuitively, obvious to the reader. (|



3. GMTW

3.1. THE HOMOTOPY TYPE OF THE COBORDISM CATEGORY

In this section we will construct a weak equivalence BC4(R™) >~ 1p4(n, 1), where
we take BCq(R™) to mean || NIC4(R™)||, as in definition A.2.2. We follow [4, §3.2]
closely.

Remark. If X is a topological space and < is a partial order on X, then the poset
category of (X, <) enhances (naturally) to a topological category, which we call a
topological poset. In this case, we will abuse notation and also denote this topological
category by X.

We begin by giving simpler models of the cobordism category as topological
posets:

Definition 3.1.1. Let Dy4(R™) C R X 94(n, 1) be the subspace consisting of those
(t, M) € R x 94(n, 1) for which ¢ is a regular value of z1: M — R. Give Dy(R"™)
the partial order defined by

(t, M) < (',M’) ifandonlyif M =M andt <t.

Define D7 (R") C Dy(R™) as the subspace consisting of those (¢, M) € Dy(R™) for
which M is cylindrical in 27 (t — €, 4 ¢) for some € > 0 and equip Dj (R") with
the restriction of the partial order on Dg(R™). a

We will now show that Dgq(R") and Dj(R") are models for our cobordism
category, in the sense that their classifying spaces are homotopy equivalent to that
of C4(R™). To do this, we construct a continuous functor c¢: D+ (R") — Cyq(R")
and show that ¢ and the inclusion Dy (R") < D4(R") are level-wise homotopy
equivalences of categories.

Construction 3.1.2. Let ¢: D (R™) — Cq(R") be the continuous functor such
that: On objects, ¢ sends (t, M) to 6*(M) = x;*(t) and, on non-identity mor-
phisms, ¢ sends (g < t1, M) to the extension of the “translated ordinary cobordism”
x7 ! ([to, t1]), more precisely: ¢ sends (ty < t;, M) to the morphism from &% (M) to
811 (M) given by the extension of (M — tge1) N ([0,t1 — to] x R?71). 3

Lemma 3.1.3. The zig-zag
Ca(R™) & D (R™) < Dg(R™),

where ¢ is the map from construction 3.1.2 and v is the inclusion, is a zig-zag of
level-wise homotopy equivalences of categories. In particular BC4(R™) ~ BDy4(R™).

Proof. That ¢ is a level-wise homotopy equivalence follows from [4, Lemma 3.4],
which provides a homotopy essentially tweaking each manifold to be cylindrical near
the specified regular values.

For a morphism (ty < t1, M) in D (R™), ¢ forgets the “ends” x7'((—o0,t]) and
x7 ([t1,00)) of M, and so to show that ¢ is a level-wise homotopy equivalence of
categories, we will have to show, that these form contractible data. To do this, we
will use a family of maps ¢s(a,b) to continuously push either end away to infinity
leaving us with our morphism of C4(R™).

We introduce the functions ¢,(a, b) (see fig. 2):

11
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FIGURE 2. Sketch of the graph of ¢s(a,b) as [4, Figure 1].

b #s(a,b) b #s(a,b) b #s(a,b)
a a a
a b a—Ssa bb+s a b
(A) case s =0. (B) case 0 < s < o0. (C) case s = 0.

For all a,b € R with a < b define ¢4(a,b): R — R by

x—(b—-s) x>b+s

b b<z<b+s
s 71)
$»M> a<xz<b
a a—s<zx<a

x+(a—s) a<a-s

for every s € R>g and let ¢oo(a, b) denote the point-wise limit of 15(a,b) as s = oco.
Note that ¢g(a,b) = idg whenever defined and that for a morphism (tg < t1, M) in
D+(R™), we have that

(¢s(a,b) X idga—s) ' (M)
is an element of 14(n, 1) which agrees with M on [tg,#1] x R"71, is cylincrical on
[to—s,to] x R™ ' and [t;,t;+s] x R, and is a translated copy of 7! ((—o0, to]) and
27 ([t1,00)) on (—o0,tg — 8] x R*~! and [t; +s,00) x R*~! respectively. Therefore,
we can (re)write

c(to < t1, M) = (t1 — to, (Poo(to, t1) X idga—1)" (M) —tg - €1).

We will now show, that ¢ is a level-wise homotopy equivalence of categories. Let
k € Np. We show, that the “inclusion” Ni"C4(R™) < Ni"* D+ (R") is a homotopy
inverse of IV ,icntc. On the image of this inclusion, N,icntc restricts to the identity,
so we only need to provide a homotopy from the identity on N**D+(R") to ¢
post-composed with the inclusion:

Define the homotopy h: [0,1] x Ni®* D+ (R") — N D+ (R™) by letting h(s, —)
send the chain (tg < ... < tg, M) in N**D+(R") to the chain

(t() —5-tg <...<tp— 5", (¢ s (toﬂfk) X ian—l)_l(M) — Sty 61)7

1—s

for all s € [0,1]. This homotopy suffices, finishing the proof. Checking continuity of
h is similar to checking continuity of the homotopies in the proof of theorem 2.1.6
and is omitted due to lack of time. O

Construction 3.1.4. A chain of m composeable morphisms in Dg(R"™) is of the
form (to < ... < tp, M) where M € t4(n,1) and where ¢; is a regular value of
x1: M — R for each i = 0,...,m. Writing out the canonical models for

) [mlea,
BD4(R"™) = ||[NJ*Da(R")|| = / N Dg(R™) x AR

Top>

we can therefore find the following model for BDy(R™):
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We give each point of BDy(R"™) coordinates which we will write as
[GJQZTO + ...+ CLnt_m; M],
where M € ¥4(n,1) and ¢; is a regular value of z1: M — R for each i = 0,...,m,
and where (ag, . .., an) is a point of the standard m-simplex in R™*! (thought of
as having vertices labeled by #o,. .. ,fm).2 Furthermore, we call a; the weight of t;
for each i =0, ..., m, and impose that removing a regular value with weight 0 gives
coordinates of the same point, so e.g.:
[Ofo + alfl +...+ amfm; M] = [alfl + ...+ amfm;M].
From this description, the topology on BD4(R™) should be clear.
With these coordinates, we now define the forgetful map
u: BDg(R™) — 14(n,1) defined on all points by
[aoto + . .. + amlpm; M| — M. J
We now want to show that u is a weak equivalence. To do this, we will use the
following homotopical lemma.

Lemma 3.1.5. Let e: X — Y be a map of topological spaces. The map e is a
weak equivalence if and only if each commutative diagram of the form

opm — 5 x

[k

D"TY

admits a lift g: D™ — X making the lower right triangle and the upper left triangle
of
opm —L 5 x
[ A4
strictly commute and commute up to homotopy respectively (for all n € Ny).
Proof. We omit the proof, but note that it follows from [7, §9.6 Lemma on p. 68]. O
Finally, we show that u is a weak equivalence:

Theorem 3.1.6. The map u: BDg4(R™) — v4(n, 1) from construction 3.1.4 is a
weak equivalence.

Proof. We will use lemma 3.1.5. Let f and f be continuous maps such, that

aDp™ — BD4(R™)

J I

D™ — Yaln, 1)
commutes for m € Ny. We will now construct a continuous map g: D™ — BDy(R"™)
as in lemma 3.1.5:
For every t € R let U; denote the set of points € D™ such that ¢ is a regular
value of z1: f(x) — R. Note that U, is open for every ¢t € R. By Sard’s theorem,
the collection {U;}+er is an open cover of D™. Since D™ is compact there exists

2The notation ; is only meant to distinguish the label of the vertex in the simplex from the
real number t;. A way to make agtg + ...+ amtm formal is as an element of the free R-module on
the set of regular values of x1: M — R, incidentally satisfying ag + -+ + am = 1.
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finitely many Zo < ... <t € R such that {Uy, };c[x is an open cover of D™. Pick a
partition of unity ao,...,ar: D™ — [0, 1] subordinate to {Uy, };cx. Now define
g: D™ — BD4(R™) by
a s [ao(x)to + - . + an(@)tr; f(2)]
for all z € D™, where we do not add the a;(z); if a;(z) = 0 to make it well-defined.
Now, clearly uog = f. Since uog = f we have uo f = uo g|lsgp=. The fibre
of u over a point M € ¥4(n,1) is a simplex whose vertices correspond to regular

values of x1: M — R. So since simplices are convex we can pick the straight-line
homotopy on the fibres of u as a homotopy between f and g|pm. (]



4. DELOOPING

4.1. SKETCHING THE DELOOPING ARGUMENT

As mentioned in the outline and introduction, this section has, unfortunately, due
to lack of time, only managed to become a sketch of the delooping argument needed
to finish the proof. To finish the proof, we need that 14(n, 1) ~ Q" 1¥,(R"), and,
to prove this, it suffices that 14(n, k) ~ Qg(n, k + 1), when k > 0.

We begin with a quick argument that 14(n, 1), abstractly, is an (n — 1)-fold loop
space, i.e. it does not tell us which space 14(n,1) is an (n — 1)-fold loop space of,
and so does not quite suffice for the proof of GMTW:

It is fairly elementary to show, using theorem C.2.8, that 1¥4(n, 1) has the structure
of an algebra over the little (n — 1)-cubes operad D,,_1, making it an E,,_;-algebra,
as defined in definition A.5.4. As we will note later, [4] shows that ¥4(n,1) is
group-like with respect to this structure and so it follows from the May recognition
principle, [11, Theorem 1.1.6], that ¥4(n,1) is an (n — 1)-fold loop-space.

Before we give an outline of how [4] proves that 4(n, k) ~ Quq(n, k + 1) when
k > 0, we will mention that Oscar Randal-Williams gives another proof, in higher
generality, of this in [9, §5-6]. The author of this thesis does not claim to understand
this proof, but to the best of his knowledge the following should be a true statement
about it: Randal-Williams uses a more general definition of ¥, ,, which he shows
is microflexible and then uses Gromov’s h-principle to conclude a statement from
which it follows that ¥4(n, k) ~ Qig(n, k + 1) when k > 0.

Let us now give the same appetizer as [4], before we outline how they actually
prove it, as the prove they give is simpler than that of the appetizer:

Appetizer. The map
R x tg(n, k) — a(n,k+1)

(t,M)— M +t-epy1
extends uniquely to a map S* A ¢4(n, k) — ¥a(n, k + 1) and the adjunct
Ya(n, k) — Qa(n, k + 1)
of this map is a homotopy equivalence.
Outline of delooping argument. Now, we will outline how [4] proves
a(n, k) =~ Qua(n,k+1) when k > 0.

The key lemma, [4] makes use of, is a well-know result of Segal. To state it, we
use the following definition:

Definition 4.1.1. A strong Segal space is a simplicial space for which the Segal
maps induce homotopy equivalences. Let Xq be a strong Segal space, then the Segal
maps induce a monoid structure on mgXy. If the induced monoid structure on mgX;
forms a group, then we say X, is group-like. a

As promised, the aforementioned result of Segal:

Lemma 4.1.2. Let X, be a strong Segal space. Then the natural map
X1 — Q)X ||

18 a homotopy equivalence if and only if X is group-like.
15
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To use this result, they endow mo1q(n, k) with a monoidal structure when k < n
by “stacking” the manifolds on top of each other in the (k + 1) direction and
squeezing them to fit in the (k + 1)5* direction. Formally: we define the sum

D : ¢d(na k) X q/)d(’n’v k) — 1/’d(”7 k)a by
My ©x My = (ﬂ;il,z(Ml) —1/2-epy1) U (#I;Jil,z(Ml) +1/2 epq1)

for all My, My € ¥q4(n, k), where pp1,2: R® — R”™ is the smooth embedding which
scales the (k + 1)** coordinate by 2. The monoid structure on myg(n, k) is then
defined by using @, on representatives.?

To apply lemma 4.1.2, [4] constructs a strong Segal space Nyt)q(n, k), which plays
the role of the nerve of the monoid, in the sense that there is a natural homotopy
equivalence

Ya(n, k) =~ Nia(n, k) (this is [4, Prop. 3.19])
and the monoid structure induced on m¥a(n, k) agrees with the one we defined
previously, while being easier to work with for our purposes. The construction of
Novg(n, k) is not difficult, but it is long and a bit notationally heavy, and their
proof that Neva(n, k) is a strong Segal space ([4, Lemma 3.18]) is quite similar to
the proof of lemma 3.1.3.

Proposition 3.6 of [4] shows that o}, of definition 1.2.5 induces a bijection

mook: ToYa—1(n — 1, k) — moha(n, k + 1),
and, since o (Mo @, M1) = o, (My) Brr1 0, (M), this bijection respects the monoid
structure. Therefore, we get monoid isomorphisms
770’(/)(1(7-"7 k) = 7.(-O’lpdf]vFl(n —k + 17 1)a

so to show that Mytpg(n, k) is group-like, it suffices to show that mytp4(n, 1) is a group.
That mtpq(n, 1) is a group, follows from Corollary 3.11 of [4], which states that it is
isomorphic to the bordism monoid Qg ., of cobordism classes of (d — 1)-dimensional
manifolds in R™*~!, which is well-known to be a group.

By lemma 4.1.2, the problem is now reduced to providing a weak equivalence

[Newpa(n, k)| — ¥ (n, k + 1),

where 19 (n, k + 1) denotes the path component of @ of 14(n, k + 1), because then,
taking loops, we get a weak equivalence

Ya(n, k) ~ QNea(n, k)| — Qz/)ff(n, k+1)=Qq(n,k+1).

This is done by a combination of the propositions 3.20 and 3.31 of [4]. The proofs
of both of these, the former being quite short and the latter quite long, use similar
methods to the ones we have used throughout this thesis, especially in section 3.
This concludes our sketch of the argument of the following theorem:

Theorem 4.1.3. There is a weak equivalence Vq(n, k) ~ Qg(n, k + 1) when k > 0.

4.2. CONCLUDING GMTW
Our previous work amounts to a proof of our main theorem:
Theorem 4.2.1. There is a weak equivalence BCq(R™) ~ Q"1 Th(yin).

Proof. We combine the weak/homotopy equivalences of lemma 3.1.3, theorem 3.1.6,
theorem 4.1.3, and theorem 2.1.6 to give the weak equivalence
BC4(R™) ~ BDg(R") ~ 1hg(n, 1) ~ Q"' W4(R™) ~ Q" Th(vg,,). O

3807 we have n — k different monoidal structures on mot(n, k) and the E,,_1-algebra structure
on ¥g4(n, 1) is the one inducing each of these, when k = 1.
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When taking for granted, that the weak equivalence given in the proof of theo-

rem 4.2.1 is natural in n, we get the main theorem of [3] without tangential structures
as a corollary:

Corollary (GMTW). There is a weak equivalence BCq =~ Q"1 MT(d).
Proof. Taking the colimit as n — 0o, we get
BCy = B colim Cg(R") 2 colim BCy(R™) =~ colim Q"' Th(vs,,) = Q"' MT(d).
n—o0o n—o0o n—o0 5
O



APPENDIX A. CATEGORIES & OPERADS

This appendix’ raison d’étre is simply to contain definitions used in other sections
and appendices. A reader who is actually interested in learning these definitions
should figure out, which diagrams are required to commute in each case themselves
and only use this as a way to check their solutions. We consider the theory of this
appendix well-known.

A.1. INTERNAL CATEGORIES

Definition A.1.1. Let ¥ be a category. A category C internal to € consists of
objects Cp, C7 € € and morphisms
d

%
CO 750% 01 (7 Cl Xy 01,

where C X ¢, Cj is the pullback

P
01 Xy Cl 42> Cl

| o

Cl —_— Co,

do
such that the diagrams
Co 2= Cy x¢g, C1 —— Cy Ci x¢g, C1 —— C,
. \hlldo pll ldl PQJ/ ldo
ide,
Co, C1 ——— Co, C1 ——— Co,
1 0
(C1 Xy Cl) xc, C1 — X, (C1 X¢q Cl)
CXcoidcll J{idcl XCOC
Ci x¢, C1 - Ch - Ch x¢, C1,
and
X o id id X
Co x¢, C1 ——— st Ch X¢, Cll G 2 Ci x¢, Co
commute.

The objects Cy and C; are called the (objects of) objects and morphisms of C
respectively, while the morhisms sg, dg, d1, and ¢ are called the identity-assigning,
target, source, and composition morphisms of C respectively. When convenient, we
will denote Cy and C; by ob C' and mor C respectively. a

Remark. Note that the pullbacks involved in particular have to exist.

Definition A.1.2. Let C' and D be categories internal to a category 4. An internal
functor f: C — D is a pair of morphisms fy: Cy — Dy and f1: C; — D;
18
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making the squares containing consecutive columns and horizontal morphisms with

the same label of
dq

.<7
0 —So% Cl —E— Cl XCo Cl

lfo lfl lf1><D0f1

DO 760% D1 S D1 X Do D1
do

commute. 2
Definition A.1.3. Let € be a category. The categories internal to € and internal

functors between them form a category, which we will denote Cat(%). We call an
object of Cat(Top) a topological category. 1

Remark. We identify Cat with Cat(Set).

Remark. If C' is a category internal to a category ¢ and F': ¥ — 2 is a functor
that preserves pullbacks (e.g. a right adjoint), then F' sends C' to a category internal
to 9. In general such a functor F' induces a functor Cat(¢) — Cat(2).

Definition A.1.4. Let C be a category internal to a category €. The internal
nerve Ni"*(C) of C' is the simplicial object of ¢ (whose n'* object we denote Ni**()
defined by

NMC =Cy, NMC=(C,, and N™C ="
for all n > 2, with the evident face- and degeneracy-maps coming from the structure
morphisms of C. The internal nerve forms a functor Cat(%) — s% 4

A.2. TOPOLOGICAL CATEGORIES AND THEIR CLASSIFYING SPACES

Definition A.2.1. Let X, € sTop. We define the realization and fat realization of
X, as the coends

[nleA [nJeA
| Xo| ::/ Xn X Apop  and || X ::/ Xn X Apop

respectively, where A?[.op denotes the usual cosimplicial object in Top and A
the wide subcategory of A spanned by injective functions. For X, € sSet we
let |X,| = |X{| and || X,|| == ||X?||, where (—)°: sSet — sTop is the functor
induced by the functor Set — Top giving the discrete topology (the left adjoint
of the forgetful functor). 3

Definition A.2.2. For a topological category C, we define BC' by
BC = ||NMC||
and call it the (fat) classifying space of C. J
Definition A.2.3. If a continuous functor F': C — D in Cat(Top) satisfies that
NMF: NMC — N™D
is a homotopy equivalence for all k € Ny, we call F a level-wise homotopy equivalence
(of categories). a

Lemma A.2.4. Let fo: Ae — Be be a map of simplicial spaces. If f,,: A, — By
s a homotopy equivalence for all n € Ny, then the induced map

[fell: l[Aell — (1B
18 a homotopy equivalence.
Proof. This is [10, Proposition A.1 (ii)]. O

Corollary A.2.5. If F': C' — D is a level-wise homotopy equivalence of categories,
then the induced map BF: BC' — BD is a homotopy equivalence.
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A.3. SYMMETRIC MONOIDAL CATEGORIES

Definition A.3.1. A monoidal category (¢,®,1) consists of the following data: a
category €, an object 1 € €, and a functor ®: € x% — € along with isomorphisms

a: (z2RyY)R®z—20(Y®z), Ml®r—z and p:zl—a

natural in z,y, z € €, making certain diagrams found in [5, chapter VII] commute.
If, furthermore, a, A and p are the identity morphisms, we say that the monoidal
category is strict. J

Definition A.3.2. Let % be a monoidal category. A braiding on € is an isomorphism
b: 1y — y®ux, natural in x,y € €, making certain diagrams found in [5, pp. 252
253] commute. a

Definition A.3.3. A symmetric monoidal category (€, ®,1) is a monoidal category
(¢,®,1) with a braiding b, such that the composition

ba,y by,
TRQY ——YRr — T RY
is the identity for all z,y € ¥. 1

Definition A.3.4. A cartesian (monoidal) category is a symmetric monoidal cate-
gory whose monoidal structure is given by the category theoretic product in the
category. J

Definition A.3.5. Let ¥ be a monoidal category. A monoid (object) (M, u,e) of
% is an object M € € together with morphisms

uMOM— M, and e:l— M
such that the diagrams

MeM)ogM ———*— M@ (M e M)
(associativity) u®idMl J{idM Qp
M® M m M m M® M

and

loM Y M oM &2 el
(left/right unitality) \ l /

commute. 3
Remark. In case € is cartesian, we can define the notion of a group object of %.

Definition A.3.6. Let (¢,®,1) be a symmetric monoidal category. An internal
hom-functor to € is a functor Hom: €°P x € — % satisfying that for each z € €,
the functors

(-)®2z: ¥ — % and Hom(zx,—): ¢ — %

form an adjoint pair (—) ® + 4 Hom(z, —). 4

A.4. AcTIONS

In this section we define actions of a monoid. The reader not familiar with
monoids, can think of the special case of groups instead.
We first give an “external” definition of an action of a group.
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Definition A.4.1 (External monoid action). Let M be a monoid, € a category,
and ¢ € €. A left (resp. right) action of M on ¢ is a covariant (resp. contravariant)
functor

o BM — € (resp. a: BM°® — %)

sending the object of BM to c¢. We denote a(m) by m.(—) (resp. (—).m) for all
m e M. a

Remark. In the literature, there is a notion of an action being effective. With our
external definition, this is simply the property, that the action is faithful.

Definition A.4.2 (Internal monoid action). Let € be a category, M a monoid
object in €, and X € €. A left action of M on X is a morphism

a:MX —X
such that the diagram

(MeaM)oX —» Mo (Mo X) M2 Mex &9 19X

uoids | ifk///f//

MeX

«

commutes. We let the reader define the evident notion of a right action. J

Remark. Note that a group object in a cartesian category contains a monoid object.
We define the action of a group object, to be an action of the monoid it contains (of
the same “dexterity/handedness”).

A.5. OPERADS

These were first defined in [8] though only in Top, but the definition is an obvious
generalization. Our definitions in this section come from [11, §1.1.1-1.1.3],

Notation. We let ¥, denote the symmetric group on the set of n elements.

Definition A.5.1. Let (¢, ®,1) be a symmetric monoidal category. An operad O
in € is a collection of objects O(n) indexed by n € Ny equipped with (external)
right actions of ¥, on O(n) and a morphism n: 1 — O(1) along with product
morphisms

v:Ok)®@0(n) @ -+ @0(nk) — O(ny + -+ +ny)

which are associative, unital and Y-equivariant in the sense that the diagrams

(associativity)
O(k) ® ® (ni) ® ® ®0 mi ;) 2% O(SE, ni) © @) Oms )
= i=1 j=1 i=1 j=1

shufﬂel
k n;

Ko ®(O<ni> ® ®0<mi,j>) .
i=1 =1

id® ®7l;€:1 v

®®O = 1m’Lj —>O(Zz 12] 1m’LJ)
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(X-equivariance)

On) @ O(n1) ® -+ ® O(ny) 2275 O(n) @ Ony(1)) @ - @ Onory)

b b

O(n1 +1ns+ - +ny) -o(n1,n2,...,nk) O(ny +no+ -+ +ny),

On) @ On1) ® - @ O(ny) ~22TE Ok O(n) @ O(ny) @ -+ @ O(ny)

b b

O(n1+n2++nk) (11D BTk) O(n1+n2+"'+nk),

1®0(n (n) n) @19 2 o)

(unitality) n®ldi / and 4 ®77®"J( /

O(n)
commute. |

Definition A.5.2. Let (¢,®,1) be a symmetric monoidal category with internal
hom-functor. The endomorphism operad &, of an object x € € is the operad with
E:(k) = Hom(x®*, x) and composition + given by the composition in &. If O is an
operad in €, then an algebra over O is an object 2 € € and a morphism of operads*
0O — 595. J

Definition A.5.3. Let D" denote the n-dimensional open unit-disc of R™. The
little n-discs operad D, is the operad in Top with D,,(k) the space of embeddings

k
f: H D" —s D",
i=1
which restrict to a dilation followed by a translation on each component, and with
composition map v given by composition'

7(f7glv"'agk? HHD” e 197 HDTL Dn o

i=1j=1

Remark. There is an obvious analogue of the little n-discs operad, called the little
n-cubes operad, using open n-cubes (i.e. (0,1)™) instead of n-discs, which is, of
course, isomorphic to D,,.

Definition A.5.4. An E,-algebra, is an algebra over D,,. a

4which is what you think it is.



APPENDIX B. SHEAVES

This appendix gives the classical definition of sheaves with values in a complete
category on a topological space, and their stalks.

B.1. CLASSIC SHEAVES

Definition B.1.1. For a topological space X we denote by Xz, the poset category
of the topology of X (i.e. the open sets partially ordered by inclusion). J

Definition B.1.2. Let X be a topological space. A % -valued presheaf on X is
a %-valued presheaf (in the categorical sense) on Xyz,.. We write PSh(X;%) =
PSh(Xzar; €). For a presheaf # € PSh(X;%) we write (—)|4: F(A) — F(B)
for (B C A) (suppressing .% — we will also often suppress A, when it is clear from
context). a

Definition B.1.3. Let .7 be a ¥-valued presheaf on X and A C X. The stalk of
Z at A is the filtered colimit
Fp= colim F(U)
UeXyh o ACU
if it exists. An element of .74 is called a germ of F near A. In case A = {z} is a
singleton we write .7, = %,y and call the elements of .#, germs of ¥ at x instead.
For any U € Xz, with A C U we thus have a canonical map F(U) — Z 4. a

Remark. Note that, writing this out in the case ¥ = Set, we can model Z 4 by
Fa={Uf)|U€ Xgar,ACU, f € FU)} ~,

where ~ is the equivalence relation defined by (U, f) ~ (U’, f’) if there exists
V € Xza with A C V such that V. C UNU’ and f|y = f'|v. For f € #(U) with
A C U we write fa (resp. f) for the image of f under the canonical morphism
F(U) — Fa (given by fa = (U, f)/~).

Definition B.1.4. Let X be a topological space. A sheaf of sets” on X is a
contravariant functor % : X7 — Set, which satisfies the following sheaf condition:
If f; € #(U;) is a collection of elements for an open cover {U, };c; of an open subset
U C X, which satisfies f;|v,nv;, = fjlv.nu, for all i, j € I, then there exists a unique
f e F(U) such that f|y, = fi. a4

Classic examples are smooth and continuous maps to a fixed space.

B.2. SHEAVES WITH VALUES IN A COMPLETE CATEGORY
We note that we can write the sheaf condition as that the diagram
a
F(U) — Hie[ 7 (Us) — H(i,j)e]x[‘gz(Ui mUj)
is an equalizer, where a, b are the unique maps such that

Pruca= (pr;(—))

U;
quﬁUj

U
pr;job= (pr;(—)) UinU;

for all (i,j) € I x I and e is ((—)|§, )ier-

Sor Set-valued sheaf on X
23
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Definition B.2.1. Let X be a topological space and ¢ a complete category. A
%-valued sheaf on X is a contravariant functor .7%: X;° — % such that the
diagram

B.1 F(U) —= Z(U;) — F (U NU;
(B.1) (U) —— [lier Z(Ui) — H(i,j)e[x[ (UsNU;)
is an equalizer for any open covering {U; };ier of an open subset U C X, where a, b
are the unique maps such that
pri jyoa= resgzﬂUj opr,
Uj
prgob= reSy;nu; © Pry

for all (¢,5) € I x I. The category of €-valued sheaves on X is the full subcategory
Sh(X;€) — PSh(X;¥) spanned by the €-valued sheaves. J



APPENDIX C. THE SHEAF OF
GALATIUS-RANDAL-WILLIAMS

Here we will define the Top-valued sheaves V5 on R™ of d-dimensional manifolds
by Galatius—Randal-Williams following [4, section 2] in an almost one-to-one fashion
other than that we skip tangential structures. This means any errors introduced
are our own. In contrast to [4], our exposition is more verbose. To do this, we first
define its underlying sheaf of sets denoting it by W%.

Definition C.0.1. Let d,n € Np. For U C R" open, let W3 (U) be the set of
all d-dimensional, smooth submanifolds M C U without boundary such that M
is a closed subset of U. For open subspaces V C U of R", define the restriction
function Wy | (U) — W5, (V) by M — M NV for all M € U5 (U). The restriction
functions assemble to make W5, a sheaf of sets on R". We will suppress d and n
from the notation whenever convenient. a

C.1. CONSTRUCTION OF THE TOPOLOGY

In this section, we will define a topology on \I’Z,n(U) for all d,n € Ny and all open
subspaces U C R" giving a Top-valued sheaf which we will denote ¥4 ,,. Since we
do this for all d,n € Ny, we will consider d, n, and U C R" fixed and suppress d and
n from notation. We will define this topology in terms of two preliminary topologies
on ¥*(U), namely the compactly supported topology and the K-topologies.

C.1.1. The compactly supported topology. First, we define the topological spaces
C*®(M,R) and T'c(var) for all M € U5(U).

Definition C.1.1. Let M € U5(U) and let C°(M,R) denote the set of compactly
supported, real-valued, smooth functions on M. For a smooth map e: M — (0, 00),
r € Ny, and an 7-tuple X = (X1,...,X,) of smooth vector fields® on M, let B(e, X)
denote the set

B(e,X) ={f € CE(M,R) | |(X1--- X,f)(z)| < e(x) for all x € M}.
We give C°(M, R) the unique topology for which the collection
fe G (MR),
f+ B(e, X) e: M — (0,00) is a smooth map, and
X is a finite tuple of smooth vector fields on M

of subsets form a sub-basis. _|

Definition C.1.2. For M € ¥5(U), we let vy, denote the normal bundle of M,
which we consider to be a subbundle of the trivial n-dimensional R-vectorbundle ™
over M, namely the orthogonal complement of the tangent bundle. We let I'c(vas)
denote the set of compactly supported, smooth sections of v;;. Post-composition
with the i*" coordinate-projection on the fibres of € yields a linear map

Te(vy) — CF(M,R), defined by
(s: M — R")— (sopr;: M — R" — R).

6Note that r is allowed to be 0 and hence X is allowed to be empty.
25
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These n coordinate maps assemble to a linear injection I'c(var) < C°(M,R)®™.
Give C°(M,R)®" the product topology. We give I'.(vy/) the initial topology w.r.t.
this injection, i.e. the unique topology making this injection an embedding. N

We now define the compactly supported topology on Us(U).

Definition C.1.3. The proof of the tubular neighbourhood theorem” provides for
every M € U(U) a partially defined function

enr: Te(var) --» U5(U)

defined on an open neighbourhood of M and given by s — {z + s(x) | x € M},
where defined. The compactly supported topology on W5(U) is the unique topology
on U%(U) making the functions

ev: Te(var) --» U3 (U)

open embeddings for every M € U5(U). We let ¥°(U) denote U*(U) equipped with
the compactly supported topology. a

Warning. It will be important for the topology and well-definedness of maps, that
we are only considering compactly supported maps. This gives us another warning;:
The compactly supported topology ¥ does not form a presheaf as the restriction
functions are not continuous.

C.1.2. The K-topology. For each compact subset K C U we will define the so-called
“K-topology” on U5(U). In order to do this we define a preliminary topology on the
stalk W%, as defined in definition B.1.3, of ¥® near K, which depends on U.

Definition C.1.4. Let K C U be compact. We give U}, the quotient topology of
U (U) with respect to the canonical (surjective) projection to the stalk.

Tes(U) 25 w5,
This topology depends on U. Therefore, we will denote W% equipped with this
topology by (¥%|y)k (i.e. the stalk of the restriction of ¥® to U near K). a

Definition C.1.5. The K -topology on ¥*(U) is the initial topology with respect to
the canonical projection function

7wk U (U) — (PPy) k.
We let UK (U) denote ¥3(U) equipped with the K-topology. J

We use the following lemma in the definition of the myopic topology in the
following section.

Lemma C.1.6. If K C L are compact subsets of U, then the identity function
vh(U) S v K ()
is continuous (i.e. the L-topology is finer than the K-topology).

Proof. Using functoriality of taking stalks, we get the commutative diagram
VL) s (V) T WD)
- I
i ﬂx\)(ﬂi@%
VEU) — (Plo)x

in Set. All the projection functions except 7 : WE(U) — (U®|) i are continuous
by definition. Since 7 : ¥*(U) — (¥%|y)L is a quotient map, the function
labelled (=) is continuous and so mx: WE(U) — (¥8|y)k is continuous by
commutativity. It now follows that id® is continuous by definition of ¥¥(U). O

71, Theorem 11.4 and the paragraph after its proof, since M may not be compact.
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C.1.3. The myopic topology. Finally, we will define what the author has taken to
calling the “myopic” (i.e. nearsighted) topology on ¥3(U).

Definition C.1.7. The myopic topology on ¥5(U) is the initial topology with
respect to the collection

(V) 5 WX (U)}k o

of functions, and we let ¥(U) denote ¥*(U) equipped with this topology. a
Remark. This means we can write
U(U)= lim 9XU),
() ke, ()

where Ugp is the poset category of compact subsets of U ordered by inclusion and
where all maps in the limit are the identity function.

C.2. AS A SHEAF OF TOPOLOGICAL SPACES

Having defined V¥ in the previous section, we will in this section show that it
forms a Top-valued sheaf.

Lemma C.2.1. Let V. C U be open subsets of R™. Then the restriction function
r: US(U) — US(V) is open.
Proof. For each M € ¥(U) we have the diagram

(C.1) T l

FC(VMOV) ***** > \I/CS(V),

CMNV

where 2z denotes the map extending sections with 0. It should be clear that z is
both well-defined (remember the sections are compactly supported) and continuous.
Let A C U°(U) be open. For each M € A define

A = ennv (27 ey (A))) € US(V)
and note that Ap; is open, since z and cp; are continuous and cp;ny is open.
Note that r(M) € Ay for each M € A, since cp(2(0)) = cm(0) = M and
emnv(0) = M NV = r(M). Further noting, that 7|, © 2z = ida,, gives
Apnr C r(A) for all M € A allowing us to conclude that
r(A) = J A,
MeA

which implies r is open. O
Lemma C.2.2. Let K C U be compact, € € R such that 0 < 4e < dist(K,R™\U),
A: U — [0,1] a smooth function satisfying

() 1 dist(z, K) < 2e

€T =

0 dist(x, K) > 3e,

V. C U any open subset containing the support of A\, and M € W*(U). The
function X: Te(var) — Te(varnv) given by multiplication by X is continuous. If

we let z: Te(vpnv) — Te(var) denote the continuous function given by extending
sections with 0, then the diagram

FC(Z/MOV) —Z Fc(VM) M \IJCS(U)

i [«

Pe(var) = WS(U) == (¥*|y)k
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commutes after restricting to an open neighbourhood of the 0-section.

Proof. Tt should be clear, that X is continuous.

Let 0 € T.(vpr) denote the O-section of vps. Let Uy be an open neighbourhood of 0
on which ¢,y is defined. Note that A(z(0)) = 0, so 0 is an element of U; N(Aoz)~(U;).
Now define

Up=UrNNoz) Y (U)N{s €Telva) | |5(x)| < € for all z € M}

and note that Uy is an open neighbourhood of 0. We will now show that the diagram
commutes when restricted to Uy.

For each r € Ry let K denote the open set {x € U | dist(x, K) < r}. Let s € Up.
We have to show that cpr(s) and car(2(A(s))) agree on an open neighbourhood
of K. We show, they agree on K.. Assume, for the sake of contradiction, that

em(8) N Ke # epr(z(A(s))) N K.. This allows us to assume without loss of generality,
that there exists x € cpr(s) N K, such that = ¢ cpr(2(A(s))) N K, and fix such an
2. The point z is of the form z = z’ 4+ s(z’) for a unique point &’ € M, since
r € cpr(s). We cannot have 2/ € Ky, because s|anr,. = 2(A(8))|mnk,.. This
means dist(z’, K') > 2e. But, because z € K., we must have ¢ < |z — 2'| = |s(z')|,

so since s € Up, which yields |s(z’)| < €, we have a contradiction. O

Lemma C.2.3. The quotient map wg: ¥=(U) — (V¥|y) i is open.

Proof. We omit the proof due to lack of time. This is [4, Lemma 2.5]. O

Lemma C.2.4. Let K C U be compact. If V C U is an open subset containing
K, then the function p: (¥%|y)k — (V3|v )k induced on stalks by the restriction
r: US(U) — US(V) is an open embedding.

Proof. 1t suffices to show, that p is injective, continuous, and open. That p is
injective is clear.

We will check continuity of p on an open cover. By definition {im cas}arewes (v is
an open cover of W*(U), so since mx is open and surjective, {im7x o car}arewes (v
is an open cover of (¥®|y) k. This is the open cover, we will check continuity of p
on. Let M € U°(U) and pick A: T'e(vas) — De(varny) as in lemma C.2.2. We get
the diagram

Le(var) -2+ US(U) == (¥°v)k

.

in Set, where the right-hand square commutes (by definition) and, for a sufficiently
small neighbourhood of the 0-section of vy, the outer rectangle commutes by
lemma C.2.2 and commutativity of (C.1). We know, all labeled functions except r
and p are continuous, and so pom g ocys is continuous. Thus, since the (co)restriction
of i o cpr is a quotient map,8 we get that p is continuous on im7g o cpy.

That p is open follows from commutativity of the right-hand square; p precom-
posed with the surjective map 7 is open (since both r and 7x are open), and so p
is open. O

Lemma C.2.5. The construction ¥ forms a presheaf.

8this is because Tk is a quotient map and cjs is a quotient map after corestricting to its image
and quotient maps are closed under composition and closed under restricting to a subspace while
corestricting to the image of that subspace.
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Proof. Let V. C U be open subsets of R™. We will show that the restriction
(9)|v: ¥(U) — T(V) is continuous. By definition, (—=)|y: ¥(U) — ¥(V) is
continuous if and only if

() 2 gy 94 ek v

is continuous for all compact subsets K C V. Let K be a compact subset of V.
Since

V() > VE(V)

is commutative and id®: U(U) — WX (U) is continuous (by definition), it suffices
to show that (=)|y: WK (U) — WX (V) is continuous. Continuity of

(v ¥EU) — (V)

follows from commutativity of
k() 2 gr
| |
(Olv) ke —5— (P°lv)K
and that WX (V) is initial w.r.t. 7. O

Lemma C.2.6. Let I # 0 be a finite set. If K; C U is compact for each i € I and
K =U,c; K, then the diagonal map §: W5 (U) — [],c; $51(U) is an embedding.

Proof. We will show that WX (U) has the initial topology w.r.t. the maps
{UHU) 7= OO ier.

It is a formal consequence of this, that ¢ is an embedding;:

Since id*: WK (U) — Wi (U) is injective, § is injective, and so to show that J is
an embedding we simply need to show that the left-inverse 6 —* of §|™? is continuous.
The function §71: imd —s WX (U) is continuous if and only if the compositions

—1 . s
ims 2 vE () 1L gk
are continuous for all 4 € I, and this is the case, since they are just the i*" projection
restricted to im 6.
id®

We will now show WX (U) has the initial topology w.r.t. { U (U) ~—— Ui (1)},
It is clear (once one notes, it is well-defined) that the diagram

< (()x;cK)ier s _a s
(C2) (W8|y) g ——— H(‘I’ U)K — I I (Y¥v) kink;
iel (i,)eIxI

in Top forgets to an equalizer diagram in Set, where a, b are the unique maps such
that

Prujca= (pr;(—)) gfnt
PG © b = (01, (-)lurw,-
Therefore, we have for any A C (U®|y) g that
(C.3) (“)xicx)ier(4) = imd N () pr; (=) ki ek (A))-

iel
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Since the map 7 : U= (U) — (V%|y) is surjective and open for all compact
L C U, it follows from commutativity of

(U8]y) ke +—— ¥=(U)

(*)Kickl A

(Y¥|v) K,

that (—)k,cx is open for all ¢ € I. Since each (—)k,ck is open, it follows from
(C.3) that ((—)k,cK)ier is relatively open (here we use that [ is finite). The map
((=)k,cK)icr is injective, because (C.2) forgets to an equalizer diagram in Set, and
so ((=)k,ck)ier is an embedding. Since ((—)k,cx)ier is an embedding W (1)
has the initial topology w.r.t. ((—)x,ck)icr (and the diagram forms an equalizer
diagram in Top). Since the product topology is initial w.r.t. the projections, we
have that WX (U) has the initial topology w.r.t. {(—=)k,cx }icr- Now, it follows from
the commutative diagram

UE(U) — wE(U)

initialJ{ﬂ'K TK; J{initial

(Ylv)k, —— (P°lv)K,
()K;ck

for each i € I and left-cancel-ability of being initial w.r.t., that WX (U) has the
initial topology w.r.t. the maps {¥¥(U) 4, UEN(U) }ier. O

Theorem C.2.7. The presheaf ¥ is a sheaf.

Proof. We have to show that ¥ lifts the sheaf condition of U® to Top. Let U be an
open subset of R™ and let {U;};c; be an open cover of U. We have to show, that

(C.4) V() —= [l ¥(Us) 4>—b> i jyerr Y(UiNU;j)

is an equalizer diagram in Top, where the maps are defined as in definition B.2.1.
We do this by showing it exhibits the universal property:
Let X be a topological space and let f: X — [],.; ¥(U;) be a continuous map

such that af = bf. Since ¥ is a sheaf of sets, there is a unique function f such that
f = ef. Showing that (C.4) exhibits the universal property amounts to showing
that f is continuous. By definition of ¥(U), the function f is continuous if and only
if the composition

x L ww) L vk (o)
is continuous for all compact subsets K C U. Let K C U be a compact subset.

Use that K is compact, to pick a finite sub-cover {V;};cs of {U;}icsr of K and a
Lebesgue number € of this cover. Now define

K, ={xe KnV; | dist(z, K NV;\K) > €}

for all i € J, and note that K = J;; K;, and that K; is compact for all i € J.
Since the diagonal § is an embedding (lemma C.2.6) we have that

x Low) L vk (o)
is continuous if and only if

x Loy 4
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is continuous, which is continuous if and only if
(C.5) x Lww) S ek @) S [T ew) 2 okiw)
jeJ
is continuous for all ¢ € J. Let ¢ € J and note that (C.5) equals
x L o) L vk
and, since p is an embedding (lemma C.2.4), we have that X ER v(U) LEN wE()
is continuous if and only if X L W(U) Ly WKi (1) £ WKi(V;) is continuous. Using

commutativity of the diagram

x —L 5 ow) 2L vE(D)

J/J F

[Ler ©U;) — (Vi) —5 TFU(V)),

we see that this is the case, finishing the proof. O
Theorem C.2.8. If U and V are open subsets of R™, then the function

p: Emb(U,V) x (V) — ¥(U)
defined by (j, M) — j=Y(M) is well-defined and continuous.

Proof (sketch). The function p is clearly well-defined.
The function p is continuous if and only if the compositions

Emb(U, V) x U(V) 2 w(U) L v5(U)

are continuous for every compact K C U, and each of these is continuous if and
only if the composition
id®

Emb(U, V) x U(V) & ®(U) <= v5(U) =S (0%p)k

is continuous. We will now show this is the case for any given compact subset
K Cc U. We will check the continuity locally. Let Diff.(U) denote the subspace of
Diff (U) (with the compact-open topology) consisting of those f for which f — idy
is compactly supported. Let jo € Emb(U, V). Pick a map A € C°(U, [0, 1]) with
K Cint(A71(1)). Let

¢: Emb(U,V) --» Diff.(U)

be the partially defined map given by

¢(j)(@) = (1 = Ma))z + A(z) - jg ' (j(x))
for all 7 in a sufficiently small neighbourhood of jg.

Let Uy denote an open neighbourhood of jo € Emb(U, V') on which ¢ is defined.
Consider the diagram

Uy x U(V) —— Emb(U, V) x (V) —— w(U) - vE (V)

¢>xjo‘1<f)l ler

Diff.(U) x ¥(U) V(U) —— (Y¥|v)k,

TK

[e3

where « is the right action of Diff.(U) on ¥(U) given by precomposition. Now note
that j(x) = jo(¢(j)(x)) for all j € Uy and all x in a sufficiently small neighbourhood
of K, by definition of ¢, so the diagram is commutative.

We will now sketch why ¢, jg '(—), and « are continuous. Continuity of ¢ follows
from general properties of the compact-open topology. Continuity of j, L(—) follows
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from jo '(—): U(V) — ¥S(U) being continuous (which can be checked using
our subbasis for T'.(R™) and the open embeddings cjs) and commutativity of the
diagram

W(V) T UE (V) T (B8] < B (T)

jgl(—)l j&%—)l LJ ljgl(_)

U(U) 295 UEU) 5 (03] g < U(U),

where J is the unique function making the diagram commute, for all compact K C V.
Continuity of a is proved analogously to j, *(—).

Since ¢ and j; ' (—) are continuous, it follows that p is continuous when restricted
to Up X U(U) and thus p is continuous. O



APPENDIX D. SOME THEORY FROM GMTW

In this appendix we define some of the technical tools of [3] and [6]. The author
originally attempted to read those before switching to [4] and wants to include some
interesting points he learned when reading those. so, all the theory in this appendix
comes from those.

We generalize %-valued sheaves on topological spaces to %-valued sheaves on the
category Z . Then we introduce concordance on - and geometric realization of -
sheaves of sets on £  and note, that the latter represents the former. Concordance
gives us a criterion for checking, on the sheaf level, whether the realization of a
morphism of sheaves of sets on 2" is a weak homotopy equivalence. This criterion
plays a major role in [3].

Warning. The contents of this appendix are almost completely irrelevant for the
main sections of this thesis and their quality may be spotty.

Definition D.0.1. We let 2" denote the category of smooth, finite-dimensional
manifolds without boundary and smooth maps between them. 1

D.1. SHEAVES ON 2~ WITH VALUES IN A COMPLETE CATEGORY

Definition D.1.1. Let € be a complete category. A € -valued sheaf on Z is a
contravariant functor .%: 2 °P — ¥ such that the composition

xp L gor Ly
is a ¥-valued sheaf on X for all X € 27, where ¢: Xz, — £ denotes the (non-full)
inclusion. For a smooth map f in 2" we denote % (f) by f* suppressing .#. The
category of €-valued sheaves on 2 is the full subcategory Sh(.2"; ¢) — PSh(Z";%)

spanned by %-valued sheaves on 2. J
Definition D.1.2. If % € Sh(Z";%), X € 27, and A C X we denote the stalk of
XP o gop A (if it exists) by %4, suppressing X. J

D.2. CONCORDANCE

In this subsection, we will look at Set-valued sheaves on Z".
Note that the extended (or open) simplices

AZZ:{(to,...,tn)ERn+1 |t0++tn:1}

form a cosimplicial object in 2" (with the evident face- and degeneracy-maps) which
we will denote by A.: A — 2.

Definition D.2.1. Let % € Sh(2"; Set). The geometric realization of %, is the
geometric realization of the simplicial set given by the composition
AP F
A% —— 2P = Set .
Clearly, geometric realization forms a functor |—|s: Sh(2Z"; Set) — Top. We
denote the geometric realization of .# by |.Z|s. a

This directly motivates the following definition.

Definition D.2.2. We say that a map .% — ¥ in Sh(Z; Set) is a weak equivalence
if the induced map |F|s — |¥|s is a weak homotopy equivalence. N
33
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We will now define a functor [—]: Sh(Z"; Set) — PSh(.2"; Set) that geometric
realization will represent (in the sense of theorem D.2.7) called concordance.

Definition D.2.3. Let .% € Sh(2"; Set) and X € 2. We define the concordance
relation ~ on .7 (X) by letting to ~ ¢; for to,t; € % (X), if there exists s € F(X xR)
such that

5xx(—00,00 = (Pr"(t0)) X x (—00,0]  aNA  Sxx[1,00) = (PT"(£1)) x x[1,00)-
In this case we say that tg and t; are concordant, that s is a concordance from ty to

t1, and we may write tg ~g 1. 4

Though the following is a rather routine check — and might very well be apparent
to the reader — we include it for thoroughness anyway.

Proposition D.2.4. If # € Sh(X;Set) and X € %, then concordance is an
equivalence relation on % (X). Denoting the set of concordance classes of #(X) by
F[X], this assembles to a functor [—]: Sh(Z"; Set) — PSh(Z"; Set).

Proof. For reflexivity, we note that pr*¢ is a concordance t ~ t for all t € Z(X).
Let r1/2: R — R denote the diffeomorphism defined by reflecting about 1/2 € R.

If tg ~4 t1 then ¢ ~rt () to which gives symmetry.

For transitivity, assume ¢y ~g, t1 and t; ~g, ta. Pick smooth, increasing maps
¢,1: R — R such that

x, <0 x+2/3, <0
x)= and x)=
¢(@) {m—2/3, z>1 v(z) {x, x> 1.
Define
s0 = (idx x@[(Z273/3) " (0l (—oc,a/3)) € F(X x (=00,2/3)) and
. 1/3,00 *
a1 = (idx xy|(55 ) (51l (—1/3.00)) € F(X X (1/3,00)).
Note that
S0l xx(1/3,2/3) = PU't1 = $1]xx(1/3,2/3)5
so by the sheaf property there exists a unique s € .% (X x R) such that
5|X><(700,2/3) =509 and 5|Xx(1/3,oo) = 61.

It now follows, that ty ~4 to. O

Warning. If % € Sh(2"; Set), then .#[—] is in general not a sheaf.

We will need a relative version of concordance for our results.
For # € Sh(Z';Set) and A C X a closed subset, note that the projection
X xR — X induces a function pry: .#4 — Zaxr defined by

(U, 5)] 225 [(U x R, pr*s)].

Definition D.2.5. Let % € Sh(2";Set), X € 2", A C X be a closed subset and
s € Fy. Let F(X, A;s) denote the set {t € F(X) | ta = s}. We define the relative
concordance relation ~ rel. A on F (X, A;s) by letting tg ~ t1 rel. A if there exists
s’ € F(X x R) such that

to ~gt tl and Si4><]R = pI‘Z(S)

In this case we say that tg and t1 are concordant relative to A, that s” is a concordance
relative to A from tgy to t1, we may write g ~4 t; rel. A, and we denote the set of
relative concordance classes .7 [ X, A; s]. N
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Lemma D.2.6. A map 7: F — ¢ in Sh(Z;Set) is a weak equivalence if the
induced map
F[X, A;s] — G[X, A;7(s)]
is surjective for all (X, A,s) as in definition D.2.5.
Proof. This is [6, Lemma 2.4.4]. O
Theorem D.2.7. If # € Sh(Z';Set), xg € X € Z', AC X a closed subset of X,
and s € F 4, then we have a bijection
FX] = [X,[7]s],

natural in X. More generally we have a natural bijection

FX, A s] = [(X, A), (| 7], 5)].
Proof. See appendix A of [6]. O

D.3. REALISING A SHEAF OF CATEGORIES ON %2~

Warning. In appendix D.2, we defined |.%|s for a sheaf of sets on 2" and this was
a topological space. We will now define |.Z|. for a sheaf of categories and this will
be a topological category. In the literature these are both denoted |.%|, which can
cause confusion.

Definition D.3.1. We note, that we have an isomorphism of categories
Sh(2"; Cat) = Sh(2"; Cat(Set)) = Cat(Sh(.Z"; Set)).

Realizing a Set-valued sheaf on 2 commutes with finite limits, since geometric
realization of simplicial sets commutes with finite limits, and limits are calculated
point-wise in functor categories. Thus, the realization functor induces a functor
|—|s: Cat(Sh(Z";Set)) — Cat(Top). We let |—|. denote the composition

|—|o: Sh(2'; Cat) = Cat(Sh(2’; Set)) 1 Cat(Top)

and call it realization of a Cat-valued sheaf on 2. 1
Remark. Writing it out, we have that
ob|Z#|. = |NoF|s and mor |F|. = |N1.F|s
which is well-defined since the nerve is a right-adjoint so it induces a functor
Sh(2"; Cat) & Sh(2'; sSet)
and limits are calculated point-wise, so we get No.#, N1.% € Sh(Z; Set).

D.4. MODELLING THE CLASSIFYING SPACE AT THE SHEAF LEVEL

Here we construct a functor 8: Sh(Z2"; Cat) — Sh(Z"; Set), which will form a
model of the classifying space at the level of sheaves in the sense of theorem D.4.4.
For this we will fix an infinite set J for indexing.

Definition D.4.1. Let X be a topological space, and let & = {U; };c1 be a locally
finite open cover of X. We define the topological category Xy, € Cat(Top) by

Oqu: H XR and mOI‘Xuz H H Xs,
0#RCI 0#RCI RCSCI

where Xp denotes ();cp Us for every R C I, with source and target morphisms
defined on X indexed by R C S by

id
dliXsli)XS‘—) HXR and do:Xs‘—>XR‘—> HXR.
RCI RCI
The other structure maps are uniquely determined. J
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Remark. Unravelling the definition gives, that X, is a topological poset with elements
of the form (R, x), where R C I and « € Xg and the partial order defined by

(S,z) < (R,y) if and only if R C S and = = y.
Remark. Note that an internal hom-functor is a right-adjoint and so induces a functor
on internal categories: If C € Cat(Top) satisfies that Cy and C; are CGWH, where
we have an internal hom, then Hom(—, (), i.e. Hom(—,C); := Hom(—,C;) for
1=20,1, is also a topological category.

Notation. For X € 2" we let X denote the sheaf C*°(—, X) on 2.

Definition D.4.2. Let # € Sh(%";Cat). Define %, as a presheaf of sets, on
objects by

ﬂf(X)—{(U,@)

U ={U;};es alocally finite open cover of X
®: Xy — Z in Sh(2; Cat)
and on morphisms by pulling back. J

Proposition D.4.3. The construction of B in definition D.J.2 assembles to a
functor Sh(Z"; Cat) — Sh(Z; Set).

Proof. This is stated beneath [6, def. 4.1.1]. The definition of 3 in [6] is worded
slightly differently, but it is equivalent to definition D.4.2. O

Theorem D.4.4. If # € Sh(Z"; Cat) then |B.F|s is weakly equivalent to B|.F|..

Very rough proof sketch. To show this it suffices to show that

BZ[X] =X, B|7|]
naturally in X. Let (U, ®) € 5% (X). A partition of unity {\;: j € J} subordinate
to U defines a map from A: X — BXy. The counit € of |—| - Sing gives a
continuous functor ex : [Sing(Xz)| = | Xy|. — Xy Since ex induces a level-wise
weak equivalence Npex : Nk|)~(u\ = NpXy we get a weak equivalence BXy =~
B|Xy|. So we get the composition

X X BXxy ~ BIXy| 22 Bz

the homotopy class of which is unique up to concordance of (U,P) € L7 (X)
and does not depend on the choice of partition of unity. This defines a map
BZF[X] — [X, B|.#|] and [3] claims that this is a bijection the proof of which is in
[6, Appendix A]. O
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